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PREFACE TO THE FIFTH RUSSIAN EDITION 


The main purpose of the book is to help those preparing 
for entrance examinations to engineering colleges in 
revising the high-school physics course and in further 
studies at the college. 

The fourth edition of the book came out in 1981. 
Amendments to the physics curriculum at the high-school 
and polytechnic level have been incorporated as well as 
extra material on other branches of the physics course. 
The fifth edition was prepared by taking into account the 
modified style of problems set at the entrance examina- 
tions. 

Each section begins with a brief description of the ba- 
sic theory, physical laws, and formulas. This is followed 
by worked problems and a few descriptive problems, Exer- 
cises and questions for revision are given at the end of 
each section. The problems are solved according to the 
unified and optimal approach described in the introduc- 
tion. By solving the problems, students will acquire 
a firm theoretical background and knowledge which will 
help them in their work in whichever sector of the econo- 
my they will be empoyed. The appendices contain tables 
required for solving problems, SI units of physical quan- 
tities, and the rules for approximate calculations. 

In addition to the problems composed by the authors, 
this book also includes a selection of problems set for 
the aptitude tests and entrance examinations in physics 
at the N.E. Bauman Higher Technical School and other 
technical institutions in Moscow. 

Intended for students of preparatory courses at engi- 
neering colleges, this book can also be used by high- 
school students, students of intermediate colleges, and 
those interested in self-education. 

The author is indebted to Prof. A.N. Remizov and 
Asst. Prof. N.V. Tygliyan for their enormous help in 
preparing the manuscript for publication. 


T.N. Osanova 


INTRODUCTION 


1. The Role of Physics 
in Comprehending Material World 


Physics is one of the fundamental natural sciences. It 
studies the regularities of the most general forms of 
motion of matter. 

According to Lenin, matter is a philosophical category 
to denote the objective reality, which is given to man in 
his sensations and which is reflected, photographed, and 
depicted by our perception, existing independent of it. 

Matter exists only in motion. The physical forms of 
motion of matter include mechanical, molecular, electro- 
magnetic, and nuclear motion. Moving matter exists in 
space and time. Hence space and time are forms of exis- 
tence of matter. 

The world of moving matter can be perceived. Physics 
plays a major role in the process of investigation of moving 
matter. The study of physics forms the basis of dialectic 
and materialistic views and helps develop the productive 
ability of society. 

Physics is an experimental science. All studies of 
physical laws start with an experiment and the laws are 
confirmed (or disproved) by experiments. The results of 
new experiments refine the physical laws or define the 
limits of their applicability. 

Physics is an exact science employing mathematical 
apparatus. 


2. Mathematical Apparatus 
of Physics 
ELEMENTS OF VECTOR ANALYSIS 
Physical quantities can be either scalars or vectors. 


Scalar quantities (scalars) are characterized only by their 
numerical values. Examples of scalar quantities are time 
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t, mass m, temperature 7, electric charge q, and potential 
@. Scalars can be positive or negative and are added 
algebraically. 

Example 1. Determine the total charge of a system 
consisting of gq, = 2 nC, g, = —7 nC, and gq, = 3 nC. 

The total charge is g = q, + q + & = (+2 x 
10-° —7 x 10°° + 3 x 10-9) C = —2 

Vector quantities (vectors) are accra both by 
a numerical value and a direction. Examples of vectors 
are velocity v, acceleration a, force F, momentum mv, 
electric field strength E, magnetic induction B, and 
magnetic field strength H. Vector quantities are added 
geometrically. 

Example 2. Compose two forces F, = 3 N and F, = 
4N if vectors F, and F, form angles of 10° and 40° 
respectively with the X-axis (Fig. 1). 

The composition of vectors is symbolically written as 


The result of composition of these forces is a force F 
called the resultant. The vector F is directed along the 
diagonal of the parallelogram formed by vectors F, and F, 
as its sides, its magnitude being equal to the length of 
this diagonal (see Fig. 1). The magnitude of vector F 
can be determined from the cosine law: 


F=Y F?+ Fi+ 2F,F, cos (a, — 4) 
= V3? 44-2 x3 x 4c0s (40° — 10°) N 
~6.8 N. 
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The angle formed by vector F and the X-axis can be found 
from the formula 

F,sina,+-F, 3in a, 

F,cosa,;+F, cosa, ' 


- 3X0A7+4X 0.64 _ 
a=arctan 3x0.98-+4X0.77 = arctan 0.51 ~ 0.47 rad. 


The projections of vector a on the X- and Y-axes of a 
rectangular coordinate system are a, = a cosa@ and a, = 
a sina, where a is the angle formed by vector a and the 
X-axis. Knowing the projections of a vector, we can 
determine its magnitude and the angle with the X-axis 
(Fig. 2): 

a=Vai+a}, a=arctan(a,/a,). 


Multiplying a vector A by a positive scalar k, we ob- 
tain a new vector KA whose direction coincides with that 
of vector A and whose numerical value differs from that 
of A by a factor of k. 

Example 3. Determine the momentum of a body of 
mass 2 kg, moving at a velocity of 5 m/s. 

The momentum of the body mv = 2 x 5 kg-m/s = 
10 kg-m/s is directed along the velocity vector v 
(Fig. 3). 

Multiplying a vector A by a negative scalar k, we ob- 
tain a new vector kA whose direction is opposite to 
that of vector A and whose numerical value differs from 
that of A by a factor of k. 

Example 4. A charge g = —7.5 nC is in an electric 
field of strength E = 400 V/m. Determine the magnitude 
and direction of the force acting on the charge. 

By definition, the force F = gE. Since the charge is 
negative, the force vector is directed against the vec- 
tor E (Fig. 4). The magnitude of the force F = |g |E = 
7.5 x 10-° C x 400 V/m = 3 x 10°° N = 3 pN. 


a= arctan 


| \ mv -gE \ 
aaa od ——————————— 
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The scalar product of vectors A and B is a scalar equal 
to the product of the numerical values of vectors A and B, 
multiplied by the cosine of the angle between them: 


C = AB cosa. 


In symbolic form, a scalar product is written as 
C=A-B. 


Example 5. Determine the work done by a constant 
force F = 20 N if the displacement of the body is s = 
7.5m and the angle a between the force and displace- 
ment is 120°. 

By definition, the work done by a force is equal to 
the scalar product of the force and displacement: 
A = Fs = Fs cos a = 20 x 7.5 cos 120° J = —150 x 
(14/2) J = —75 J. 

The vector product of vectors A and B is defined as 
a vector C whose magnitude is equal to the product of 
the numerical values of A and B, multiplied by the sine 
of the angle between them: 


C = AB sina. 


The vector C is normal to the plane containing the vec- 
tors A and B, its direction being connected with the 
directions of vectors A and B through the right-hand 
screw rule (Fig. 5). 

The symbolic form of a vector product is 


c=A xB. 


ELEMENTS OF DIFFERENTIAL 
AND INTEGRAL CALCULUS 


Let a function f (z) exist in a certain domain z (Fig. 6). 
We shall use the notation Az = z, — z, Af (z) = f (1,)— 
f (z). The expression 

so AL(z) _ gry — Of (2) 

tim $59) = 7 (2) = 4 

is called the first derivative of the function f (z) with 
respect to z. 
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Fig. 5 


Graphically, df (x)/dz = tan a, where a@ is the angle 
of inclination of the tangent to the curve at point A 
(see Fig. 6). 

The derivative of the first derivative of a function is 
known as the second derivative and is denoted by 
d?f (x)/dz?. 


Properties of Derivatives 
1. If f (x) = Cq (x), where C = const, then 
Of (4) dg (2) 
dz == “de 
2. If f (2) = 9 @) +o (x), then 


d d d 
SO a (z) SY) 4 ES) ae (z) ' 


3. If f @) =  () % S then 


d 
afle) _ 891) 9, (2) 4 2%) 9, (2, 


4. It f(2)= ou , then 


d@s (2) 
df (z) _ as Ps (z)— —.— Fi (z) 


dz 93 (2) 


5. If f (x) =f (@ (2), then 


df (9) _ af (g) do (z)_ 
dz “dp dz 





d Se (2) 
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The values of derivatives of some elementary functions 
are given in Table 1 of Appendices. 


If of of (=) > 0, the function f (z) increases with z. 

art (z) 

If dz 
ing =. 

If She) — 0, the function f(x) has an extreme (min- 


imum or maximum) value. 
Let a function f (z) exist in a certain range of z 
(Fig. 7). We divide the range ab of variation of z into 


fer) 





<0, the function f(z) decreases with increas- 





K(x;) 


0 4x; 6 
Fig. 7 
infinitesimal segments Az,, Az,,..., Az;,..., Az, and 
n 


compose the sum x f (z,;) Az,;. The expression 
t= 


n b 
lim S) f(z) Az=( f(z) az 
ae 


is called a definite integral. 
An expression of the type \ f (z) dz is called an in- 
definite integral. 
Properties of Integrals 
1. If f(z)= x f,(z) dz, then 
i= 


n 


\ 3 fileyde= > { fu(z) dz. 


i=1 i=1 


Introduction 15 


2. If f (x) = aq (2), then 
| ag (2) dz = a | 9 (2) de. 


The values of integrals of some elementary functions are 
given in Table 2 of Appendices. 


Procedure for Solving Problems 


1. Read the formulation of a problem. Indicate the 
physical phenomena and processes involved. 

2. Recollect the definitions of physical quantities char- 
acterizing these phenomena as well as the properties 
of bodies involved in them. 

3. Recall the physical laws describing the phenomena 
encountered in the problem. ” 

4. Clarify the physical meaning of the quantities char- 
acterizing the phenomena and processes mentioned in 
the problem. 

5. Write down the given quantities (in SI units) and 
required quantities on the left-hand side. 

6. Draw a diagram (plot, figure) of the problem accord- 
ing to adopted rules, taking into account the conditions 
of the problem. 

7. Write the required physical laws and definitions of 
the physical quantities in analytic form, taking into 
account the conditions of the problem. 

8. Write analytically the relations expressing the 
physical meaning of additional conditions specifying the 
phenomena mentioned in the problem. 

9. Solve the obtained system of equations in general 
form to determine the required quantities. 

10. Check the dimensions of the quantities in the ob- 
tained formula. 

11. Calculate the values of the required quantities, 
using the rules for approximate calculations (see Appen- 

ices). 


Chapter 1 
MECHANICS 


1.1. Kinematics 


Kinematics studies various forms of mechanical motion 
of bodies without taking into account their causes. 


UNIFORM RECTILINEAR MOTION 


Uniform rectilinear motion is a motion in which 
a point mass (body) covers equal distances in equal inter- 
vals of time. 

The displacement of a point mass (body) is a vector 
connecting its initial and final positions. 

Any motion obeys a law defining the position of a body 
in space at a given instant. In order to describe a motion, 
we introduce a Cartesian system of coordinates XOY. 
Then the position of the body will be determined by its 
z- and y-coordinates. Consequently, the law of motion 
must specify the dependence of z- and y-coordinates on 
time ¢. It can be determined by calculating the projec- 
tions of the displacement vector on the coordinate axes. 

For a uniform motion along the X-axis, the projection 
of the displacement of the body on the X-axis is 


Sy = 2 — Lp = dVyl, 
and the equation of motion has the form 
Z = 2X + vb, (1) 


where z, is the coordinate of the body at the initial in- 
stant, v, the projection of the velocity vector on the 
X-axis, and ¢ the time of motion of the body. 
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The signs of the terms on the right-hand side of Eq. (1) are de- 
termined by the choice of the direction of the X-axis. 


Figure 8 shows the displacement graph. It can be 
seen that the velocity 


v = s,/t, = tana. 
The velocity graph is shown in Fig. 9. It follows from 


the graph that the displacement s, = v,t, is numerically 
equal to the area of the rectangle OABC. 





Fig. 8 Fig. 9 


s* 8 


1. Two bodies start to move in the same direction si- 
multaneously from two points A and B separated by 90 m. 
The body starting from point A has a velocity of 5 m/s, 
while the body starting from point B has a velocity of 
2 m/s. How long will it take the first body to catch up 
with the second? What will be the displacement of each 
body? Solve the problem analytically and graphically. 


4, “a, 
A 8 c Xx 





Fig. 10 


2-0870 
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Given: %o3;=90 m, v;=5 m/s, ¥,=2 m/s. 
8—? &— t,-—? 


Solution. 1. We choose as the origin a point A of the 
X-axis and direct the axis along the motion of the body 
(Fig. 10). Then the equations of motion for the bodies 
will be written as follows: 


X= V,t, BM, = 9, Te = Tog + Vel, (1) 
where z, and z, are the coordinates of the first and second 


bodies. At point C where the first body catches up with the 
second, z, = z, and t = t,. Using Eqs. (1), we can write 


Vit, = Zon + oh, (2) 
where t, is the time of motion of the bodies to point C. 


From this equation, we determine the time of motion of 
the bodies: 





90 


a) s= 30 s. 





i= 


Then the displacements of the bodies are given by 
S$, = Ty — Zo, = Yh, 
Sg = Ly — Log = Vals 
s, = 5 X 30 m = 150 m, 
s, = 2 x 30 m = 60 m. 
2. We plot the time ¢ of motion on the abscissa axis and 
the values of the z-coordinate on the ordinate axis to 


a certain scale. Let us write the equations of motion for 
the bodies: 


Zy = Vt, Ly = Log + Vel. 
Then the time dependence of the coordinates can be rep- 


resented by straight lines J and 2 (Fig. 11). Let us deter- 
mine the coordinates of the point C of their intersection: 
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t = 30 s and z, = z, = 150 m. Consequently, it will 
take the first body 30 s to catch up with the second. 
The displacements of the bodies are s,, = z, = 150 m 
and Sg, = 2% — Xp, = 60 m. 

2. A high-speed lift in a skyscraper moves upwards 
untformly at a velocity of 3 m/s. Plot the displacement 
graph and use it to determine the time in which the lift 
reaches a height of 90 m (26th floor). 

Given: v=3 m/s, y=90 m. 

t— 

Solution. Let the Y-axis coincide with the direction of 

motion of the lift, and the origin with the position of the 





10 20 3O #8 


’ 


Fig. 14 


lift at the initial instant. Then yo = 0 and y = ut. 
Consequently, s = y — yo = vt. In order to plot the dis- 
placement graph, we plot the time ¢ 6n the abscissa axis 
and the displacement s on the ordinate axis (Fig. 12). 
The time dependence of the displacement will be presented 
by the straight line OA whose slope is numerically equal 
to the velocity v. Using the graph, we find that it will 
take the lift 30 s to reach the height of 90 m. 

3. Using the displacement graph (Fig. 13a), plot the 
velocity graph and determine the nature of motion of the 
body relative to the X-axis (Fig. 13b). 

Answer. Figure 13a shows that the body moves uniform- 
ly in the negative direction of the X-axis since the 


2e 
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oo 
¢ 
Ss, m (a) 
rook ___f, 
1 0 Xx 
60 ! (6) 
40 Y 
20 | a 7 
O20 Wits 
(¢) 
Fig. 12 Fig. 13 


z-projection s, of the displacement vector is negative and 
increases in magnitude in direct proportion to time 


(Fig. 13c). 
EXERCISES 


4. A motor car moving uniformly at a velocity of 
12 m/s covers the same distance in 10 s as another motor 
connec in 15 s. What is the velocity of the second motor 
car 

5. A hiker started from a point lying 2 km to the east 
and 1 km to the north of a crossing, took an hour to walk 
5 km eastwards at an angle of 135°. Determine the final 
position of the hiker. 

6. Using the rectangularsystem of coordinates, plot the 
displacement vector directed at 45° north-eastwards from 
a point lying 1 km to the east and 2 km to the north of 
a fork in the road. Determine the coordinates of the tip 
of the displacement vector whose magnitude is 25 km. 
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s, m 5,m 
40 
50 ; 
20 
10 
0 20 Wis Op Bis 
Fig. 14 Fig. 15 


7. A body has moved from a point with coordinates 
Zo = 1m and y = 4 m to a point with coordinates 
z, = 5m and y, = 1 m. Determine the magnitude of the 
displacement vector of the body and its projections on 
the coordinate axes. 

8. Using the graph in Fig. 14, determine the nature of 
motion of a body. 

9. Using the displacement graph in Fig. 15, plot the 
velocity graph. 


UNIFORMLY VARYING RECTILINEAR MOTION 


Uniformly varying rectilinear motion of a point mass 
(body) is a motion in which its velocity changes by the 
Same value during equal time intervals. This motion can 
be either uniformly accelerated or uniformly decelerated. 

In order to describe a uniformly varying motion, we 
direct the X- (or Y-)axis along the trajectory of the body. 
Then the equation of motion and the formula for the 
velocity can be written as follows: 


ZL = + rot vot + at?/2, 
v= + vot at, 


where Uy is the velocity of the body at the initial instant 
and a the acceleration. The plus or minus sign depends 
on the choice of the direction of the X-axis and of vectors 
Vv, and a. For freely falling bodies, the acceleration must 
be taken as g = 9.8 m/s?. 

The velocity vector of a nonuniform (in particular, of 
a uniformly varying) motion can also be defined as the 
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first derivative of the displacement vector with respect to 
time: 
var 
Then the z-projection of the velocity vector is v, = 
dz/dt. The acceleration vector of a varying motion 
can be defined as the first derivative of the velocity 
vector with respect to time: 


dv 
a=—T° 


Knowing the projections v, = v, (t) and a, = a, (t) 
of velocity and acceleration, we can determine the z-coor- 
dinate and the z-projection of the velocity vector as 
follows: 


ts ts 
z= |v, dt, ve= | a, dt. 
ty ta 


a a varying motion, the concept of average velocity is 
used. 

The average velocity of a varying motion of a body is 
the ratio of its displacement vector s to the time ¢ during 
which this displacement occurs: 


(v) = s/t. 


For a uniformly varying motion, the average velocity ig 
defined as the arithmetic mean of the initial and final 





Fig. 16 Fig. 17 
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velocities: 
(v) = (Vp + v)/2. 
The velocity graph for such a motion is shown in Fig. 16. 
It can be seen that 
a= 10 = tan B, 
ty 
and the displacement s is numerically equal to the area 
Oabe. The displacement graph for vo = 0 has the form 
shown in Fig. 17. The velocity of the body at a given 
instant ¢, is equal to the slope of the tangent to the graph 
at a given point: 
v = tana. 
In all problems except 84, 101, and 146, the air resistance should 
be neglected. 
** * 


10. A motor car starts to move at zero velocity and 
passes the first kilometre with an acceleration a, and the 
second with an acceleration a,. Its velocity increases by 
10 m/s over the first kilometre and by 5 m/s over the 
second kilometre. Which acceleration is higher: a, or a,? 
Determine these accelerations. 

Given: s,=s,= 108 m, v, =0, vy, = 10 m/s, v, = 15 m/s. 

a, Z ay? 

Solution. Let the X-axis coincide with the direction of 
motion of the motor car. We choose the origin at the point 
from which the car starts. Let us write the equation of 
motion and the formula for the velocity of the car: 


r= 2 + Volt + at?/2, v= Uo + at. (1) 
es the final point of the first segment, Eqs. (1) have the 
orm 
§ = — 2, = Yh/2, vy = ah. 
Solving these equations together, we find that vj = 
2a,5,, whence 


eee 
i 2s, ° 


402 
4 = Fx40° zs x 1072 m/s?. 
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For the final point of the second segment, Eqs. (1) assume 
the form 
Sy = Ly — Log = Uyty + ayts/2 (since vy, = 4), 
Uy = UV + a,t,. 
Solving these equations together, we find that v} — uv} = 
2a,5,, whence 
a, = 1 ; 
a, = a = 6.25 x 107 m/s? 


Consequently, a, > a. 

11. Two cyclists move towards each other. One of 
them, whose velocity is 18 km/h, decelerates uniformly 
at a rate of 20 cm/s’, while the other, whose velocity is 


a a, 


= —_ 
—» Ure — 
0 A B Xx 
Fig. 18 


5.4 km/h, accelerates uniformly at a rate of 0.2 m/s’. 
How long will it take them to meet and what will be the 
displacements of the two cyclists when they meet if the 
initial separation between them is 130 m? 

Given: vo, = 18 km/h = 5 m/s, a, = 20 cm/s* = 


0.2 m/s2, 
Vog = 5.4 km/h = 1.5 m/s, a, = 0.2 m/s*, 
Zog = 130 m. 


& —?s—?t—? 

Solution. We direct the X-axis along the motion of the 
first cyclist and choose the point O at which it is at the 
moment ¢ = 0 as the origin (Fig. 18). Then the equations 
of motion for the cyclists will be 


1 = Voyt —_ a,t?/2 (201 = 0), = Loa = Vogt = a,t*/2. 
(1) 


At the moment of meeting (¢ = 1) at point 4, 


X= 2. (2) 
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Substituting expressions (1) into (2), we obtain v,t — 
a,t*/2 = Zo, — Vogt — @,t*/2, whence 


i 
Voit ves ' 





130 
t=sr 75 $= 20 s, 








8, Dy — Loy = Voit — ae ' 

s,=5 x 20 — 22x20" m=60 m, 
8, = | Zz — oq | = Vo,t + an ’ 
$,= 1.5 x 204 22X20 m=70 m. 





12. A body moving with a uniform acceleration from 
the state of rest covers 90 cm during the fifth second 
following the onset of motion. Determine the displace- 
ment of the body during the seventh second. 

Given: s,=90 cm=0.9 m. 

8—? 

Solution. We direct the X-axis along the trajectory of 

the body and choose the origin O at the point from which 


0 x 


eae, 


Fig. 19 


the body starts to move (Fig. 19). According to the equa- 
tions of motion, we then have z, = at*/2 and z, = at3/2, 
where t, = 4s and t, = 5 s. Consequently, the displace- 
ment of the body during the fifth second is s, = z, — 
Z, =a (t} — tt)/2, whence 


a = 2s, /(tt — th). (1) 
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Similarly, s; = 2; — x = a(t? — #3)/2, where t, = 7 sand 
ts = 6 s. Taking Eq. (1) into account, we obtain 


__ 85 (t9¥—th) 8 (27 + £6) (27 —85) 
— t3—t} a (tg-+ £4) (ts—%4) : 
gp = 0:9.(7 +8) (78) 
tT (54-4) (54) 
13°. The equation of motion for a body has the form 

z= 15t + 0.422. Determine the initial velocity and 
acceleration of the body, and also its coordinate and 
velocity in 5 s. 

Given: t=5 s. 

a—?PUuy—?r—Pv—? 

Solution. Method 1. Let us compare the given equation 
of motion for the body with the equation of motion in 
general form: 


r= 2X + Volt + at?/2, z= 15t + 0.4t?. (1) 


Obviously, z» = 0, and the coefficients of ¢ and ¢* are 
vo = 15 m/s and a/2 = 0.4 m/s*, whence a = 0.8 m/s?, 
The coordinate of the body in 5 s can be determined from 
Eq. (A): 


§7 


m= 1.3 m. 


= (15 xX 5+0.4 x 5%) m = 85 m. 
The velocity in 5 s can be determined from the formula 
v= Vo + at, 
v= (15 + 0.8 x 5) m/s = 19 m/s. 
Method 2. The coordinate x at t = 5 s can be found 
from Eq. (1). By definition, the velocity is 
pa SF (15¢-4 0.40%) = 15 + 0.88, 
v= (1540.8 x 5) m/s=19 m/s, 


and the acceleration is 
d d 
a= tr =r (15+ 0.8¢)=0.8 m/s?. 
14. A load is dropped from a helicopter flying at an 
altitude of 300 m. How long will it take the load to reach 
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the ground if the helicopter (1) is stationary, (2) descends 
at a velocity of 5 m/s, (3) ascends at a velocity of 5 m/s? 
Given: yo =300 m, vg=5 m/s. 
t—? 
Solution. We direct the Y-axis vertically downwards 
and choose the origin O at an altitude y, above the ground 
(Fig. 20). 





4. If the helicopter is stationary, the 0 
equation of motion for the load has the 
form 
y = gt?/2. (4) C 
When the load touches the ground (t =t,, ™ 
Y = Yo), Eq. (1) assumes the form y=gt?/2, 
whence the time of fall of the load to the 
ground is 7 
yy 
Fo ar y 
2x 300 Fig. 20 
i= V 9.8 s= 7.8 s. 


2. Since the load descended with the helicopter at 
a velocity vy before being dropped, the equation of mo- 
tion for the load has the form 


y = vot + gt*/2. (2) 
When the load touches the ground (¢ = ty, y = yo), 
Eq. (2) assumes the form yy = Uot, + gt}/2, whence 
th + Quot,/g — 2yo/g = 0. 
Solving this equation for ¢,, we obtain 


fe ok V vat 2800 
Sg ee 
ts = Se VE EIXISX DO Sm™ (—0.5 + 7.8) 8. 
Consequently, t, ~ 7.3 3 (the negative root is rejected 
since ¢ > 0). 

3. Since the load ascended with the helicopter at a ve- 
locity vy before being dropped, the equation of motion 
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for the load has the form 


y = —Uot + gt?/2. (3) 
When the load touches the ground (¢ = ty, y = yo), Eq. (3) 
assumes the form yp = —vot, + gt3/2, whence 


j— ofa Pe 9, 


Solving this equation for t,;, we obtain 
te — ot V v8 +t 2806 
: g 


_ 54 V5IF2XK9BX 3 
rr 


ts s~ (0.5 + 7.8) s. 
Rejecting the negative root, we obtain t, ~ 8.3 s. 

45. A load is thrown vertically upwards from a bal- 
loon at a velocity of 18 m/s relative to the ground, de- 
scending at a constant velocity of 2 m/s. Determine the dis- 
tance between the balloon and the load at the mo- 
ment when the latter reaches the highest point of its 
ascent. How long will it take the falling load to pass 
by the balloon? 

Given: Vo, =2 m/s, vg=18 m/s. 

s—? t—? 

Solution. We direct the Y-axis vertically upwards and 
choose the origin O at the point where the balloon was at 
the moment of separation of the load from it (Fig. 21). 
Then the equations of motion for the balloon and the 
load will be 


Yr = —Voit, Ya = Voat — gt?/2. (4) 


The velocity of the load varies according to the law v = 
Vog — gt. At the highest point A of its ascent, the 
velocity of the load is zero: 0 = Uy, — gtmax, and hence 
the time of ascent of the load is tmay = UVos/g. The coordi- 
nate of the load at point A is 





8tinax Vos ovis vd, 
=v — =), ——— ee ee 
Yoa 02! max 2 02 g 2g! 2g ° 
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Fig. 24 Fig. 22 


During the same time tax, the balloon descends to point 
B with the coordinate yy = —Voitmax = —Vowoa/8- 
The separation between points A and B is 


s=|AB|=|AO|+[OB|=lysalt+l nisl 


= ep ates = 2 (gg + 2V9)); 


_ 18 
"2x98 


At the moment t when the load passes by the balloon, the 
coordinates of the bodies will be equal: y, = y,. Taking 
Eqs. (1) into account, we obtain —vp,t = Upgt — gt?/2, 
whence 


7) x (48+2 x 2) m~ 20 m. 


a 2 +8) : 


8 


_2(2448) 
=—ja 3™4 8. 


16. A body is thrown vertically upwards at an initial 
velocity vp, and another body falls freely from a height 
h. Determine the time dependence of the separation be- 
tween the bodies if the bodies are known to start simulta- 
neously. 

Given: Vo, Yo=h. 


Ay=f(t)—? 
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Solution. We direct the Y-axis vertically upwards and 
choose the origin O at the ground (Fig. 22). Since the 
bodies start to move simultaneously, the time of their 
motion is the same, and the equations of motion have the 
form y, = Vo,t — gt?/2 and ys = yo — gt?/2, where yo is 
the initial coordinate of the second body. 

Before one of the bodies falls, the separation between 
the bodies at any instant is expressed by Ay = yz — y, = 
Yo — gt?/2 — vot + gt?/2 = yo — vot, or 


Ay = h — vot. 


17. Two bodies are thrown vertically upwards at the 
same initial velocity vp with a time interval t. Determine 
the velocity of the second body relative to the first. What 
law describes their separation? 


Given: Uo, tT. 

v—? Ay—? 

Solution. We direct the Y-axis vertically upwards and 
choose the origin at the ground at the point from which 
the bodies are thrown. For the starting time we take the 
moment when the first body is thrown. The equations of 
motion for the bodies have the form y, = vot —gt?/2 
and y. = Up (t — t) — g(t — 1)?/2. The separation be- 
tween the bodies varies according to the law 
Ay = ¥, — Yo = ot — gt?/2 — vo (t — %) + B(t — 1)°/2 

= Upt + gt?/2 — grt. 
In the chosen coordinate system, the velocities of the 


bodies vary according to the laws vy, = vy — gt and v, = 
Vo — g(t — 1). Then the velocity of the second body 
relative to the first is 


VD = Vs — Vy = Vo — g(t — tT) — Uo Bt = gt = const. 


Therefore, the relative motion of the bodies is uniform. 
18. A ballis thrown vertically upwards. It was observed 
ata heighth twice with a time interval At. Determine 
the initial velocity of the ball. 
Given: h, At. 


Vo—? 
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Solution. We direct the Y-axis vertically upwards and 
choose the origin O at the ground (Fig. 23). The equations 
of motion for the ball for instants ¢ and ¢ + At are 


h = vot — gt?/2, h = v9 (t + At)—g (t+ At)/2. (4) 
Solving them together, we obtain vot — gt?/2 = vot + 
Vy At — gt?/2 — gt At — g At?/2, whence 

t = (2vy — g At)/(2g). (2) 


Substituting expression (2) into (1), we get 
= 2uy—gAt \ 8 { 2w—gdt \2_ 4vh—gr At? 
a, ( 28 ) 2 ( 2g ) ~ 8’ 
whence 
Uy) = V 8gh +g? At?/2. 


19. A body falls freely from a height of 490 m. Deter- 
mine the displacement of the body during the last second of 
its descent. 


Given: h= 490 m, At=1 s. 
Ay—? 
Solution. We direct the Y-axis vertically downwards 


and choose the origin O at a height h above the ground 
(Fig. 24). Then the equation of motion for the body has 
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the form 

y = gt?/2. (1) 
When the body touches the ground (¢ = ¢,, y = ys = h), 
Eq. (1) becomes h = gt*/2, whence t, = V 2h/g. At the 


moment (t, — At), the body is at point A with the coor- 
dinate y, = g (t, — At)?/2. Therefore, 


Ay =y.—yi= £ (8 —(ty— At)?] = 25% (24, — At) 


2 
18 (2 Ba, 


9.8x1 2x 490 
Ay=—— (2 a5 —1) m=93 m, 

20°. A ball thrown vertically upwards falls to the 
ground in 3 s. Determine the initial velocity of the ball 
and the maximum height of its ascent. 

Given: t,=3 s. 

Vo—? Ymax —? 

Solution. We direct the Y-axis vertically upwards and 
choose the origin O at the ground (Fig. 25). Then the equa- 
tion of motion for the ball and the formula for its velocity 
will be 





y = vot — gt?/2. (1) 
v=U9— gt. (2) 


At the ground, t = ¢,, y = 0, and Eq. (1) becomes 0 = 
Yot, — gti/2, whence 


t 
Vy= i ; 
vo= [5X8 B= 14.7 m/s 





At the highest point A of the ball trajectory, ¢ = tma;x;, 
y¥y = Ymax, and v = OQ. Let us write Eq. (2) for point A: 
O = vp — Btmax, whence 

tmax = Uo/8. (3) 


The time of ascent can be found in a different way. Since the 
y-coordinate at point A attains its maximum value, dymay/dt = 0. 
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Using Eq. (1), we can write 








d d gt? 

a= ~ ae (Yotmax— me ) = Up— 8tmax = 0, 

whence 
tmax = U/8. 
Substituting Eq. (3) into (1), we obtain 
t v v v, 
Ymax = Yotmax — . = np = ' 
14.73 
Ymax = 2x98 m=i11inm, 


21. A body is thrown vertically upwards at a velocity 
of 4.9 m/s. Another body is thrown vertically downwards 
at the same initial velocity simultaneously y 
from the maximum height that can be at- 
tained by the first body. Determine the A 
time in which the bodies meet. el 

Given: yy =4.9 m/s. 

t—? 

Solution. We direct the Y-axis vertically Vy, 8 
upwards and choose the origin O at the | 
ground (Fig. 26). Then the equations of 
motion for the first and second bodies can f 
be written as Fig. 26 


Yr=Vort — gtPl2, Yo = Yo—Voot — gt*/2, 
where Up, = Voge = Vo. At point B where they meet 
({ = T, Yr = Ye), we have 
Upt — gt/2 = Yo — Uot — gt?/2, 


whence tT = yo/(2¥9), where y, is the maximum height 
of ascent of the first body, yy = Ymax = U4/(2g) (see Prob- 
lem 20). Substituting this expression into the formula 
for t, we obtain 


v 


2g: 
4. 


ow 
~ 
r) 


T= 





op 
ba 


t= 





ro 
fe.) 


x9. 
3-0970 
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22. A motor car moves the first half of its path at 
a velocity of 80 km/h and the second half at a velocity of 
40 km/h. Determine the average velocity of the car. 

Given: v,= 80 km/h ~ 22 m/s, v, = 40 km/h ~ 11 m/s. 

(vy—? 

Solution. Since for the uniform rectilinear motion the 
path length is equal to the magnitude of the displace- 
ment vector, we have 

(v) = s/t. (1) 
Here s is the path length of the car, t = t, + t, = s,/v, + 
S,/v, is the total time of motion, where s, and s, are the 
distances covered by the car moving during a time ¢, at 
a velocity v,, and during a time ¢, at a velocity v, res- 
pectively. By hypothesis, s, = s, = s/2, and hence 


t = s/(2v,) + s/(2v,). (2) 
Substituting expression (2) into (1), we obtain 


So aeent ee eeleee 1 Us 
we sl2-uy+s/2-v, Uy, 
_.2x% 22x 44m 


(v) = “Dis ~ 14.7 m/s. 

23. The cabin of a lift ascends with a constant accelera- 
tion for the first 4 s, attaining a speed of 4 m/s. The cabin 
moves at this velocity for 8 s, after which it moves with 
a constant deceleration for 3 s. Determine the displace- 
ment of the lift cabin and plot the velocity, displacement, 


and acceleration graphs. . 
Given: At,=4s, At,=8 s, At,;=3 s, v,=4 m/s. 
h-? 


Solution. We direct the Y-axis vertically upwards and 
choose the origin O at the initial position of the cabin. 
Let us consider the motion of the cabin on three segments. 
The displacement corresponding to the first segment is 
given by 

h, = (v,) At, (4) 


where (v,) is the average velocity corresponding to this 
segment. Since the motion is uniformly accelerated, we 
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have 
(V:) = (Vin + Veyn)/2 = (0 + v,)/2 = v,/2. 
Using this expression, we can write Eq. (1) in the form 
h, = v, At,/2. 


The displacements corresponding to the second and third 
segments are given by 


h, = Ve At, hs = (U5) Ats. 


Since (vs) = v,/2, hs = vz At;/2. Consequently, the to- 
tal displacement of the cabin is 


h = hy thy + hs, 
or 


pe mabey ev, At, + 22S — 2 (At, + 2At, + Ats), 
h=$(44+2x8+43)m=46 m. 


We shall plot the velocity, displacement, and acceleration 
graphs for each segment separately. The complete velocity 
graph (Fig. 27a) is the broken line OBCD. The displace- 
ment graph (Fig. 27b) consists of three regions: OB’ is 
a segment of parabola with the vertex at point O, B‘C’ 
a line segment, and C’D’ a segment of parabola with the 
vertex at point D’. The acceleration graph (Fig. 27c) is 
the broken line ABB’CC'D. 

24. A train gains speed from 36 to 54 km/h during 10s. 
During the next 0.3 min, it moves at a uniform velocity. 
Determine the displacement and the average velocity of 
the train, and plot the velocity and displacement graphs. 

Given: vp =36 km/h=10 m/s, v=54 km/h= 15 m/s, 

At,=10 s, At, =0.3 min= 18 s. 
(v) —? s—? 

Solution. We direct the X-axis along the trajectory of 
motion of the train and choose the point O at which the 
velocity of the train is v, as the origin. We shall consider 
the motion of the train on two segments. The displace- 
ment corresponding to the first segment is given by 


Ss; = (v,) At,. 
3f 
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v, m/s 
8 c 
7 
2 
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Since the train moves on this segment with a uniform 
acceleration, its average velocity is (v,) = (vp + v)/2. 
Therefore, 


5, =? At,. (4) 


Since the motion on the second segment is uniform, we 
can write 
S, = v Aby. (2) 


Consequently, the total displacement of the train is s= 
Ss, + S,, or (see Eqs. (4) and (2)) 


= ote At, +v At, 





s=( a+ 10+ 15 x 18) m=395 m. 


The average velocity of the train is 
(v) = s/t, 
where ¢ = At, + At,. Therefore, 


8 
=m," 


395 m 
{v) = +18 5 =~» 14.1 m/s. 


We construct the velocity (Fig. 28a) and displacement 
(Fig. 28b) graphs, considering each segment separately. 





Fig. 29 


25. Characterize the motion of a motorcyclist whose 
velocity graph is shown in Fig. 29. 

Answer. The velocity graph shows that the motorcyclist 
starts to move from the state of rest (point O). Its motion 
is uniformly accelerated on segment OA, is uniform on 
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segment AB, and is uniformly decelerated on segment BC, 
the magnitude of acceleration on this segment being larg- 
er than that on segment OA (tana, < tan a,). Segment 


Fig, 34 





CD corresponds to a stop. 
Segments DE, EF, and 
FK of the graph corre- 
spond to the motion of the 
motorcyclist in the oppo- 
site direction: uniformly 
accelerated (segment 
DE), uniform (segment 
EF), and uniformly de- 
celerated (segment FK). 
26. Using the velocity 
graph shown in Fig. 30a, 
plot the acceleration and 
displacement graphs. . 
Answer. On segment 
Ot,, the motion is uni- 
formly accelerated in the 
positive direction of the 
X-axis (Fig. 31, segment 
OA of the trajectory). 
Therefore, the accelera- 
tion graph has the form 
of a straight line paral- 
lel to the t-axis (Fig. 305, 
segment bc), and the dis- 
placement graph is a seg- 
ment of parabola Oc, with 
the vertex at point O 
(Fig. 30c). On segment 
t,t,, the motion is uniform 
(Fig. 31, segment AB of 
the trajectory). There- 
fore, the acceleration 
graph is a line segment 
coinciding with the t-axis 


(Fig. 306, segment ¢,t,), and the displacement graph is 
a straight line c,d, touching the parabola at point c, 
(Fig. 30c). On segment f,t;, the motion is uniformly 
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decelerated in the same 
direction (Fig. 31, seg- 
ment BC of the trajecto- 
ry). Therefore, the accel- 
eration graph has the 
form of a straight line 
parallel to the t-axis 
(Fig. 30b, segment de), 
and the displacement 
graph is a segment of pa- 
rabola with the vertex 
at point e,, touching the 
straight line c,d, at point 
d, (Fig. 30c). 

27. Using the displace- 
ment graph consisting of 
two segments of parabo- 
las (Fig. 32a), construct 
the velocity and accelera- 
tion graphs. 

Answer. On segment 
Ot, (Fig. 32a), the motion 
is uniformly decelerated 
and directed against thé 
X-axis (Fig. 33, segment 
OA of the trajectory). 
Therefore, the velocity is 
negative and decreases in 
magnitude (Fig. 32), seg- 
ment bc), while the ac- 
celeration is positive 
(Fig. 32c, segment b,c,). Fig. 32 
On segment ¢,¢,, the mo- 





tion is uniformly acceler- 4 ~~» ~~» > 
ated in the direction of 4 —» QO —» @f a 
the X-axis (Fig. 33, seg- 

ment AO of the trajec- Fig. 33 


tory). Hence the velocity 

is positive and increases in magnitude (Fig. 32b, segment 
cd), while the acceleration remains the same in magnitude 
and direction (Fig. 32c, segment c,d). On segment fets, the 
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motion is uniformly decelerated in the same direction 
(Fig. 33, segment OB of the trajectory). Therefore, the ve- 
locity is positive and decreases in magnitude (Fig. 32b, 
segment de), while the accel- 
eration is negative (Fig. 32c, 
segment die,). On segment 
tyt,, the motion is uniformly 
accelerated and directed 
against the X-axis (Fig. 33, 
segment BO of the trajectory). 
Therefore, the velocity is neg- 
W4 Sle S/¢ 77% & s ative and increases in magni- 

tude (Fig. 326, segment ef), 
(a) while the acceleration remains 
the same (Fig. 32c, segment 





v, m/s 


Hh: 

28°. A body moves along the 
X-axis according to the law 
z = 6 — 3t + 2t?. Determine 
the average velocity of the 
body and acceleration during 
the time interval from 1 to 
4 3. Plot the displacement, 
velocity, and acceleration 
graphs. 

Given: t,=1 3, t=4s 





(v) —? a—? 
Solution. By definition, 
0 ya =F (6- 3t + 2t?) 
(c) 
Fig 34 (vy = abs 


Substituting the values of ¢, and t, into Eq. (1), we 
obtain v, = (—3 +41) m/s=1 m/s and y= 
(—3 + 4 X 4) m/s = 13 m/s. Then 

ee a n 


anit ie —3-+ 4t) =4 m/s*= const. 


=7 m/s, 
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The displacement graph is a parabola (Fig. 34a), where 
2 = 6 mis the initial coordinate of the body. The veloci- 
ty graph is a straight line (Fig. 34b), where vy, = —3 m/s 
is the initial velocity of the body. The acceleration graph 
is a straight line parallel to the abscissa axis (Fig. 34c). 

29°. The velocity of a body is expressed by the formula 
v = 2.5 + 0.2t. Determine the displacement of the body 
20 s after the beginning of motion. 

Given: t,=0, t= 20 s. 

s—? 
ts 
Solution. By definition, s= \ vdt. Then 


ty 


20 20 
s= \ (2.5 +0.2t) dt = (2.564 x 0.202) | 
0 0 


=2.5 x 20 m+ x 0.2(20) m= 90 m. 


EXERCISES 


30. A train moving over a horizontal segment at a ve- 
locity of 36 km/h acquires a uniform acceleration over 
a distance of 600 m so that its velocity becomes 45 km/h at 
the end of the segment. Determine the acceleration and 
the time of the accelerated motion. 

31. Two bodies start to move at the same time from the 
same point and in the same direction. The first body 
moves uniformly at a velocity of 98 m/s and the second body 
moves with a uniform acceleration of 980 cm/s’, its ini- 
tial velocity being zero. How long will it take the second 
body to catch up with the first? 

32. A motor car covers 1.2 m during the second second 
after the beginning of motion. What is its acceleration? 
Determine the displacement of the car during the tenth 
second after the beginning of motion. 

33. The equation of motion for a body is x = 5t + 0.88. 
Determine the acceleration and the initial velocity of 
the body. 
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34. A ball falls from a height of 20 m on a plane surface 
and bounces to a height of 5 m. What is the velocity of the 
ball at the moment it strikes the plane surface? What is 
the time taken by the ball to reach the highest point from 
the beginning of the fall? What is the velocity of the ball 
at the moment when it leaves the plane surface? 

35. A body falls from a height of 2000 m. How long will 
it take the body to traverse the last 100 m? 

36. A train starts from a station with an acceleration 
of 20 cm/s*, Having attained a velocity of 37 km/h, it 
moves uniformly for 2 min and then brakes over a distance 
of 190 m. Determine the average velocity of the train 
and plot the velocity graph. - 

37. A motor car moves at a velocity of 80 km/h for the 
first half of the duration of its motion and at a velocity 
of 40 km/h for the second half. Determine the average 
velocity of the car. 

38. A point mass moves in a straight line. At a distance 
of 1 km from its initial position, it stops and then moves 
in the opposite direction over 1.2 km before it stops. 
What are the displacement and the total distance tra- 
versed by the point? 

39. A motor car moving with a uniform acceleration 
covers two 100-m long adjacent segments of its path in 
5 and 3.5 s respectively. Determine the acceleration and 
the average velocity of the car on each segment and on 
both segments taken together. 

40. A body A is thrown vertically upwards at a veloci- 
ty of 20 m/s. At what height will it collide with a body B, 
which was thrown horizontally at the same time at a veloc- 
ity of 4 m/s? The horizontal distance between the initial 


v 





Fig. 35 


Ch. 1. Mechanics 43 


positions of the bodies is 4 m. Find the time of motion of 
the bodies before the collision and the velocity of each 
body at the moment of collision. 

41. Using the velocity graph shown in Fig. 35, plot the 
displacement and acceleration graphs and describe the 
type of motion of the body on various segments. 

42. Using the displacement graph shown in Fig. 36, 
plot the velocity and acceleration graphs and describe 
the type of motion on each segment. 

43. A box with a metal ball at the centre, which does 
not touch the walls of the box, falls from a certain height. 
Describe the motion of the ball relative to a wall of the 
box during falling, neglecting air resistance. 


TYPES OF COMPOSITE MOTION 


Uniform rectilinear motion. Any uniform motion at 
a constant velocity v along an arbitrary straight line AB 
(Fig. 37) can be decomposed into two independent uni- 
form rectilinear motions along the X- and Y-axes at 
velocities v, and v,. 

In order to describe this motion, we choose a Cartesian 
system of coordinates XOY. Then the equations of mo- 
tion for the body can be written in the form 


t= Io + v,t, 
Yy = Yo + v,t, 


where v; = vcos@ and v, = vsina. 
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The velocity of the body at any point of the trajectory 
is given by 


v=: Vvi+v} 


and is directed along the trajectory. 

Motion of a body thrown horizontally from a certain 
height. This motion can be decomposed into two inde- 
pendent motions: a uniform rectilinear motion in the 
horizontal direction at a velocity v, equal to the initial 
velocity vp (v, = U,) and a free fall from the initial height 
of the body characterized by acceleration g. 

In order to describe this motion, we choose a Cartesian 
system of coordinates XOY and direct the X-axis along 
the horizontal and the Y-axis vertically upwards. Then 
the equations of motion for the body along the X- and 
Y-axes will be 


T=IZtvult, y= Vo — gt?/2. 


The velocity of the body at any point of the trajectory 
is given by 

v= Vovi+v} 
and is directed along the tangent to the trajectory at the 
given point. 

Motion of a body thrown at an angle to the horizontal. 
This motion can be decomposed into two independent 
motions: a uniform rectilinear motion in the horizontal 
direction at the initial velocity vo, = vg cos a and a free 
fall at the initial velocity vy, = v, sin a, where @ is the 
angle between the directions of the velocity vector v, 
and the X-axis (Fig. 38). 

In order to describe this motion, we choose a Cartesian 
system of coordinates XOY and direct the X-axis along 
the horizontal and the Y-axis vertically upwards. Then 
the equations of motion will be 


Z= Io + Vort, Y= Yo t+ Voyt — gt?/2. 
The velocity of the body at each point of the trajectory is 
v= Voi +4, 
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where vz = Voz, Vy = Voy — gt, and is directed along the 
tangent to the trajectory at the given point. 

The direction of the velocity vector at an arbitrary 
point of the trajectory is determined by the angle formed 
by the velocity vector v with the X-axis: 


tan @ = v,/v,. 


The values of z, and yp and the signs of the terms on the right- 
hand sides of the above equations depend in all three cases on the 
choice of the origin and the directions of the X- and Y-axes. 


ne * 


44. A passenger on a train moving at a velocity of 
40 km/h sees a 75-m long train passing from the opposite 
direction in 3s. What is the velocity of the second train? 

Given: v,= 40 km/h~ 11 m/s, t=3 s, 1=75 m. 

U,—? 

Solution. Let us consider the motion of the second train 
relative to the reference frame connected to the first train. 
Then the velocity of the second train relative to the 
chosen reference frame is v = v, + vz, where v, = —v, is 
the velocity of the ground relative to the first train and 
v, the velocity of the second train relative to the ground. 
In scalar form, v = v, + v, = v, + v,. Considering that 
v = l/t, we obtain l/t = v, + v,, whence 


v, = Wt —y, 
v, = (75/3 — 11) m/s = 14 m/s. 


45. A boat floats across a river at right angles to the 
banks at a velocity of 2 m/s. Determine the angle to the 
chosen direction of the Y-axis and the velocity of the 
boat relative to water if the velocity of the flow is 5 km/h 
(see Fig. 38). 

Given: v=2 m/s, vy, =5 km/h ~1.4 m/s. 

a—? v,—? 

Solution. Let us consider the motion of the boat relative 
to a bank. Then the velocity of the boat is v = v, + Vz, 
where v, is the translational velocity due to the river 
flow and v, the velocity of the boat relative to water. 
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Since, by hypothesis, v | v, and v, = v — v, (Fig. 39), 
we have 

vy, =Voi-r =V1.44 22 m/s~2.4 mis. 
We can write tan @ = »v,/v, whence 


arctan (v,/v), 
arctan (1.4/2) ~ 0.84 rad. 


46. What must be the velocity and direction of motion 
of an aeroplane to traverse 300 km northwards in 2h if 
a northwesterly wind blows during the flight at an angle 
of 30° to the meridian at a velocity of 27 km/h? 

Given: t=2 h=7.2 x 108 s, 1=300 km=3 x 10 m, 

a= 30° ~ 0.52 rad, v, =27 km/h=7.5 m/s. 
Ve—-? p—? 

Solution. Let us consider the motion of the plane in the 
reference frame fixed to the Earth. We direct the X-axis 
eastwards and the Y-axis northwards (Fig. 40). Then the 
velocity of the plane in the chosen reference frame is 


v=v, + Va, 


a@ 
a 


or (see Fig. 40) 


V2 =V—V. (1) 
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From the cosine law, we calculate the velocity: 
where v=1/t. Therefore, 
v= Vie FETE A Do leas alt, 


3X10 2, 2X75 KOBE KS KIO 
ry 2 eT eas 
n= V5 +( Tie) + 72x 108 m/s 
~ 48.3 m/s. 


Since the projection of the sum is equal to the sum of 
projections, we determine the projections of Eq. (4) on 
the X- and Y-axes: 


ve sing =u, sina, v,cosp =u, cosa+uv, (2) 





__ vy, sing 
whence tan P= i cosa-Pie or 
= v, sina 
pam arctan v,cosa+tl/t ° 
g = arctan (Ea 


7.5 x 0.86 +3 x 10°/ (7.2 x 108) 
~ arctan 0.078 ~ 0.078 rad. 


47. An aeroplane flies along the horizontal at a veloc- 
ity of 360 km/h at an altitude of 490 m. When it flies 


Y 





Fig. 41 


over point A (Fig. 41), a load is thrown from it. At what 
distance from point A will the load fall to the ground? 
Given: vy= 360 km/h = 100 m/s, h = 490 m. 
s—? 
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Solution. We direct the X-axis along the horizontal and 
the Y-axis upwards along the vertical and choose point A 
as the origin (see Fig. 41). Let us write the equations of 
motion for the load along the X- and Y-axes: 


Z=Vot, Y= Yo — gt?/2, (1) 

where y, = hk. For point B where the load falls (t = 4, 
x2 =a25, and y = ys = 0), Eqs. (1) have the form 

Xp = Voli, (2) 

0 =h — gti/2. (3) 


The duration of motion of the load to point B can be de- 
termined from Eq. (3) 


= V 2hig. (4) 


The required distance s = zg can be calculated from 
Eq. (2) taking Eq. (4) into account: 


Dh 
$= Vol, = Uo V2 ’ 


= 2x40 
= 100 55 m = 103 m. 





48. A jet of water is ejected from a hydraulic giant at 
a velocity of 50 m/s at an angle of 35° to the horizontal. 
Determine the horizontal range of the water jet and the 
maximum height the jet can reach. 

Given: vg=50 m/s, a= 35° ~ 0.61 rad. 

h—? s—? 

Solution. We choose the coordinate system with the 
origin at point O from which water is ejected (Fig. 42) and 
write the equations of motion for the water jet: 


L = Vost, (1) 
¥ = Upyt — gt?/2. (2) 


The velocity of the jet varies along the Y-axis according 
to the law 


Vy = Voy — Bt. (3) 
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Fig. 42 


For point A (the vertex of the parabola), ¢ = tmax,y =h, 
and vy = 0. Then Eq. (3) assumes the form 0 = vy, — 
&tmax, Whence , 
tmax = Voy/8- (4) 
Using Eq. (2) for point A, we obtain hk = voytmax — 
gthax/2, or taking Eq. (4) into account, 


h=Ugy “a = ou = ote . 








Considering that v9, = vy sin a, we obtain 
_ Ugsinta 
h= ae? 

50? x 0.573 

2X 9.8 
Let us write Eq. (2) for point B at which the jet falls 
to the ground (¢ = ts, y = 0, and x = 8): 

0 = Voyts — gth/2. 

Then the duration of motion of the jet to point B is 
given by 


h= m ~ 41.3 m. 


tz = 2Voy/8 = (2U/g) sin a. (5) 
We write Eq. (1) for point B: 
s= Voxta- (6) 


4— 0970 
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Substituting Eq. (5) into (6) and considering that v9, = 
Vp cos a, we obtain 


; in 2a 
sutigeag ets ine 
8 4 


gaz OX 0.94 
~~ 98 


m ~ 240 m. 


49. At what angle to the horizontal must a body be 
thrown for its maximum height of ascent to be equal to 
its horizontal range? 

Given: h, s. 

a—? 

Solution. The height of ascent of the body (see Prob- 

lem 48) is 





h = v? sin? a/(2g), 
and the horizontal range is 
$ = (2v2/g) sin a cosa. 


By hypothesis, hk = s, and hence v% sin? a/(2g) = 
2v? sin @ cos a@/g, which gives 


tan a = 4, 
a = arctan 4 ~ 1.3 rad. 


50. A body is thrown at an initial velocity v, at an 
angle a to the horizontal. Determine the velocity of 
the body at the point of maximum ascent and at the point 
of its fall to the horizontal plane. 

Given: vo, a. 

Va—? Vg—? 

Solution. Let us construct the trajectory of the body 
in the chosen coordinate system (see Fig. 42). At any 
point of the trajectory, the total velocity of the body can 
be determined from the formula v = VY v? + v3, where 
Vy = Vox = Vo CoSa and vy = Vo, — gt are the horizontal 
and vertical velocity components at the given point. At 
point A of maximum ascent, we have 


Vz = Vox = Up COSA, vy = 0. 
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Consequently, the total velocity of the body at point A is 
vg =Voi+ v= V vi=v, =v) cosa. 


The velocity vector at point A is obviously directed along 
the horizontal. Similarly, for point B at which the body 
falls to the ground, we have 


Vz = Vox = U9 COSA, Vy = Voy — Bla, (1) 


where the duration of motion to point B can be calculated 
by the formula (see Problem 48) 


tp = (2v,/g) sin a. (2) 


Substituting the second formula of (1) into (2) and con- 
sidering that vp, = vp sina, we obtain v, = vy sina — 
g(2v,/g) sin @ = —v, sina. Consequently, the total 
velocity at point B is 


ST So ek eevee 
Vy = Vz +v? = Yvicos?at visin?a =vp. 


In order to determine the direction of the velocity vector 
at point B, we shall use Fig. 42 which shows that 


tan a, = v,/v, = —v, sin a/(vp cosa) = —tana, 


i.e. the velocity vector at point B at which the body falls 
forms with the horizontal an angle a, equal to the angle 
a at which the body was thrown. 

51. A body falls freely from a height of 4 m. At a height 
of 2 m, it strikes elastically against a small surface 
element fixed at an angle of 30° to the horizontal. Deter- 
mine the total time of motion of the body and its horizontal 
range. 

Given: H=4 m, h=2 m, a=30° ~ 0.52 rad. 

t—? s—? 

Solution. We choose the coordinate system with the 

origin at point O (Fig. 43) and write the equation of mo- 


tion for the body on the first segment AB of the trajec- 
tory: 


y = Yo — gt?/2, (1) 
where y, = H. The velocity of the body on this segment is 
v = —gt. (2) 
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For point B (t = t,, y = h, and v = vg), Eqs. (1) and (2) 
become h = H — gt?/2 and | vg | = gt,, whence 


t,=V2(H—h)g, (3) 
vg |=g V 2(H—h)/g=V 2g(H—h) . (4) 


On the second segment BD of the trajectory, the body 
moves along a parabola, and the equations of motion 
have the form 


r= vz,f, (5) 
y=h+vp t—gt/2, (6) 
where vg, = vg cosy and vg = vz sin y. Considering 


that the impact is elastic and that a = 30°, we have 





Fig. 43 


a=f=vy. Then vg, = vg cosa and Vg, = Ys SiDG, 
or, taking Eq. (4) into account, we obtain 


ve, = V 2g (H—h) cosa, UB, = V 2g(H —h) sina. 
(7) 


At point D where the body falls (t=#,, y=0, and 
z=s), Eq. (6) becomes O=h +p, t,— gt;/2, whence 
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Vp £V vg + 2gh 
i= Yay = V VB, + 2h or, taking Eq. (7) into account, 
8 





V 2g (H—h) sina + V 2gh-t 2¢ (H —h) sinta (8) 
8 


(the negative root is rejected). Then the total duration 
of motion of the body is 


t= sq= / 2D 
pit a AC set yeti Hsint 


i= y 432 St * 


A V 2x 9.8 (4—2) x 0.54 Y2x9.8xX2+42 x 9.8 (4—2) x 0.25 5 
9.8 


t= 


~ 10.4 s. 


The horizontal range can be determined from Eq. (5), 
taking Eq. (8) into account: 


s= )V 2g(H—h) cosa 


se V 2g (H—h) sina + V 2gh-+ 2g (H —h) sin? a 
g 


s=V2x 9.8 (4—2) x 0.87 
x V 2x 9.8 (4—2) X0.5+V 2x 9.8 x 242 X 9.8 (4—2) x 0.25 om 
8 


~5.6 m. 


52. What will be the change in the time and horizon- 
tal range of a body thrown horizontally from a certain 
height if its initial velocity is doubled? 

Answer. The horizontal range is s = v,t, where the time 
t of motion is determined only by the height of the body 
above the ground. Therefore, if the height remains un- 
changed and the initial velocity is doubled, the horizon- 
tal range must increase by a factor of two. 

53. A water jet escapes from a hose at an angle to the 
horizontal. Why is the ascending branch of the jet con- 
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tinuous, while the descending splits into fractions? 

Answer. Let us consider two adjacent regions of the 
ascending branch. The velocity of water on any segment is 
lower than that on the preceding segment, which leads to 
a compaction of the jet. On the other hand, in the de- 
scending branch the difference in velocity on two neigh- 
bouring segments leads to a splitting of the jet. 


EXERCISES 


54. An aeroplane flies at a velocity of 800 km/h relative 
to air. A westerly wind is blowing at a velocity of 15 m/s. 
At what velocity will the plane fly relative to the Earth 
in the southward direction and at what angle to the me- 
ridian should it be routed? 

55. The traces of raindrops falling vertically on the win- 
dow of a motor car moving at a velocity of 45 km/h form 
an angle of 30° with the vertical. Determine their velocity. 

56. The range of a body thrown along the horizontal at 
a velocity of 10 m/s is equal to the height from which the 
body is thrown. Determine the height. 

57. What will be the change in the time of flight and the 
range of a body thrown along the horizontal if the height 
from which it is thrown increases fourfold? The initial 
velocity remains unchanged. 

58. A shell is fired from a gun at an initial velocity of 
1000 m/s at an angle of 30° to the horizontal. Determine 
the horizontal range and the flight time of the shell if 
the gun and the point where the shell falls to the ground 
are on the same horizontal line. 

59. A body is thrown at an angle @ to the horizontal 
at a velocity v, from a height kh. What will be the velocity 
at which the body falls to the ground? 

60. A stone is thrown at an angle of 30° to the horizon- 
tal at a velocity vy, = 5 m/s from the top of an inclined 
plane which forms an angle of 36° with the horizontal. At 
what distance from the initial point will the stone fall? 

61. At what angle to the horizontal should a body be 
thrown so that the maximum height of its ascent is equal 
to the horizontal range? Assume that a tail wind imparts 
a horizontal acceleration a to the body. 
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62. A ball is thrown at an angle of 30° to the horizon- 
tal at an initial velocity of 14 m/s. At a distance of 11 m 
from the initial point, the ball elastically bounces off 
a vertical wall. At what distance from the wall will 
the ball fall to the ground? 

63. A carriage moves at a velocity of 72 km/h. Rain- 
drops leave traces on the carriage window at an angle 
of 60° to the vertical in the absence of wind. What is the 
velocity of the raindrops? 

64. A motor boat passes the same distance downstream 
and upstream in 4 and 6 h respectively. What time would 
it take the boat to traverse this distance in still water? 


MOTION OF A POINT MASS IN A CIRCLE. 
ROTATIONAL MOTION OF A RIGID BODY 


When a point mass moves in a circle, the direction of 
its linear acceleration vector does not coincide with the 
direction of its linear velocity vector. At any point of 


vu 


Y/ a, 


Fig. 44 


the trajectory, the linear velocity v of the point mass is 
directed along the tangent to the circle, while the accel- 
eration vector a can be decomposed into two: a, and a, 
(Fig. 44), where a, is the component of the vector a 
along the tangent to the trajectory at this point, known as 
the tangential acceleration, and a, is the component of 
the vector a along the normal (radius) to the trajectory at 
this point, known as the normal (centripetal) acceleration, 
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a, = v*/R. It follows from the figure that 
a=Ya?+a3. 


For a uniform motion in a circle (a, = 0), a = a, and is 
directed along the radius to the centre of the circle. In 
this case, 


v= l/t = 2nR/T, a, = 4x?R/T?, 


where J is the length of the circumference, T the period 
of revolution (the time of one revolution), and R the radi- 
us of the circle. 

Rotational motion of a rigid body is characterized by 
the following quantities: @ is the angular displacement 
(the angle of rotation of an arbitrary radius from the 
initial position), w the angular velocity, v the frequency 
of rotation, and 7 the period of revolution. The quanti- 
ties w, v, and T are connected through the relation 


wo = 2x/T = 2xv. 


For a uniform rotation of a body, the equation of mo- 

tion is 
g = al. 

For a uniformly varying rotation (uniformly accelerated 
or uniformly decelerated) of a body, the equation of mo- 
tion and the dependence of the angular velocity on time 
have the form 

P = Wot + ef?/2, w= w + et, 


where w, is the initial angular velocity and e the angular 
acceleration. 

In these formulas, the plus and minus signs are taken 
for a uniformly accelerated and uniformly decelerated ro- 
tation respectively. For a nonuniform (in particular, 
uniformly varying) rotation, the angular velocity can be 
expressed as the first derivative of the rotational angle 
with respect to time: 
dp 
“dt * 

The angular acceleration fora uniformly varying rota- 
tion can be defined as the first derivative of the angular 


o= 
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velocity with respect to time: 


_ do 
e= a: 
Knowing » = @ (t) and e = e (t), we can determine 
@ and @: 
ts te 
o= \ wdt, o= \ edt. 


ty th 


The angular quantities ~, w, and e are connected with 
the corresponding linear quantities 7, v, and a through 
the following relations: 


L=@R, v= oR, a, = eR, a, = oR. 


65. Determine the centripetal acceleration of the points 
on the equator, at a latitude of 45°, and at a pole due 
to diurnal] rotation of the Earth. 

Given: T =24h=8.64x10s, ,=0 rad, 

2. = 45° ~ 0.79 rad, ps, ~ 1.57 rad. 
a,—? 

Solution. All points on the Earth's surface participate 

in the diurnal rotation of the Earth at an angular velocity 


@® = 2n/T. (1) 
Consequently, their centripetal acceleration is 
a, = wr, (2) 


where r = Rcosq is the radius of the circle in which 
a point moves, @ the latitude of the point, and A the 
Earth's radius (Fig. 45). 

From Eqs. (1) and (2), we obtaina, = (4n*/T?) R cos q. 
Hence the acceleration of points on the equator, at 
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a latitude of 45°, and at a pole are respectively given by 





4n? 
Qe) = 72 R, 
14? X 6.37 x 10¢ 
6 = ne & 34 x 107 mist 


(cos g, = 1), 
Aon = Ae, COS Po, 
Ag, & 3.4 x 10°? x 0.7 m/s? ~ 2.4 x 10°? m/s?, 
a.3=0 since cosqg,=cosn/2=0. 


66. A pulley 20cm in diameter completes 300 revolu- 
tions in 3 min. Determine the period of revolution, the 





Fig. 45 


angular and linear velocities on the rim of the pulley. 
Given: D=20 cm=0.2 m, N=300, t=3 min = 180 s. 
T—? w—? v—-? 

Solution. The uniformly rotating pulley completes N 
revolutions in ¢ seconds. Therefore, the time of one com- 
plete revolution (period) is 

T =1tiN, 
T = (180/300) = 0.6 s. 
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The angular velocity is 
o = 2xn/T, 
wm = (2 X 3.14/0.6) rad/s = 10.5 rad/s. 
The linear velocity is given by 
v = oR = @oD/2, 
v = (40.5 x 0.2/2) m/s = 1.05 m/s. 


67. Determine the radius of a rotating wheel if the 
linear velocity of a point on the rim is known to be 
2.5 times the linear velocity of a point lying 5 cm closer 
to the wheel axle. 

Given: v,=2.5v,, AR=5 cem=5x 10? m. 

R-? 

Solution. Since the angular velocity of all points of a 
rigid body is the same, the linear velocities of the two 
points are given by 


y= oR, ve = ®@ (R =. AR). (4) 


Substituting expressions (1) into the condition v, = 
2.5v,, we obtain oR = 2.5@ (R — AR), whence 





2.5 AR 
R= 45-7 
3 
R= 22XOXE m ~ 8.3 x 10-2 m. 


68. A shaft starts to rotate, making 50 revolutions 
during the first 10 s. Assuming that the rotation of the 
shaft is uniformly accelerated, determine the angular 
acceleration and the final angular velocity. 

Given: t=10 s, N=50. 

w@—? e-? 

Solution. Since the initial angular velocity is zero, 
the equation of motion and the formula for angular 
velocity will be 

p=et?/2, w=et. 


Since the angular displacement during one revolution 
is 2x, the total angular displacement of the shaft corre- 
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sponding to N revolutions is g = 2xN. Substituting this 
expression into the equation of motion, we obtain 2xnN = 
et?/2, whence 


4nN 4X3.14 50 rad 
= a? = ar = 8.28 rad/s?. 
Knowing e, we can calculate the final angular velocity: 


wo = et, w = 6.28 x 10 rad/s = 62.8 rad/s. 


69. The initial rotational frequency of a wheel is 5 s-'. 
After the brakes have been applied, its frequency de- 
creases to 3s-!, Determine the angular acceleration of the 
wheel and the number of turns made by it during this 
time. 

Given: vp=5 371, v=3 971, 

e—? N—? 


Solution. The equations of motion for the wheel have 
the form 





Q = Wot — et?/2, (1) 
®O = Wy — et. (2) 
Since g = 2xN and w = 2zxv, we transform Eq. (2) as 
follows: 2xv =2nv, — ef, whence 
= 2n (Vo—¥) 
t ’ 
e = SKS (9) tee = 0.24 rad/s? 


e 


Taking Eqs. (1) and (2) into account, we determine the 
total number of turns: 


et? 
N= vot — = ’ 
0.24 x 602 


70°. A wheel rotates according to the law gp = 4+ 
5¢t — ¢®, Determine the angular velocity of the wheel at 
the end of the first second of rotation, as well as the linear 
velocity and the total acceleration of the points on the 
rim. The radius of the wheel is 2 cm. 
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Given: R=2 cm=0.2 m, f=1 s. 
@—? v—? a—? 
Solution. By definition, the angular velocity is 


o= 8 4 (44518) = 530, 
@=(5—3 x 1) rad/s =2 rad/s. (1) 
The linear velocity is 
v= oR, 
v=2 x 0.2 m/s = 0.4 m/s. 
By definition, the angular acceleration is e = oe 


Taking Eq. (1) into account, we obtain 


e= = (5— 3?) = —6t, 


e= —6 rad/s?. 
The total linear acceleration is 
a=Vai+ah, 
where a, = eR and a, = w*R. Then 
a=RV+o%, 


a=0.2 VY (—6)*+ (2)* m/s? ~ 1.44 m/s?. 
71°. A body rotates so that the time dependence of the 
angular velocity is given by the equation o = 2 + 0.5t. 
Determine the total number of turns completed by the 
body during the first 20 s. 
Given: t;=0, t,=20s. 
N—? 
te 
Solution. By definition, p= \ odt. Then 


ts 
= 0. 0.5¢2 \ 120 
9 S (24-0.5t) dt = (28+ ")|, 


=2~x 20 4 23x" 


= 140 rad. 
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The total number of turns made by the body is 


rs ie 
N= Qn’ 
440 
Ix % 22. 


72. A point moves in a circle of radius 20 cm with 
a constant tangential acceleration of 5 cm/s?. How much 
will it take the normal acceleration of the point to be 
twice as large as its tangential acceleration? 

Given: R= 20 cm =0.2 m, a, =5 cm/s?=5 x 10° m/s?, 

a, = 2a,. 
t—? 

Solution. By definition, v = a,t. Substituting this 
expression into the formula for the normal acceleration, 
we obtain a, = v’/R = (a,t)?/R = at?/R. By hypothesis, 
a, = 2a,, or ait?/R = 2a,, whence 


N= 


V2, 
ax 
= 2x0.2 = 
i= SNe? 8 = 2.86 8. 


73. Are the distances traversed by the right and left 
wheels of a motor car during a turn equal? 

Answer. The right and left wheels cover different dis- 
tances since their linear velocities are different: the 
farther a wheel from the centre of curvature of the road, 
the higher its linear velocity. 

74. Why did the carrier rocket of the first artificial 
satellite of the Earth get ahead of the satellite after its 
separation? 

Answer. After the separation, the satellite acquires 
a velocity higher than that of its carrier rocket (see 
Problem 150). For this reason, the semi-axis of the ellip- 
tical orbit of the satellite is larger than that of the carrier 
rocket, and they move in different orbits. According to 
Kepler's third law, the period of revolution of the carrier 
rocket is smaller than that of the satellite, and the carrier 
rocket gets ahead of the satellite. 
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EXERCISES 


75. The minute hand of the clock on the Spasskaya 
Tower of the Moscow Kremlin is 3.5 m long. What is the 
displacement of its tip during 1 min? 

76. Determine the average orbital velocity of a satellite 
if the mean radius of its orbit from the Earth’s surface 
is 1200 km and the period of revolution is 105 min. 

77. What are the angular and linear velocities of the 
points on the Earth's surface at a latitude of 45°? 

78. The turbine of a hydroelectric power plant has 
a working wheel diameter of 9 m and completes 68.2 turns 
during 1 min. Determine the velocity of the tips of the 
turbine blades. 

79. A flywheel rotating at a frequency of 2 s-' is 
stopped during 1.5 min. Assuming that its motion is uni- 
formly decelerated, determine the number of turns the fly- 
wheel makes before stopping and its angular acceleration. 

80. A wheel rotating with a uniform acceleration at- 
tains an angular velocity of 20 rad/s having made 10 turns 
after the beginning of motion. Determine the angular 
acceleration of the wheel. 

81. A fan rotates at a frequency of 15 s-!. After switch- 
ing off, the fan rotates with a uniform deceleration and 
completes 75 turns before it stops. How long will it take 
the fan to stop after switching? 

82. A wheel rotates with a constant angular acceleration 
of 2 rad/s?. The total acceleration of the wheel becomes 
13.6 m/s? 0.5 s after the beginning of motion. Determine 
the radius of the wheel. 


QUESTIONS FOR REVISION 


1. List the main branches of mechanics and characterize each of 
them briefly. 2. What motion is uniform? uniformly varying? 
3. Name the types of uniformly varying motion. 4. Write the equa- 
tion of a uniform motion and plot the graph of the motion. 5. De- 
fine the average velocity, instantaneous velocity, and acceleration 
of a varying motion. 6. Write the equation of motion and the for- 
mula for velocity for a uniformly accelerated and a uniformly de- 
celerated motion (with an initial velocity and without it). 
7. Plot the velocity graphs for a uniform, uniformly varying, uni- 
formly accelerated, and uniformly decelerated motion. 8. What is 
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the form of the acceleration graph for a uniformly varying motion? 
9. Characterize the motion of a body thrown vertically upwards. 
10. What is the formula for the acceleration of a body thrown ver- 
tically upwards? What is the relation between the times of ascent 
and descent of the body? 11. Formulate the principle of independence 
of motions. 12. Plot the trajectories of motion of a body thrown 
along the horizontal and at an angle to the horizontal. In what 
sim ‘ler motions can each of these motions be decomposed? 
13. What is the horizontal range? What does it depend on? 14. Define 
a ballistic curve. 15. At what point of the trajectory does a body 
thrown at an angle to the horizontal have the minimum velocity? 
16. What are the directions of linear velocity and linear accelera- 
tion vectors in a curvilinear motion? 17. What is the relation be- 
tween the linear and the angular velocity of a point mass moving 
in a circle? 18. Define the centripetal acceleration. 


1.2. Dynamics 


Dynamics deals with the factors causing a change in the 
state of motion of bodies. 


APPLICATION OF THE LAWS OF DYNAMICS 
TO RECTILINEAR MOTION OF A BODY (POINT MASS) 


In mechanics, we deal with three types of force: 

(4) the elastic foree emerging upon deformation of 
a support (N) or a string (T); 

(2) the force of gravity P = mg; 

(3) the frictional force Fr, = pN, where p is the 
coefficient of friction and N the normal reaction of the 
support. 

While solving problems in dynamics, special attention 
should be paid to correct application of Newton's second 
law. 

The solution of a problem must begin with a drawing in 
which a reference frame must be indicated, all the forces 
acting on the given body must be depicted, and the direc- 
tions of velocity and acceleration vectors pointed out if 
necessary. Then Newton's second law should be written 
in vector form: 


2 F, =ma, (A) 
i= 
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where > F,=F,+F,+...+F,, m is the mass of 


the body. and a its acceleration. 


Finally, the vector equation (1) should be projected 
onto the chosen directions of the X- and Y-axes: 


2 F,,=ma,, 2 F,,=ma, (2) 


and the obtained system of equations (2) must be solved 
for unknown quantities. 

If several bodies connected to one another participate 
in a motion, all the above procedures should be carried 
out for each body separately, and the obtained equations 
should be solved simultaneously. 


83. A carriage whose mass is 20 t moves with a uniform 
deceleration of 0.3 m/s? at an initial velocity of 54 km/h. 





Fig. 46 


Determine the braking force acting on the carriage, the 
time of motion before it stops, and the displacement. 

Given: m=20t=2x10'kg, a=0.3 m/s?, 

Vp = 54 km/h= 15 m/s. 
Fy—? t—? s—? 

Solution. The carriage experiences the action of the 
force of gravity mg, the friction F;,, and the normal reac- 
tion N (Fig. 46). Writing Newton’s second law in vector 
form, we obtain 

mg + Fr, + N = ma. (1) 


35-0870 
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We choose the direction of motion of the carriage as the 
positive direction of the X-axis. Since the motion of the 
carriage is uniformly decelerated, the acceleration vector 
is opposite to the direction of motion. Projecting both 
sides of Eq. (1) onto the X-axis, we obtain —F;,;= —ma, 
or 

Fe, = ma, 

Fr, = 2 X 108 x 0.3 N = 6 KN. 


The stopping time and the distance covered by the 
carriage can be determined from the kinematic equations: 
0 = vo — at and s = v{/(2a), whence 


t=v,/a, t = 15/0.3 s = 50 s, 
15% x (2 x 0.3) m = 375 m. 


84. A body of mass 3 kg falls in air with an accelera- 
tion of 8 m/s?. Determine the air drag. 

Given: m=3 kg, a=8 m/s?. 

F—? 

Solution. The body falling in air is under the action 
of the force of gravity mg and the air drag F (Fig. 47). 
Since the motion is uniformly accelerated, the accelera- 
tion vector is directed along the trajectory of motion. 
Writing Newton's second law for the body in vector form, 
we obtain 


s 


mg + F = ma. 


Projecting the forces and acceleration onto the Y-axis 
directed along the motion, we get 
mg — F = ma, 
whence 
F = mg — ma = m (g — 2), 
F=3 x (9.8—8)N =5.4 N. 

85. A load of mass 50 kg hoisted by a rope in the 
vertical direction with a uniform acceleration reaches 
a height of 10 m in 2 s. Determine the tension of the 
rope. 

Given: m=50 kg, t=2 s, h=10 m. 

T—? 
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Solution. The load is acted upon by the force of gravity 
mg and the tension T of the rope (Fig. 48). Since the load 
moves upwards with a uniform acceleration, the vector a 
is directed vertically upwards. Writing Newton's second 
law for the load in vector form, we obtain 


T + mg = ma. (1) 
Directing the Y-axis along the motion of the load and 


projecting the forces and accelerations onto this axis, we 
get T — mg = ma, whence 


T = mg + ma = m (g + a). 


Since the motion is uniformly accelerated without an 
initial velocity, h = at?/2 and a = 2h/t?. Then 





T=m(g+t), 
T = 50x (9.8+ 3° | N=740N. 


Consequently, for a uniformly accelerated upward motion 
of the load, the tension exceeds the force of gravity. 

86. A man weighing 70 kg is in a lift moving vertically 
upwards with a uniform deceleration of 4 m/s*?. Determine 
the force of pressure exerted by the man on the cabin 
floor. 

Given: m=70 kg, a=1 m/s?. 

F—? 

Solution. The man in the lift is under the action of the 

force of gravity mg and the reaction N of the cabin floor 


F Y, Y 
| _ oe 
a 
a 
wg. | 
Y mg mg 
Fig. 47 Fig. 48 Fig. 49 
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(Fig. 49). The acceleration is directed vertically down- 
wards. Writing Newton’s second law for the man in vector 
form, we obtain 


N +mg = ma. (1) 


Directing the Y-axis along the motion of the lift and 
projecting the forces and accelerations onto this axis, 
we get 
N — mg = —ma, (2) 
whence 
N = mg — ma = m (g — a), 
N =70 x (9.8—1) N = 616 N. 


According to Newton’s third law, the force of pressure F 
exerted by the man on the cabin floor is equal in magni- 
tude to the reaction N of the cabin floor: F= N=616N. 

87. The cage of an elevator of mass 5000 kg operates in 
a 900-m pit. When the cage is at the bottom of the pit, 
a driving force of 60 kN starts to set on it in the vertical 
direction. At a distance of 150 m from the bottom, the 
driving force changes so that the motion of the cage 
becomes uniform over the next 600 m. Finally, the driv- 
ing force changes once again so that the cage stops when 
it reaches the surface. Assuming that friction is 5 kN, 
consider the motion of the cage on these segments and 
determine the time of ascent. 

Given: m=5X1027 kg, h=9x 10? m, Fyp-=SkN= 

5x10? N, Fy=60kN=6x 10' N, 
h,=1.5 x 10? m, h, =6 x 10? m. 
t—? 

Solution. Let us consider the motion of the cage on 
each segment. On the first segment of length h,, the cage 
moves with a uniform acceleration at zero initial velocity; 
on the second segment of length h,, it moves uniformly, 
while on the third segment of length 


hy = h — (hy + ha), (1) 


the cage moves with a uniform deceleration and stops 
at the end of the segment. 
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In order to describe the motion of the cage, we direct 
the Y-axis vertically upwards and choose the origin at 
the bottom of the pit. The equation of motion for the 
cage on the first segment is 


y, = a,t?/2. (2) Y 


If ¢=1¢,, then y, = h,, and Eq. (1) as- F, 
sumes the form h, = a,t?/2, whence 
t,=V2h,/a, . (3) | 

Writing Newton's second law in projections 
on the Y-axis (Fig. 50) Fy — mg — Fy, = f. 
ma,, we find that 

aq, = (Fa —mg— F,,)/m. (4) mg 
Substituting Eq. (4) into (3), we obtain Fig. 50 


t, = V 2hym/(Fa—mg — Fy). (5) 
The velocity of the cage at the end of the first segment is 
v, = a,t,, or, taking Eqs. (4) and (5) into account, 


Fa—mg—Fr, 2hym 

m Fa—mg— F ty 
= / 2 Ga=me— Fi) 
= = , 


On the second segment, the cage moves uniformly at the 
velocity acquired by the end of the first segment: 


vy=v, = yf eam men F (6) 


Choosing the origin of the Y-axis for the second segment at 
the height h, from the bottom of the pit, we write the 
equation of motion for the cage: 


Yo = Ugl. (7) 
If ¢ = t,, then y, = h,, and Eq. (7) becomes hy = vote, 
whence t, = h,/v,, or, taking Eq. (6) into account, 
tp =h, V m/[2h, (Fa — mg—F,,)] . 


The time of motion on the third segment can be found by 
using the concept of average velocity: (vs) = (vg + 0)/2= 
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v,/2, or, taking Eq. (6) into account, 


v3) = V (hy (Fa — me — Fi,)I/(2m). 
Then the time of motion on the third segment is 
ts = hgl(v5). (8) 


Transforming Eq. (8) by applying Eqs. (4) and (7), we 
obtain 


am 
ty =(h—(h,+ h,)] V we 
The total time of the ascent of the cage is 


2hym 
t=t,+4,+t3= V 


m 
the V 2h, (Fa—mg—F tr) 
am 
+ [h — (hy +he)) V oo 


tages ae ee 
= (2h— he) V & (Fa—mg—Frr) ' 


5 x 108 
* V mx eK s~ 69s. 


88. A load of mass 45 kg is moved over a horizontal 
plane by a force of 294 N directed at an angle of 30° to the 
horizontal. The coefficient of friction between the load and 
the plane is 0.1. Determine the acceleration of the load. 

Given: F=294 N, m=45 kg, p=0.1, a=30° ~ 0.52 rad. 

a—? 

Solution. The load experiences the action of the force 
of gravity mg, the normal reaction N of the plane, the 
driving force Fy, and the friction F;,. The vector a is 
directed parallel to the plane to the right (Fig. 51). 
Writing Newton's second law for the load in vector form, 
we obtain 


mg +N + Fa + Fr; = ma. (1) 
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Choosing the directions of the X- and Y-axes and project- 
ing the forces and accelerations onto the axes, we get 
F, cosa — Fy, = ma, (2) 

N + Fy sina — mg = 0. (3) 


From Eq. (3), we find that N = mg — Fy sina. Then 
F,, = pN = p (mg — Fa sina). Substituting Eq. (3) 





Fig. 54 


into (2), we obtain Fy cosa — p (mg — Fy sina) = ma, 

whence 

= Fa cos a— pt (mg — Fy sin a) 
m 


a= XO OER ee 35.9 n/s?. 


a 


89. A body slides uniformly down an inclined plane 
forming an angle of 40° with the horizontal. Determine the 
coefficient of friction of the body against the plane. 

Given: a= 40° ~ 0.7 rad. 

p-—? 

Solution. The body sliding down the plane is acted 
upon by the force of gravity mg, the normal reaction N 
of the plane, and the friction F;,. In a uniform motion, 
acceleration is zero (Fig. 52). Writing Newton's second 
law for the body in vector form, we obtain 


mg+N-+ Fi =0. 
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Projecting the forces onto the X- and Y-axes, we get 
mg sina — F;, = 0, (4) 
N — mgcosa = 0. (2) 
Equation (2) gives N = mg cosa. Using the expression 


for sliding friction F;, = »N = pmgcosa, we write 
Eq. (1) in the form mg sin ae = wmg cos a = 0, whence 


pp = tana, 
pw = tan 40° ~ 0.84. 





Fig. 52 


90. A motor car of mass 1 t climbs a road with a slope 
of 30° under the action of a driving force of 7 kN. Deter- 
mine the acceleration of the car, assuming that the force 
of resistance is independent of velocity and constitutes 
0.1 of the normal reaction. 

Given: m=1 t=103 kg, F=7 kN=7 x 10° N, 

a= 30° ~ 0.52 rad, p=0.1. 
a—? 

Solution. The car experiences the action of the force of 
gravity mg, the normal reaction N of the road, the driving 
force Fy, and the friction F;,. Choosing the direction of 
vector a up the inclined plane (Fig. 53) and writing 
Newton's second law for the car in vector form, we obtain 


mg + Fa + N+ Frr = ma. 
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Projecting the forces and accelerations onto the X- and 
Y-axes, we get 
—mg sina + Fa — Fy, = ma, (1) 
—mgcosa + N = 0. (2) 
Equation (2) gives N = mg cos a. Considering that F,;, = 
pN = pumgcosa, we write Eq. (1) in the form 
—mg sina + Fy — pmg cos a = ma, whence 


= Fa—mg (sin a+ pcos a) 
= ee, 


m 
Pee es Pate XS EXO S401 x06) B= 4.2 m/s? 





Fig. 53 


91. A block of mass 2 kg slides over a horizontal plane 
under the action of a load of mass 0.5 kg fixed to the end 
of an inextensible string passing over a stationary pul- 
ley. The coefficient of friction between the block and the 
surface of the plane is 0.1. Determine the acceleration of 
the load and the tension of the string. The masses of the 
pulley and the string, as well as the friction in the pulley, 
should be neglected. 

Given: m,=2 kg, m,=0.5 kg, p=0.1. 


a—? T—? 

Solution. Let us consider the motion of each body 
separately. The block is under the action of the force of 
gravity m,g, the normal reaction N of the plane, the tension 
T, of the string, and the friction F,, (Fig. 54). Writing 
Newton's second law for the block in vector form, we 
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obtain 
mg +N + T, + Fer = may. (1) 


Projecting Eq. (1) onto the chosen directions of the X- 
and Y-axes, we get 


T, — Fr, = mya, (2) 


Equation (3) gives N = mg, and hence F,;, = pN = 
pm,g. Then (see Eq. (2)): 


T, — pmyg = may. (4) 
The load is acted upon by the force of gravity mg and the 





Fig. 54 


tension T, of the string. Writing Newton’s second law 
for the load in vector form, we obtain 

mag + T, = mea. (5) 
Projecting Eq. (5) onto the Y-axis, we get 

Mog — T, = mqdy. (6) 
Summing Eqs. (4) and (6) and considering that 7, = T,= 
T and a, = a, = a, we obtain mag — T +- T — pmyg = 
{m, + m,) a, whence 
Mg—HMg __ & (ms3— pm) 

Mgt my My+m, ’ 


9.8x(0.5—0.1x2) m 
—— 03472 rw i1.2 m/s?. 


a= 


a= 
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The tension of the string can be determined from Eq. (6): 


T = mg — ma = m, (g — 4), 
T = 0.5 x (9.8—1.2) N43 N. 


92. A load of mass 5 kg connected to another load of 
mass 2 kg by an inextensible string passing over a station- 
ary pulley attached to the top of an inclined plane slides 
down the plane forming an angle of 36° with the horizon- 





Fig. 55 


tal. Determine the tension of the string and the accelera- 
tion of the loads if the coefficient of friction between the 
first load and the plane is 0.4. The masses of the string 
and the pulley, as-well as the friction in the pulley, 
should be neglected. 

Given: m,=5kg, m, =2kg, p= 0.1,0 =36° ~ 0.63 rad. 

T—? a—? 

Solution. We consider the motion of each load separate- 
ly. The first load is acted upon by the force of gravity 
m,g, the normal reaction N of the inclined plane, the 
tension T, of the string, and the friction Fy, (Fig. 55). 
By hypothesis, the acceleration vector a, of the first load 
is directed down the inclined plane. Writing Newton’s 
second law for the first load in vector form, we obtain 


mg +N+T, + Fer = may. (1) 
Projecting Eq. (1) onto the X,- and Y,-axes, we get 
mg sina — T, — Fy, = mq, (2) 


—mgcosa +N =0. (3) 
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Equation (3) gives N = mgcosa, and hence 


Fy, = pN = pmygg cosa. (4) 
From Eqs. (2) and (4), we obtain 
mg sina — T, — pmyg cosa = may. (5) 


The second load experiences the action of the force of 
gravity mg and the tension T, of the string. The accelera- 
tion vector a, of the second load is directed vertically 
upwards (see Fig. 55). Writing Newton’s second law for 
the second load in vector form, we obtain 


meg + T, = meas. (6) 
Projecting Eq. (6) onto the Y,-axis, we get 
—meg + Ty = may. (7) 


Summing Eqs. (5) and (7), we obtain m,g sina — T, — 
pmg cos a + T, — mag = ma, + m,a,. Considering 
that 7, = T, = T and a, = a, = a, we obtain 


a=—ms (sin @—p cos a) — mg 


m+ im, 
_ ™, (sin @— pcos a) — my 
= m, +m, By 
— a x 9.82 ~0.77 m/s*. 


The tension of the string can be determined from Eq. (7): 
T = mg + maa = m, (g + a), 
T = 2~x (9.8 + 0.77) N x 21 N. 

93. A massless pulley is fixed at the apex of two in- 
clined planes forming angles of 30 and 45° with the hori- 
zontal. The loads A and B of mass 1 kg each are con- 
nected by a string passing over the pulley. Determine the 
acceleration of the loads and the tension of the string, 
assuming that the string is weightless and inextensible 
and neglecting friction. 

Given: a= 30° ~ 0.52 rad, B= 45° ~ 0.79 rad, 

m,=m,=1 kg. 
T—? a—? 
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Solution. From the assumption that the masses of the 
string and the pulley are zero it follows that the tension of 
the string is the same in each cross section, while the 
condition of inextensibility of the string implies that the 
accelerations of the loads are equal in magnitude: 


T,=T,=T, a =a, =a. (4) 


Let us consider the motion of each load separately. The 
load A is acted upon by the force of gravity m,g, the 





Fig. 56 


normal reaction N,, and the tension T, of the string 
(Fig. 56). Assuming that the load A slides down the 
inclined plane, we determine the direction of acceleration 
vector a,. Writing Newton's second law for the load A in 
vector form, we obtain 


me +N, + T, = may. (2) 

Projecting Eq. (2) onto the X,- and Y,-axes, we get 
mg sin B — T, = mq, (3) 
—m,g cos Bp + N, = 0. (4) 
The load B experiences the action of the force of gravity 
mg, the normal reaction N, of the inclined plane, and the 


tension T, of the string. Writing Newton’s second law 
for the load B in vector form, we obtain 


mag + N, + T, = mag. (5) 


78 Selected Problems on Physics 


Projecting Eq. (5) onto the X,- and Y,-axes, we get 
—m,g sina + T, = m,a,, (6) 
—m.g cosa + N, = 0. (7) 


Equations (4) and (7) are not used in this problem since 
we neglect friction. Solving the system of equations (3) 
and (6) by summing them, we obtain mg sin B — 7, — 
meg sina + T, = ma, + m,a,. Taking Eqs. (1) into 
account, we find that 


ee migsinB—mgsina — (m,sinf—m,sina) g 


’ 


m,-+m, m,-+m, 
_ (1x0.7—1x0.5)x9.8 m _ 2 
4. 33 =0.98 m/s?. 


The tension of the string can be determined from Eq. (3), 
taking Eqs. (1) into account 


T = mg sin B — mia = m, (g sin B — a), 
T=1 x (9.8 x 0.7 — 0.98) N ~ 5.9 N. 


94. Two loads of mass 100 g each are attached to the 
ends of a weightless inextensible string passing over a 
massless stationary pulley. Determine the force exerted 
by a smal] load of mass 10 g placed on one of the loads 
and the force of pressure on the axle of the pulley. 

Given: m,=m,=100 g=0.1 kg, m=10g=0.01 kg. 

F—? F,,—? 

Solution. The conditions of weightlessness and inexten- 
sibility of the string imply that the tension of the string 
is the same in all segments and that all the loads move 
with the same acceleration: 


7, =T,=T, a,=a, =a. (1) 


Let us consider the forces acting on each load. 

The first load experiences the action of the force of 
gravity mg, the tension T, of the string, and the force 
of pressure F of the small load (Fig. 57). Writing Newton's 
second law for the first load in projections on the Y-axis, 
we obtain 

mg = F — T, = mq. (2) 
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The second load is acted upon by the force of gravity 
m,g and the tension T, of the string. Writing Newton’s 
second law for the second load 
in projections on the Y-axis, 
we get 

T, — mg =m,a,. (3) 


The small load is under the 
action of the force of gravity 
mg and the normal reaction 
N. Writing Newton's second 
law for this load in projections 
on the Y-axis, we obtain 


mg—Nz= mea. (4) 


Summing Eas. (2)-(4) and con- 
sidering that mg =m,g= 
Mg and F = N, we get Mg + 
N—T+T7— Mg +mg— 
N = Ma+Ma + ma, whence 


a=mgl(2M +m). (5) 


Let us determine the force of pressure F exerted by the 
small load. According to Newton's third law, this force 
is numerically equal to the normal reaction N. Solving 
Eqs. (4), (5), and (1) together, we obtain 





Fig. 57 


We pees 9 
F=N=mg—ma= IM tm’ 
_ _2x0.01x01x9.8 yy 
F=—so1s001  N=9.3 x 10°2 N. 
The force of pressure on the axle of the pulley is 
Fy, = 2T. (6) 


From Eq. (3), we determine the tension of the string: 
T=M (a + g). Taking Eq. (5) into account, we obtain 
T = 2Mg (m + M)/(2M +m). Then Eq. (6) become 


M 
Py 4M Tim * 


Fy, =4x 0.4 X9.8x Soop or NX 24 N. 
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95. Three loads of mass 1 kg each are tied by strings 
and move over a horizontal plane under the action of 
a force of 10 N, directed at an angle of 30° to the horizon- 
tal. Determine the acceleration of the system and the ten- 
sions in the strings if the coefficient of friction is 0.1. 

Given: mj=m,=m,=m=1 kg, F=10 N, 

a= 30° ~ 0.52 rad, p=0.1. 
a—? Ti? To,—? 

Solution. Let us consider the forces acting on each load. 

The first load is acted upon by the force of gravity mg, 





Fig. 58 


the normal reaction N,, the applied force F, and the fric- 
tion F;,, (Fig. 58). Writing Newton’s second law for the 
first load in projections on the X- and Y-axes, we obtain 


Fcosa—T,,.—Fr,,=ma, N,-+Fsina—mg=0. (1) 


From the second equation in (1), we find that N, = mg — 
Fsina, and hence F,,, = pN, = p (mg — F sin a). 
Consequently, the first equation in (1) assumes the form 


F cosa — Ty, — p (mg — F sin a) = ma. (2) 
Similarly, for the second load, we obtain 
To — Frrg— T23 = ma, N,— mg = 0. (3) 
After transforming these equations, we get 
Ts, — pmg — T,5 = ma. (4) 
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For the third load, we can write 
T 5, — Ferg = ma, N,— mg = 0, (5) 
whence 
T 5, — pmg = ma. (6) 


Summing Eqs. (2), (4), and (6) and considering that 
Tig = Ty, and T,3 = Ts2, we obtain Fcosa — 
p (mg — F sin a) — 2nmg = 3ma, whence 
__ F (cosa+yp sin a)—3pmg 
a 3m ’ 
__ 10 x (0.87+0.1 X0.5)—3x0.1x1X9.8 m 
= 3x1 ‘3 


From Eqs. (4) and (6), we find that 


~ 2.1 m/s?. 


To = Ty, = 2m (a + pg), 

Tip = 2X1 (2.4401 x 9.8) NY 6.2 N, 
Ts, = Tag = m (a + pg), 

Tag = 1X (2.1401 x 9.8) NX 31 N. 


96. A body is weighed on a spring balance and on 
a beam balance at a pole and on the equator. What are 
the readings of the instruments? 

Answer. The mass of the body determined with the help 
of the beam balance is compared with the mass of stan- 
dard weights. Since the weight of the body and of the 
standard weights varies identically as we move from one 
point on the Earth's surface to another, the readings of 
the beam balance at the pole and on the equator wil] be 
the same. The weight of the body determined with the 
help of the spring balance is compared with the elastic 
force of the spring. The spring constant does not depend on 
the latitude, and hence the readings of the spring balance 
at the pole will be larger than on the equator. Indeed, 
using Newton’s second law for the body suspended on the 
spring at the pole and on the equator, we obtain 


mg—T,=0, mg—Teq = mv/R, 
6—0970 
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where T, and Tq are the tensions of the spring at the 
pole and on the equator respectively. Then 7, = mg, 
Teq = mg —mv/R, i.e. Ty > Teg. 

ov. A load is pulled along the surface of a table with 
the help of a string attached to a spring balance indicat- 
ing 30 N. Then the same load is set in motion with the 
help of a string passing over a stationary pulley with 
a load of mass 3 kg at the other end. In which case does the 
load move faster? 

Answer. In the second case, a force of 30 N acts on the 
system of bodies with a larger mass than in the first. 
Therefore, the load moves faster in the first case. 

98. Why does the velocity of a train on a horizontal 
segment not increase indefinitely although the driving 
force of the engine acts constantly? 

Answer. As the velocity of the body increases, the 
resistance forces become stronger and ultimately balance 
the driving force. Therefore, the motion of the train be- 
comes uniform after a certain time. 

99. Bodies fall due to the attraction of the Earth. In 
what respect is this statement inaccurate? 

Answer. There are no bodies in nature which only exert 
an action or are only subjected to an action. On the 
contrary, bodies experience equal action and reaction 
(Newton’s third law). Consequently, the correct way of 
putting this is that the body and the Earth attract each 
other, but since the mass of the Earth is huge in 
comparison with the mass of the body, we do not notice 
its motion towards the body. 

100. Why does a running person fall in the direction of 
motion when he stumbles and in the opposite direction 
when he slips? 

Answer. This phenomenon can be explained easily by 
using Newton's first law. In the former case, the feet of the 
person are slowed down, while the body retains its previ- 
ous state of motion by inertia, and the person falls in the 
direction of motion. In the latter case, the body of the 
person retains its previous state of motion, while the 
feet slip in the forward direction at a higher velocity, 
and the person falls backwards. 
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EXERCISES 


101. A body of mass 200 g falls vertically downwards 
with an acceleration of 920 cm/s*. What is the air drag? 
102. What is the force of pressure exerted by a load 
of mass 100 kg on the floor of the cage in a mine, as- 
cending vertically with an acceleration of 24.5 cm/s?? 
103. At what distance from a crossroad must the driver 
of a motor car apply brakes at a red traffic light if the car 





moves uphill along a slope of 30° at a velocity of 60 km/h? 
The coefficient of friction between the tyres and the 
road is 0.4. 

104. An inclined board forming an angle of 60° with the 
horizontal leans against a table (Fig. 59). Two equal loads 
of mass 1 kg each and connected through a light string 
passing over a massless stationary pulley can move over 
the board and the table respectively. Determine the tension 
of the string and the acceleration of the system if the 
coefficient of friction between the loads and the surfaces 
of the board and the table is the same and equal to 0.3. 

105. A funicular railway forms an angle of 30° with the 
horizontal and has two cabins of mass 4600 kg each, 
connected by a steel rope passing over a pulley at the 
upper station. The descending cabin carries an additional 
load of mass 600 kg. Determine the acceleration of the 
system and the distance traversed by each cabin if the 
motion starts from the state of rest, and the maximum 
velocity attained by the cabins is 14.4 km/h. Determine 
the tension of the rope, neglecting friction and the masses 
of the rope and the pulley. 

106. Two loads having a mass m each and connected by 
a string rest on a horizontal surface. Another string with 
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the same load at its end is tied to the system of loads 
and passes over a stationary pulley. Determine the accel- 
eration of the system of loads and the tension of the string 
connecting the loads on the surface, neglecting friction. 

107. A load of mass 500 g is suspended on a string which 
passes over a pulley and has a load of mass 300 g at its 
other end. Determine the acceleration of the system, the 
displacement and the velocity of each load 1.2 s after the 
beginning of motion. Friction and the masses of the 
string and the pulley should be neglected. 

108. Two bodies connected by a string move over a 
horizontal plane under the action of a horizontal force of 
100 N. If the force is applied to the right body (m,= 7 kg), 
the tension of the string is 30 N. Determine the tension of 
the string if the force is applied to the left body (m, = 
3 kg), assuming that in both cases the bodies move in the 
direction of the applied force and neglecting friction. 

109. A man pulls two sledges of mass 15 kg each and 
connected by a rope, applying a force of 120 N at an angle 
of 45° to the horizontal. Determine the acceleration of the 
sledges and the tension of the rope connecting the sledges 
if a coefficient of friction between the runners and snow 
is 0.02. 

110. A wooden block is initially at rest on a table. 
Two strings pass over pulleys fixed at two ends of the table 
and are tied to the block. When loads of mass 0.85 and 
0.2 kg are suspended on the free ends of the strings, the 
block starts to move and in 3s covers a distance of 0.81 m. 
Determine the coefficient of friction and the tension of 
the strings if the mass of the block is 2 kg. 

111. Two weights of mass 2 and 1 kg are connected by 
a string passing over a stationary pulley. Determine the 
acceleration of the weights, the tension of the string, and 
the force of pressure on the axle of the pulley. 


APPLICATION OF THE LAWS OF DYNAMICS TO THE 
MOTION OF A BODY (POINT MASS) IN A CIRCLE 


The solution of problems on dynamics of circular mo- 
tion does not differ in principle from.the solution of 
problems on dynamics of translational motion. 
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In the case under consideration, the projection of 
acceleration of a body on the Y-axis directed along the 
radius to the centre of the circle is known to be the cen- 
tripetal acceleration. Therefore, according to Newton’s 
second law, we have 

mv/R =F, or mo’*R = F, 


where F is the sum of the Y-projections of the forces acting 
on the body. 


** *& 


112. A truck with a load of mass5 t moves over a con- 
vex bridge at a velocity of 21.6 km/h. What is the force 
of pressure exerted by the truck at the midpoint of the 
bridge if the radius of curvature of the bridge is 50 m? 

Given: m=5t=5x 10% kg, v= 21.6 km/h=6 m/s, 

R=50 m. 
F-? 

Solution. The truck is under the action of the force of 
gravity mg and the normal reaction N (Fig. 60). Directing 
the Y-axis vertically downwards along the bridge 
radius and writing Newton’s second law for the truck 
in vector form, we obtain 


mg + N = ma. 
Projecting this equation onto the Y-axis, we get 
mg —N = ma,, 


where a, = a, = v*/R. Then mg — N = mv*/R, whence 
N = mg — mv*/R = m (g — v*/R). According to New- 
ton’s third law, the same force is exerted by the truck on 
the bridge, i.e. F = N, or 


v3 
Fam(s—%), 
P=5x 10° x (9.8—g)N~4.5 x 106 N 
= 8-3 ~4, : 
113. A bucket with water is rotated in a vertical plane 
on a 0.5-m long rope. What is the minimum velocity of 


rotation at which water does not flow out of the bucket 
at the upper point of the trajectory? 
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Given: 1=0.5 m. 
v—? 

Solution. At the upper point of the trajectory, the water 
in the bucket is acted upon by the force of gravity mg 
and the normal reaction N of the bottom (Fig. 61). Di- 
recting the Y-axis vertically downwards to the centre C of 
the circle and writing Newton’s second law for the water 
in the bucket in projections on this axis, we obtain 


mg + N=ma,, 
where a, = a, = v*/l. This gives 
mg + N = mv*/I. 


At the moment of separation of the water from the bottom 
of the bucket, VN = 0, and hence mg = mv?/I, which gives 


v= Vel, 
v=V9.8x0.5 m/s~2.2 mis. 


114. At the lowest point of a wingover (Nesterov’s 
loop), the pilot exerts a force of pressure of 7100 N on 
the seat of an aeroplane. The weight of the pilot is 80 kg 
and the radius of the loop is 250 m. Determine the ve- 
locity of the plane. 

Given. F=7.1X103 N, m=80 kg, R=2.5X10? m. 

v—? 

Solution. The pilot experiences the action of the force 

of gravity mg and the normal reaction N of the seat 


oe, 


rae ao 
N ra Y \ 
j \ 
i \ 
Ca 
a mg \ ‘ N toy 7; 
a.) Ying ‘ : ; 
a! WN Ske a 
1" Y 
ec é¢ ag 
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(Fig. 62). Directing the Y-axis to the centre C of the 
circle and writing Newton's second law for the pilot in 
projections on this axis, we obtain 


N — mg = ma,, 


or 
N — mg = mv/R, 


whence v = V (N — mg)R/m. According to Newton's 
third law, N = F, and hence 


v= jae ’ 


— V EES LEAR ELBE 108 ® 140 mis. 

115. A ball of mass 200 g suspended on a string de- 
scribes a circle in a horizontal plane at a constant velo- 
city. Determine the velocity of the ball and the period 
of its rotation if the length of the string is 1 m and its 
angle with the vertical is 

Given: m=200g=0.2kg, 1=1m,a= 60° ~ 1.05 rad. 

v—? T—? 

Solution. The ball experiences the action of the force 
of gravity mg and the tension T of the string (Fig. 63). 
Writing Newton's second law for the ball in vector form, 





Fig. 63 Fig. 64 
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we obtain 
mg + T = ma. (1) 
Projecting Eq. (1) onto the chosen directions of the X- 
and Y-axes, we get 
T sina = ma,, —mg+ Tcosa = may. (2) 
Assuming that a, = 0 (the ball does not move in the 
vertical direction), a, =v/R, R=lIsina, and 
substituting the expressions for a,, a,, and R into Eqs. (2), 
we obtain 
T sina = mv*/(lsina), T cosa = mg. (3) 


Dividing the equations (3) termwise, we obtain 


a VY gl 
v=>sinag ’ 
cos @ 


»=0.87 / 88xt D038 mis. 


The period of uniform motion of the ballin acircle is 
T = 2nRiv = (2ul/v) sina, 
7a 2X314 x1 x 0.87 
a 3.8 

116. A ball of mass 500 g suspended on a 1-m long 
inextensible string performs oscillations in a vertical 
plane. Determine the tension of the string at the instant 
when it forms an angle of 60° with the vertical if the 
velocity of the ball at this moment is 1.5 m/s. 

Given: m= 500 g=0.5 kg, 1=1 m,a= 60° ~ 1.05 rad, 

v=1.5 m/s. 
T—? 

Solution. The ball is acted upon by the force of gravity 
mg and the tension T of the string (Fig. 64). Writing 
Newton's second law for the ball in vector form, we get 

mg + T = ma. (1) 
Directing the Y-axis along the radius and projecting 
Eq. (1) onto this axis, we obtain 


T — mg cosa = ma,. (2) 








s~1.4 s. 
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Considering that a, = a, = v*/L, we write Eq. (2) in the 
form T — mg cosa = mv*/l, whence 


T=m (4 +gcosa) ; 
T=0.5x (47 +49.8x05)N~3.6 N. 


117. A hemispherical cup of radius 20 cm rotates about 
a vertical axis at a frequency of 2 s~-!. It contains a small 
ball rotating with it. Determine 
the angle between the radius Wwe 
drawn to the position of the ball 
and the vertical. 

Given: R=20 cm, v=2 st. 

a—? 

Solution. The ball experi- 
ences the action of the force of 
gravity mg and the normal reac- 
tion N of the inner surface of 
the cup (Fig. 65). Writing New- 
ton’s second law for the ball in 
vector form, we get 


mg + N = ma. (1) 
Directing the X-axis towards the centre of the circle of 


radius r in which the ball moves and the Y-axis along the 
vertical and projecting Eq. (1) onto these axes, we obtain 





N sina = ma,, N cosa — mg = 0. 
Since a, = a, = V/r = @*r, mw = 2nv, andr = A sina, 
we get 
N sina = 4n**Rm sina, Ncosa=mg. (2) 
Dividing Eqs. (2) termwise, we find that tan a = 
(4x?v?R/g) sin a, whence cos a = g/(4n*v?R) and 


a g 
a= arceos ae 
9.8 
a= Arcos Fa aaa XK. ~ 1-26 tad. 


118. What must be the height of the outer rail relative 
to the inner rail on a bend in a railway track of radius 
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300 m if the width of the track is 1524 mm? Assume that 
the normal velocity at which the force of pressure on the 
rails is perpendicular to them is 54 km/h. 


Given: R= 300m, /=1524mm=1.524 m, 
v=54 km/h=15 m/s. 
h-? 
Solution. In order to impart a velocity v to the train 


moving in a circle of radius R’, the forces acting on it must 
create a centripetal acceleration in the horizontal direc- 





Fig. 66 


tion (by hypothesis) (Fig. 66). The track is banked in order 
to improve the stability of the train and to reduce the 
wear of the rails. Then the resultant of the force of gravi- 
ty mg and the normal reaction N of the rails imparts the 
required centripetal acceleration to the train. Writing 
Newton's second law for the train in projections on the X- 
and Y-axes (see Fig. 66), we obtain 


N sina = ma,, Ncosa — mg = 0, 


where a, = a, = v*/R, whence tana = v*/(Rg) and 
tana = 157/(9.8 x 300) ~ 7.7 x 10-*. Since tan a is 
a small quantity, sin a ~ tana. 

On the other hand, from AABC we have sina = h/l. 
Consequently, we obtain 


ly 
ER ’ 
h=1.524 x 7.7 10-2 m~ 0.12 m. 


h= 
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119. Why is a passenger standing at a door to the right 
(relative to the direction of motion) of a moving car of 
a metro train pressed against the door as the train turns to 
the left round a bend? 

Answer. As the train turns to the left round the bend, 
the person retains the previous motion by inertia and is 
pressed against the door. 

120. Why do rivers of the northern hemisphere erode 
their right banks? 

Answer. The Earth rotates from west to east. It is well 
known that the linear velocity of rotation of points on 
the Earth’s surface decreases from the equator to the 
poles. Therefore, water in a river flowing to north will be 
deflected eastwards by inertia, retaining its previous 
velocity, and will erode the right bank. 


EXERCISES 


121. Determine the velocity of a lorry of mass 2 t mov- 
ing over a concave bridge of radius 100 m if it exerts 
a force of pressure of 25 kN on the middle of the bridge. 

122. A weight suspended on a 30-cm long string describes 
a circle of radius 15 cm in a horizontal plane. Deter- 
mine the frequency of its rotation. 

123. A ball is suspended on a string from the ceiling of 
a tram moving at a velocity of 9 km/h round a bend of 
radius 36.4 m. Through what angle will the string with 
the ball be deflected? 

124. A boy is swinging on a giant stride at a frequen- 
cy of 16 min-!. The length of the ropes is 5 m. Determine 
the tension of the ropes if the weight of the boy is 45 kg. 

125. An aeroplane flying at a velocity of 720 km/h makes 
a loop of radius 400 m in a vertical plane. Determine 
the force of pressure exerted by the fuel on the bottom of 
the tank of area 1 m’, filled with fuel to 0.8 m, at the 
lowest point of the loop. 

126. A skater runs at a velocity of 12 m/s in a circle 
of radius 50 m. At what angle to the horizontal must he 
incline his body to maintain the equilibrium? 

127. A disc rotates in a horizontal plane at a frequency 
of 30 min-!. What must be the coefficient of friction 
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between the disc and a body lying on it for the body to 
remain on the disc? The distance from the axis of the 
disc to the body is 20 cm. 

128. A ball suspended on a 50-cm long string rotates 
uniformly in a vertical plane. Determine the frequency 
at which the string breaks if the ultimate strength of the 
string is 9mg, where m is the mass of the ball. 


APPLICATION OF BASIC LAWS OF DYNAMICS 
TO SPACE FLIGHTS 


Along with the laws of dynamics considered above, the 
law of universal gravitation will be used in this section: 
F = Gmn,/r’, 
where F is the force of interaction (gravitational force) 
between two point masses m, and m, separated by a dis- 

tance r, and G the gravitational constant. 

A gravitational force acts on a body in a gravitational 
field irrespective of whether or not there is a support. In 
a free fall, the body is not acted upon by the normal reac- 
tion, and the state of weightlessness (zero gravity) is 
observed. For example, zero gravity sets in when a satellite 
orbits round a planet. 

The orbital (or circular) velocity is the minimum ini- 
tial velocity at which a body starts to move parallel to the 
surface of a planet and becomes its artificial satellite. 
This velocity is different at different altitudes and for 
different celestial bodies. Near the Earth's surface, the 
orbital (circular) velocity v, = 7.91 km/s is given by 


ry) = Ver, 
where gy is the free-fall acceleration at the surface of 
the planet and A the radius of the planet. 
The minimum initial velocity that must be imparted to 
a body starting to move near the surface of a planet to 
overcome its attraction is known as the escape velocity: 


v, = V eR. 
This velocity varies with altitude and is different for differ- 
ent celestial bodies. For the Earth, v, = 11.19 km/s ~ 
41.2 x 10° m/s. 
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If a body moves at the escape velocity at the initial 
instant and does not experience the action of any force 
other than the gravitational force, it will move relative to 
the celestial body in a parabola. 


*e 


129. Calculate the free-fall acceleration for a body at 
a distance of 100 km above the Earth's surface. 


Given: h=100 km=105 m, 
g—? 
Solution. The body at a distance hk above the Earth's 


surface is acted upon only by the gravitational force 
directed towards the centre of the Earth and equal to 
F = GMmilr’, (1) 
where M is the mass of the Earth, m the mass of the body, 
and r the distance from the centre of the Earth to the body. 
Under the action of this force, the body will move 
vertically downwards with acceleration g. Writing New- 
ton’s second law for the body in projections on the Y-axis 
directed vertically downwards, we obtain 


F=mg, 
or, taking into account formula (1), we get 
GMm/r? = mg, 
whence 
g = GMIr’. 


Here r = AR + h, where 2 is the Earth's radius and hk the 
altitude of the body. Then at the altitude h 
M 
At the Earth's surface kh ~ 0, and hence r=A and 
g = GM/R?. The value of this acceleration at the Earth's 
surface will be henceforth denoted by gy: 
GM 
bo= "Rr 
_ 6.67 x10" x 5.97 x 10% =m 
8o= ~~ 637x409) s* 


(3) 


~ 9.8 m/s?. 
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Dividing Eq. (2) by (3) termwise, we obtain g/g, = 
R/(R + kh), whence g = g,R?7/(R + h)*. Since h/R <1, 
we can use the approximate relation (1 + h/R)? ~ 
1 — 2h/R. This gives 

2h 


R? 
&= 8 prataAp © (1-4) » 


g=9.8x (a) 7 ~ 9.51 m/s?. 
130. A spaceship of mass 10¢ kg is launched vertically 
upwards. The driving force of its engines is 2.94 x 10’7N. 
Determine the acceleration of the spaceship and the 
weight of a body in it if the force of gravity acting on this 
body on the Earth's surface is 5.88 x 10? N. 
Given: m,=108 kg, Fy=2.94x 107 N, m.g,= 5.88 X 
102 N. 


a—? P,—? 

Solution. The spaceship is acted upon by the driving 
force Fq of its engines and the gravitational force F 
(Fig. 67). According to the law of uni- 
versal gravitation, 

= GMm,/r*, 
where r= R-+h (see Problem 129). 
Since h<R at the beginning of the flight, 
neglecting h in comparison with R, we can 
assume that r ~ R, and hence 
F = GMn,/R?. 
Writing Newton’s second law for the 
spaceship in projections on the Y-axis, 
we obtain 
Fa —F= m,a, or 
Fa — GMm,/R? = ma, 





whence 
Fig. 67 Fa GM _ Fa 


since GM/R? = g,. This gives 
a = (2.94 x 107 x 10-* — 9.8) m/s? = 19.6 m/s? = 2g5. 
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Let us determine the weight of the body in the flying 
spaceship. It should be recalled that the weight of a body 
is the force exerted by it on a constraint (the force with 
which it stretches a spring or presses on a support). In 
the case under consideration, the weight of the body in 
the launched spaceship is the force of pressure F,, exerted 
by the body on the ship. In order to determine this force, 
let us consider the forces acting on the body in the ship. 
There are two such forces, viz. the normal reaction N of 
the ship and the gravitational force F’ = GMm,/r? = 
GMm,/R*. Writing Newton's second law for the body 
in projections on the Y-axis, we obtain 


N — F’ =™m,a, 
whence 
N = F' + m,a = GMn,/R* + m,a = m, (GM/R? + a). 


Considering that the ship and the body move upwards 
with acceleration a = 2g, we find that N = m, (gy + 
280) = 3mygy. According to Newton's third law, 


For = N = 3m2o; 
Fyr = 3 X 5.88 x 10? N ~ 1.76 KN. 


131. Having approached an unknown planet, the 
astronauts impart a horizontal velocity of 11 km/s to 
their spacecraft. This velocity ensures the flight of the 
spacecraft in a circular orbit of radius 9100 km. What is 
the free-fall acceleration at the surface of the planet if 
its radius is 8900 km? 

Given: v=11 km/s=1.1 x10 m/s, r=9100 km= 


9.1x 10° m, R=8900 km=8.9 x 10° m. 


8o—? 

Solution. The spacecraft is under the action of only the 
gravitational force exerted by the planet and directed to 
its centre. According to the law of universal gravitation, 
this force is 

F = GMnir’*, 


where / is the mass of the planet, m the mass of the 
spacecraft, and r the distance from the centre of the planet. 
to the spacecraft (the radius of the orbit). Multiplying the 
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numerator and the denominator by R?, we obtain 
M M Rr R? 
As for the Earth, here g, = GM/R? is the free-fall accel- 
eration at the surface of the planet. Writing Newton's 
second law for the spacecraft in projections on the Y-axis 
directed to the centre of the planet, we obtain 
F=ma,, (2) 

where 

ay =a, = v/R. (3) 
Substituting Eqs. (14) and (3) into (2), we obtain 
g omR?/r? = mv*/r, whence 


ver 
80 = ’ 
_ (AX 102x941 108 om : 
B= ———“eax tone on 14 mls? 


132. A body on the equator of a planet weighs half its 
weight at the pole. The density of matter of the planet is 


| 
Fig. 68 


3 g/cm*. Determine the period of rotation of the planet 
about its axis. 
Given: Pyqg= P,/2, p=3 g/cm) =3 x 10° kg/m’. 


T—? 

Solution. The body on the surface of the planet is acted 
upon by the gravitational force F exerted by the planet 
and the normal reaction N of the surface of the planet 
(Fig. 68). At the pole, the body is at rest relative to an 
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inertial reference frame. In this case, 

F+N,=0 or F=WN),. 
According to the law of universa] gravitation, 

F = GMm!R?, 

where m is the mass of the body, M the mass of the planet, 
and A the radius of the planet. By the definition of densi- 
ty, M = pV, where V is the volume of the planet. As- 
suming that the planet is spherical, we can write V = 
(4/3)nR* and M = (4/3)xR%p. Then the gravitational 
force is 





4n R?pm 
F=G6 f* = (4/3)nGpmR, (4) 
whence N, = (4/3)nGomR. 

On the equator, the body rotates together with the plan- 
et, i.e. has an acceleration a, = w?R = 4n*R/T*, where 
T is the period of rotation of the planet. According to 
Newton's second law, F — Neg = mag, or 


(4/3)xnGemR — Neg = 4x°Rm/T?. (2) 

Since according to Newton’s third law the normal reac- 

tion is equal to the weight of the body and, by hypothe- 

sis, Peg = Pp/2, Neg = Np/2 = (2/3)nGpmR, we obtain 

(4/3)nGemR — (2/3)nGpmR = 4n?Rm/T?. (3) 
Finally, 


r=Vz, 


xa : 
sis V warcremscarcas 9.7 x 10 ; 


133. A satellite moves in a circular orbit in the equa- 
torial plane at an altitude equal to the Earth’s radius. 
At what velocity must a terrestrial observer, move for 
the satellite to appear above him every 5 s? Consider the 
cases when the directions of motion of the satellite and 
the rotation of the Earth coincide and are opposite. 

Given: h=R, T=24 h=8.64x10' 3, ¢t=5 h= 

1.8 x 10 gs, 


v—? 
7~0970 
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Solution. The satellite moving in a circular orbit is 
acted upon by the gravitational force F = GMm/r* 
exerted by the Earth. Considering that r = 2R by hy- 
pothesis, we transform the expression for the force: 

F = GMm/(4R?) = (GM/R?) (m/4) = gom/4.' (4) 


Here g, =GM/R? is the free-fall acceleration at the 
Earth's surface. Writing Newton's second law for the 





on berth 
“ee 
° Nseaiiiare 
orbit 
Fig. 69 


satellite in projections on the Y-axis directed to the cen- 
tre of the Earth, we obtain — , 
F = ma,, (2) 
where 
ay = dp = V/r = v2/(2R). (3) 
Substituting Eqs. (4) and (3) into (2), we obtain 
gom/4 = mv?/(2R), 
whence v = V g,R/2. The angtlar velocity of the satel- 
lite is @=v/r =v/(2R) = V g,/(8R) 

We shall consider two cases. 

1. The satellite moves in the direction of rotation of 
the Earth (Fig. 69). During a time ¢t, the satellite tra- 
verses a distance ABCAB = s = vt along its orbit and 
reaches point B separated from point A by the distance 

| AB | = vt — 2nr = ort — 2nr = r (wt — 2x) 
= 2R (wt — 2z). (4) 
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For the satellite to be above the observer, the latter must 
reach point Bin the same time, i.e. must cover the dis- 
tance | A,B, | at a velocity v, + vz, where v, is the ve- 
locity of the observer relative to the Earth and v, the 
linear velocity of the Earth. Consequently, 


| A,B, | = (¥, + vy) t. (5) 


The figure shows that the angular displacements of the 
satellite and the observer during the time ¢ are the same, 
i.e. Q,=Q,. Since gp, =| A,B, |/R and g,=|AB /(2R), 
taking into account formulas (4) and (5), we obtain 
(viy-tu)t  2R (ot —2n) 
ee ai). sam 


Considering that v,=2nR/T and w=Yg,/(8R), we find 


that 
erbiakinye = # t—2n, 


ee oe 2x 3.14 ) 


8x 6.37 x 108 ae 1.8 x 104 8.64 x 104 
x 6.37 « 108 m/s ~ 1.04 x 10? m/s. 


2. The satellite moves against the direction of rota- 
tion of the Earth. We leave it to the reader to verify that 
in this case 


Ba 2 
»,=( fo ht Rw 1 x 109 m/s. 


134. The average altitude of a satellite above the 
Earth’s surface is 1700 km. Determine its orbital velocity 
and the period of revolution. 


Given: h=1700 km=1.7 x 10° m. 
v—? T—? 
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Solution. The motion in a circular orbit occurs only 
under the action of the gravitational force exerted by the 
Earth: 

F = GmMI(R + h)?, (1) 
where R is the Earth's radius. Writing Newton's second 
law for the satellite in projections on the Y-axis directed 
to the centre of the Earth, we obtain 

F = ma,, (2) 
where 
a4y=a,=v/(R +h). (3) 
Taking into account Eqs. (1) and (3), we transform 
Eq. (2): GmM/(R +h)? = mv?/(R +h), whence 
v2 = GM/(R + h). (4) 
Multiplying the numerator and the denominator of the 
right-hand side of Eq. (4) by R?, we obtain 


v? = (GM/R?) (R4(R + h)), 
where GM/R* = g, is the free-fall acceleration at the 
Earth's surface. Consequently, 
v? = gpkt?/(R + h), (5) 


whence 


v=RY 38 ’ 
9.8 


y=6.37 x10 sa aeiiaie © A ~ 7.01 x 103 m/s. 


The period of revolution of the satellite in the circular or- 
bit of radius R +h is 


T= an test 
2X 3.14 x (6.37 x 10°+1. 7X 10%) 5 
T= Tie § ~7.24x 103 s 


135. Can a satellite be launched so that it remains all 
the time above the same location on the Earth's surface? 
Answer. This is possible if the period of revolution of 
the satellite is equal to the period of rotation of the Earth 
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about its axis, and the plane of the orbit coincides with 
the equatorial plane of the Earth. 

136. Can a match struck in a spacecraft orbiting the 
Earth burn? 

Answer. All the objects on board the spacecraft are in 
the zero-gravity state (as long as its engines are switched 
off). For this reason, there is no convection in the space- 
craft, and the combustion products will accumulate near 
the flame and extinguish it. 


EXERCISES 


137. Determine the gravitational force exerted by the 
Earth on a body of mass 1 kg on the Moon's surface. The 
distance between the centres of the Earth and the Moon 
should be taken as 384 000 km. 

138. Determine the density of a planet whose day lasts 
for T hours if the bodies on the equator of the planet are 
known to be weightless. 

139. A satellite completes 16 revolutions during one 
turn of the Earth. Determine the period, the altitude, 
and the velocity of the satellite, assuming that its orbit 
is circular. 

140. The velocity of a satellite decreases with altitude 
from 7.79 to 7.36 km/s. Determine the change in the peri- 
od of its revolution and in the separation from the Earth's 
surface. 

141. An artificial satellite orbits a planet A with a pe- 
riod of revolution 7,. What will be the change in the pe- 
riod of revolution of the satellite if it orbits a planet B 
having the same density as that of the planet A but a 
twice as large radius? The satellite moves in both cases in 
circular orbits close to the surfaces of the planets. 

142. Determine the g-factor for an astronaut rotating 
in a horizontal plane in a centrifuge of diameter 12 m at 
an angular velocity of 4.04 rad/s. 

143. The period of revolution of a satellite moving in 
a circular orbit around the Earth is 240 min. Determine 
the separation of the orbit from the Earth's surface. 

144. Determine the period of revolution and the orbi- 
tal velocity of an artificial satellite moving around the 
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Moon at a distance of 200 km from its surface if the Moon’s 
mass is 7.3 X 10%? kg and its radius is 1.7 x 10° m. 

145. Determine the period of revolution of an artificial 
satellite of a planet which can be regarded as a homo- 
geneous sphere of density p. 


MOMENTUM OF A BODY. 
MOMENTUM CONSERVATION LAW 


Newton's second law can be written in the form 
F At = A (mv), 
where F At is the impulse of force and mv = p is the mo- 
mentum of a body. 
Let us write Newton's second law in differential form: 


Fdt=d(mv), or pa=S) 


If a system of interacting bodies is under the action of 
external forces, the following relation holds: 


n n 
x A (m,v;) => F, At, 


where Am,v; is the change in the momentum of a body of 
mass m, of the system acted upon by an external force 
F,, and F, At the impulse of this force. 

In the absence of external forces (if the system is 
closed), the momentum conservation law is valid: 


n 
> m,v,;= const, 
i=1 


where m, is the mass of an individual body in the system 
of interacting bodies, v, the velocity of this body, and n 
the number of bodies interacting in the system. 
For a system consisting of two interacting bodies, the 
momentum conservation law has the form 
MV, + mgv, = m,U, + MU, 
for elastic interaction and 


m,V, + Mgvg = (m, + m,)u 
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for inelastic interaction. Here v, and v, are the velocities 
of the bodies before their interaction, and u,, u,, and u 
the velocities of the bodies after their interaction. 

While solving problems, we shall write the momentum 
conservation law in vector form, choose the directions of 
coordinate axes, and project both parts of the vector 
equation onto them. 

ee * 


146. A body of mass 0.2 kg falls from a height of 1 m 
with an acceleration of 8 m/s*. Determine the change in 
the momentum of the body. 


Given: m=0.2 kg, h=1m, a=8 m/s?. 
A (mv) —? 
Solution. The body falls with an acceleration a, and 
its velocity changes. The change in momentum is 
A (mv) = mv — mvy = m (V — Vp). (1) 
Projecting both sides of Eq. (1) onto the Y-axis directed 
vertically downwards, we obtain 
A (mv) = m (v — vp). (2) 
Since the body starts to fall from the state of rest, its ini- 
tial velocity vo =0. The final velocity v can be determined 
from the equation v = VY 2ah. Using this expression 
in Eq. (2), we obtain 
A (mv) =m Y 2ah, 
A(mv) =0.2V¥2x8x 1 kg-m/s=0.8 kg- m/s. 


147. A molecule of mass 5 x 10-?° kg flying at a veloc- 
ity of 500 m/s elastically impinges on a wall at an angle 
of 30° to the normal. Determine the impulse of the force 
transferred to the wall during the impact. 

Given: m=5x10°% kg, v=500 m/s, o=30°~ 

0.52 rad. 


FAt—? 


Solution. We direct the X-axis along the normal to the 
wall and the Y-axis vertically upwards (Fig. 70). New- 
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ton’s third law implies that the impulse of the force 
acting on the wall is numerically equal to the impulse of 





Fig. 70 


the force acting on the molecule. According to Newton's 
second law, the impulse of the force acting on the mole- 
cule is 


F At = m (v, — vj), 

or, in projections on the X- and Y-axes, 
(F At), = m (Vex — Ya), 
(F At), = m (Vey — Yy). 


Since the impact is elastic, vy, = v, = v anda, = a, = 
a. Therefore, yu. = —vcosa, Ve, = vcosa@a and yy, = 
—v sil a, Ug, = —v sin a, whence 


(F At), = 2mvcosa, (F At), = 0. 
By definition, the impulse of a force is 
FAt=V(F At): + (F AD}. 


Taking into account the expressions for (F At), and 
(F At),, we obtain 


F At= Y (2mvcos a)? = 2mv cosa, 
FAt=2x5 x 10-6 x 500 x 0.87 N-.s=4.35 x 10°35 N-s. 


148. A shell of mass 100 kg flying along a railroad hori- 
zontally at a velocity of 500 m/s hits a carriage with sand 
of mass 10 t and gets stuck in it. Determine the velocity 
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of the carriage after the impact if it moved towards the 
shell at a velocity of 36 km/h. 


Given: m,=100 kg, v,=500 m/s, m,-=10 t=10 kg, 
v, = 36 km/h=10 m/s. 
u—? 

Solution. Writing the momentum conservation law for 
the inelastic collision between the shell and the carriage 
with sand, we obtain 

mV, + mgv, = (m, + my) u. (1) 


Choosing the direction of the X-axis along the motion of 
the shell and projecting both sides of Eq. (1) onto it, we 
get m,v, — mv, = (m, + m,)u, whence 


y= a as 

— m+m ' 

_ 100x500 — 14x10 m 
saa (0 mY Tc 


Consequently, the direction of motion of the carriage has 
not changed. 

149. A grenade flying at a velocity of 15 m/s explodes 
into two fragments of mass 6 and 14 kg. The velocity of 
the larger fragment has increased to 24 m/sin the direction 
of motion. Determine the velocity and the direction of 
the smaller fragment. 


Given: v=15 m/s, u,= 24 m/s, m,=6 kg, m, = 14 kg. 
u;—? 

Solution. Directing the X-axis along the motion of the 
grenade and writing the momentum conservation law in 
projections on this axis, we obtain 

(m, + m,) v = muy + mau, (1) 


where m, + m, is the mass of the grenade. From this re- 
lation, we get 
uy, = Lm) va May 
1 ’ 
my 
u, = CEH xt == — 6 m/s. 
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The minus sign indicates that the smaller fragment will 
fly in the direction opposite to the direction of motion of 
the grenade. 

150. The third stage of a rocket consists of a carrier 
rocket of mass 500 kg connected through a compressed 
spring with a head cone of mass 10 kg. During terrestri- 
al tests, the spring imparts a velocity of 5.4 m/s to the 
cone relative to the carrier rocket. Determine the veloc- 
ities of the cone and the rocket if they are separated while 
orbiting the Earth at a velocity of 8 km/s. 

Given: my=5 x10? kg, m,=10kg, v=5.1 m/s, 

v=8 km/s=8 x 10 m/s. 
u,—? u,—? 

Solution. Writing the momentum conservation law for 

the third stage of the rocket in projections on the X- 


axis coinciding with the direction of orbital motion of the 
rocket, we obtain 


(m, + mM.) v= mu, + Mg, (1) 


where m, is the mass of the carrier rocket, m, the mass of 
the cone, u, the velocity of the carrier rocket relative to 
the Earth after its separation from the cone, and u, 
the velocity of the cone relative to the Earth after its 
separation from the rocket. 

Since the velocity of the satellite relative to the car- 
rier rocket after the separation is the same as under ter- 
restrial conditions, u, — uy = Up, oF 


Ug =U + %, Uy = Uz — Uo. (2) 


Substituting consecutively each equation of (2) into 
Eq. (1), we obtain 


~ me 
= — am OO 
= 10x51 om 
u,=8 x 10° — sao 0 > 8x 10° m/s, 
m 
Wa =0+ apm YO 
Up =8 x 1084 2X10 X51 MW. 8005 m/s. 


5X 103+10 3 
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151. Why is the blow of a hammer against an anvil on 
the chest of a circus performer harmless, while the same 
blow made directly against his chest would be lethal? 

Answer. Since the mass of the anvil is larger than the 
mass of the hammer, the velocity acquired by it upon an 
inelastic collision with the hammer is small, and hence 
the force exerted on the chest is not very strong. Besides, 
the area of contact of the anvil with the performer’s body 
is larger than that of the hammer. Therefore, the addi- 
tional pressure exerted by the anvil on the body during the 
impact is lower than the pressure produced by the ham- 
mer. For these reasons, the blow is harmless. 


EXERCISES 


152. A meteorite and a rocket move at right angles 
relative to each other. The rocket hits the meteorite and 
gets stuck in it. The mass of the meteorite is m, the mass 
of the rocket is m/2, the velocity of the meteorite and the 
rocket being v and 2v respectively. Determine the mo- 
menta of the meteorite and the rocket after the collision. 

153. A shell of mass 20 kg, flying horizontally at a ve- 
locity of 500 m/s, hits a flatcar with sand of mass 10 t 
and gets stuck in it. Determine the velocity acquired by 
the flatcar as a result of the impact. 

154. What velocity will be acquired by a stationary boat 
having a mass of 200 kg with a load as a result of a shot 
fired by a passenger in the horizontal direction? The mass 
of the bullet is 10 g and its velocity is 800 m/s. 

155. A shell of mass 50 kg, flying along a railway track 
at a velocity of 600 m/s, hits a flatcar with sand of mass 
10 t and gets stuck in it. The velocity vector of the shell 
forms an angle of 45° with the horizontal at the moment 
of impact. Determine the velocity of the flatcar after the 
collision if the flatcar moves towards the shell at a veloci- 
ty of 10 m/s. 

156. A rocket whose mass without propellant is 400 g 
rises to an altitude of 125 m as a result of combustion of 
50 g of fuel in it. Determine the velocity of the gas eject- 
ed from the rocket, assuming that the fuel burns instan- 
taneously. 
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157. Two balls of mass 6 and 4 kg move along the same 
straight line at a velocity of 8 and 3 m/s respectively. 
What will their velocity be after a perfectly inelastic col- 
lision if (1) the first ball catches up with the second, 
(2) the balls move towards each other? 

158. A boat of mass 150 kg and length 2 m, which is at 
rest on the surface of a lake, faces the shore at a distance 
of 0.7 m. A man whose weight is 70 kg goes over from the 
bow to the stern. Will the boat berth? 


QUESTIONS FOR REVISION 


1, Define force and mass and name their SI units of measurement. 
2. What is density? 3. Formulate Newton's laws. 4. What is iner- 
tia? 5. List the types of force in mechanics. 6. Define the momentum 
of a body. 7. Formulate the momentum conservation law. 8. For- 
mulate the law of universal gravitation. What is the physical mean- 
ing of the gravitational constant? 9. Why does the force of gravity 
vary with the altitude of a body above the Earth's surface? Does 
the mass of the body change in the process? 10. Define the orbital 
and escape velocities. 


1.3. Work, Power, and Energy. 
Energy Conservation Law 


The work done by a constant force is defined as 
A = Fscosa, 


where F is the force acting on a body,s the displacement 
of the body under the action of the force, and @ the angle 
between the directions of the force and the displacement. 
If a< xn/2, then A >0O, if a = n/2, then A = 0, and 
if a >n7/2, then A <0. 

If a varying force acts on a body, then 


A = (F cosq@) s, 


where (F cos a) is the mean value of the projection of the 
force on the displacement. A more rigorous definition of 
the work done by a varying force is 


33 
A=| F, ds, 
co 
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where F, = F cos a is the projection of the force on the 
displacement. 
Power is defined as 
N = Alt, 


where ¢ is the time during which the work is done. 
For a uniform motion, 


N = Fo, 


where v is the velocity of the motion. 
For a nonuniform motion, the concepts of instantaneous 
and average power are introduced: 


n= 44 — Pv, (N) =F (v) =Alt, 


where v is the instantaneous velocity of the motion and 
(v) the average velocity of the varying motion. 
The efficiency of a mechanism is defined as 


n=A,/Aa n= /Na, n= W,/Wa, 


where A, (N,,W,) is the useful work (power, energy) 
of the mechanism and A, (Ny, W,) is the work (power, 
energy) done by the mechanism. 

There are two types of mechanical energy: kinetic ener- 
gy and potential energy. 

A moving body has a kinetic energy 


W, = mv/2, 


where m is the mass of the moving body and v its velocity. 
A body located above the ground has a potential energy 


W, = mgh, 


where h is the height of the body above the ground. 

A compressed or stretched spring has a potential ener- 
By 

Wy, = kr*/2, 

where ké is the spring constant and z the compression (ex- 
tension) of the spring. 

The total mechanical energy W of a body is the sum 
of its kinetic and potential energies: 


W=Wi+ Wy. 
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A system of bodies is closed if bodies which do not con- 
stitute the system do not act on it. For a closed system of 
bodies (in which only conservative forces are acting), 
the total mechanical energy remains constant (the law of 
conservation of mechanical energy): 


n 
>) W,= const, 
i=1 


where W, is the total mechanical energy of an individual 
body of the system and n the number of bodies in the 
system. 

For a body moving at a velocity v at a height hk above 
the ground, the law of conservation of mechanical energy 
has the form 


mv"/2 + mgh = const. 


When external forces are acting on a body (system of 
bodies), the total mechanical energy of the body (system 
of bodies) changes. The following relation holds in this 
case: 


A= AW=W-—W,, 


where A is the work done by the external forces, AW 
the change in the total mechanical energy of the body (sys- 
tem of bodies), and W and W, the final and initial values 
of the mechanical energy of the body (system of bodies). 
The same relation is valid when nonconservative forces 
(like friction) are acting in a closed system of bodies. 
In this case, A is the work done by the nonconservative 
forces. 


159. A bullet flying at a velocity of 400 m/s hits a bar- 
rage and comes to a halt over a distance of 0.5 m. Deter- 
mine the resistance offered to the motion of the bullet if 
its mass is 24 g. 


Given: vy = 400 m/s,s=0.5m,m=24g=2.4« 102 kg. 
F-? 
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N 
F,. =. F Xx 
v 
F _—_ xX 
: © mg 


Fig. 74 Fig. 72 


Solution. We direct the X-axis along the motion of the 
bullet (Fig. 71). Since @ = x, cosa = —1, and 


A = —Fs. (4) 

On the other hand, 
A= W— W,. (2) 
By hypothesis, W = 0 (the bullet has stopped), and 
Wy, = mu3/2. (3) 


Substituting Eqs. (4) and (3) into (2), we obtain —Fs = 
—mv3/2, whence 


_ mvj 
Fay 
Pa PAX XO N38 kN. 


160. A train of mass 600 t acquires a velocity of 
60 km/h over a distance of 2.5 km from the previous sta- 
tion. What is the average power developed by the locomo- 
tive if the coefficient of friction is 0.005? 

Given: m= 600t=6 x 10° kg, s=2.5km= 2.5 x 105m, 

v= 60 km/h =16.7 m/s, p=5 x 107%. 


(N)—? 

Solution. We direct the X-axis along the motion of the 
train. The train is acted upon by the force of gravity 
mg, the normal reaction N of the rails, the driving force 
F, and the friction F;, (Fig. 72). Since the change in the 
kinetic energy must be equal to the work done by exter- 
nal forces, AW = A, or 


W—-W,=A4,+ As, (1) 
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where W = mv*/2, W, = 0, A, = Fs is the work done 
by the driving force, and A, = —F;,s the work done by 
friction. The work done by the force of gravity and by 
the normal] reaction is zero since these forces are perpen- 
dicular to the displacement. For a horizontal surface, 
friction is defined as Fr, = pN = wmg. Substituting the 
expressions for W, Wo, A;, and A, into Eq. (1), we obtain 
mv?/2 = Fs — pmgs. Then the driving force is 





P= + pmg=m (5+ ye). (2) 


By definition, the average velocity of a uniformly varying 
motion is 


(v) = (v + v9)/2 = v/2 (3) 
since vy = 0. By definition, the average power is 
(N) = F (v). (4) 


Substituting Eqs. (2) and (3) into (4), we obtain 


2 
(Ny ="? (4 +e). 
(N) = oxox ibe ( OES a +5x 10° x 9.8) W 
~ 0.52 MW. 


161. A load of mass 2 kg falling from a height of 5 m 
penetrates a soft soil to a depth of 5 cm. Determine the 
average resistance of the soil. 


Given: m=2kg, h=5m, h,=5 cm=0.05 m. 
(F)—? 

Solution. We direct the Y-axis vertically upwards and 
take the origin at a depth h, from the surface (Fig. 73). 
An external force (resistance of the soil) is acting on seg- 
ment CO, and hence 

AW=A, or W—W,=A, (4) 


where W, = mgh + mgh, is the mechanical energy of the 
load at point B and W the mechanical energy of the load 
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at the depth h, from the surface. Since y = 0 at point O 
and v = 0, W = 0 as well. 

The work done by external forces on segment CO is 
A=—(F)h,. Substituting the expressions for W,, 
W, and A into Eq. (1), we obtain 0 — mgh — mgh, = 
—(F)h,, whence 


(Py=me(s- +1), 
(F) =2x 9.8 x (>35 +1) Nv1.98 kN. 


162. A block slides first down an inclined plane of 
length 42 cm and height 7 cm and then over a horizontal 
plane. Having covered a distance of 142 cm along the 
horizontal, it stops. Determine the coefficient of friction, 
assuming that it is the same everywhere. 

Given: 1,.=42 em=0.42 m, 1,=142 cm=1.42 m, 

h=7 cm=0.07 m. 


p—? 

Solution. Let us consider the motion of the block on two 
segments: the inclined and horizontal planes (Fig. 74). 
During the motion down the inclined plane, the block ex- 
periences the action of the force of gravity mg, the nor- 
mal reaction N, of the inclined plane, and the friction 
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Fry, which is defined as 
Fey = pN, = pmg cosa. (1) 
During the motion over the horizontal plane, the block 
is acted upon by the force of gravity mg, the normal re- 
action N, of the horizontal plane, and the friction F,,, 
given by 
Ftp = pN, = pg. (2) 
The change in the total mechanical energy of the block is 
equal to the work done by the frictional forces Fr,, and 
Fr 
- AW = A, (3) 
where 
AW = W — W, = 0 — mgh = —mgh, (4 
A =A, +4, = —Fial — Frale: 
Substituting expressions (4) into (3), we obtain —mgh = 
—Freyl, — Fergls. Taking Eqs. (4) and (2) into ac- 
count, we obtain mgh = pmg (l, cosa + 1,), whence 
p =Ahi/(l, cosa + 1,). The figure shows that cos a = 


V i — he/l,. Then 
h 


YEE 


0.07 
Y= Teanoonpiae ~~ 004 


163°. Determine the work done in order to compress by 
20 cm a spring whose constant is 29.4 N/cm, assuming 
that deformations are elastic. 
Given: r,=0, z,=20cm=0.2 m, k=29.4 N/em= 
2.94 x 10° N/m. 
A—? 
Solution. Method I. The work done to compress the 
spring is equal to the change in its potential energy: 
A=AW =-51 , 


A= SKE KOM 1= 58.8 J. 
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Method 2. By definition, the work done tocompress the 
spring is 
x2 
A= \ Feosadz 
<1 
= ( (—kz)(—1) dz = 


<1 


“+ Et 58.8 J. 


e1 


164°. A sledge moving over the horizontal surface of 
ice at a velocity of 5 m/s drives out on a road and comes 





Fig. 75 


to a halt. Determine the distance covered by the sledge 
on the road if the sledge is 1 m long and the coefficient of 
friction between the runners and the road is 0.5 (Fig. 75). 
The friction between the runners and the ice should be 
neglected. 

Given: p=0.5, vp =5 m/s, 1=1 m. 

E-?.- , 

Solution. We divide the distance covered by the sledge 
over the rough surface of the road into two segments. On 
the first segment equal to the length / of the runners, the 
friction is varying since the coefficient of friction in- 
creases from zero to its value for the road. On the second 
segment J,, when the runners leave the ice completely, 
the friction is constant. Let us calculate the work done by 
the friction on these two segments: Af, = Agr, + Afrg. 

We suppose that the sledge has covered a part z of the 
first segment (see Fig. 75). Since the friction increases in 
proportion to the covered distance, the friction acting on 
the sledge can be written as Fy; = pmgz/l. Then the work 
ge 
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done by the friction on the first and second segments is 
I I 

An= ( F,,cosa dz = —{ EYE ndx 

0 0 
pmg 2? |! _ ___pmgl 
ol 2 i 

Agr = — pmgly. 
The total work done by the friction on these seg- 
ments is 





Ay, = —pmg (+h). (4) 


The work done by the friction on the first segment can also be 
calculated as follows. Since friction is proportional to displacement, 
i.e. Fr, = pmgz/l, and increases from 0 to Fmay = pmg, the 
average friction is 


(F) = (wmg + 0)/2 = pmg/2, 
whence the work done by the friction on this segment is 
A, = —(F) 1 = —pmgl/2. 
On the other hand, the work done by friction is equal to 
the change in the kinetic energy of the sledge: Ay, = 
AW = W, — W,,. By hypothesis, W, = 0, W, = mv;,/2, 


and hence 

Art = —W, = —miy/2. (2) 
Combining Eqs. (1) and (2), we get —pmg (1/2 + 1,) = 
—mv2/2, whence 

L = (4% — pel)/(2pg). 
The distance covered by the sledge is 


bath = pe et 


2ug 2ug 
5840.59.84 
b=— 05 xo8 m~3.1 m. 


165°. A load of mass 5 kg falls freely from a certain 
height and reaches the ground in 2.5s. Determine the work 
done by the force of gravity. 


Given: m=5 kg, t=2.5 s. 
A—? 
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Solution. The total work done by the force of gravity is 
0 

A=\ Feosadh, (1) 
H 


where / is the height from which the load falls, F = 
mg is the force of gravity acting on the load, and cosa = 
—1. We transform expression (1) as follows: 


0 
A=— \ mg dh = —mgh "= mel. 
H 


Since H = gt?/2, we have 


a af3 
A = 5X8 XES J~ 1.5 kJ. : 


166. A load of mass 0.5 kg falls from a certain height 
on a slab of mass 1 kg, fixed to a spring whose constant 
isk = 9.8 x 10*N/m. Determine the maximum compres- 
sion of the spring if the velocity of the load at the mo- 
ment of impact is 5 m/s and the impact is inelastic. 

Given: m,=0.5 kg, m,=1kg, k=9.8x 10? N/m, 

v=5 m/s, 


z—? 

Solution. According to the energy conservation law, 
the total mechanical energy of the load and the slab after 
the impact is equal to the potential energy of the com- 
pressed spring: 

(m, + m,)u*/2 + (m, + m,) gx = kz’/2, (1) 
where m, is the mass of the slab and u the velocity of the 
load and the slab after the impact, which can be deter- 


mined from the momentum conservation law for an in- 
elastic collision: myy = (m, + m,)u, whence 


u = mv/(m, + m,). (2) 
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Substituting Eq. (2) into (1), we obtain 


m+, mivt 


hea? 
5) Trytmpe + (m4 +m) er=—- , 
or 
miv? 


ka? — 2g (m,+m,) z— m, +m, =0, 





whence 


pa Blt) + Va Cre IG +m) 


t= 


9.8 (0.5+4)+ 9.82 (0.5 + 1)? 9.8 x 102 x 0.52 x 52/(0.5 +4) 
9.8 x 103 


~8.2x 107? m. 


(The negative root does not satisfy the conditions of the 
problem.) 
167. The slope of a highway is 1 m per 20 m of the road. 
A motor car with its engine cut out moves down the slope 
at a constant velocity of 60 km/h. Determine the power 
of a car moving up the road at the same velocity if the 
mass of the car is 1.5 t. 
Given: sina =h/l=1/20=0.05, v=60 km/h ~ 17 m/s, 
m~1.5 t=1.5 x 108 kg. 
N—? 
Solution. Since the motion of the car moving upwards is 
uniform, 
N = Fv, (1) 


where F is the driving force of the engine during the ascent 
and v the velocity of the car. The car moving upwards is 
acted upon by the force of gravity mg, the normal reac- 
tion N of the highway, the driving force F, and the fric- 
tion F;, (Fig. 76a). Writing Newton's second law for the 
car in projections on the X- and Y-axes (see Fig. 76a), 
we find that F — Fy, —mg sina =0 (a = 0 since 
v = const), whence 


F = Fry, + mg sina. (2) 
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The car moving downwards experiences the action of the 
force of gravity mg, the normal reaction N, and the fric- 
tion Fy, (Fig. 766). In analogy with the previous case, 
we can write mg sin a — Fy, = 0, whence 


Fe, = mg sin a. (3) 


Substituting Eq. (3) into (2), we obtain F = 2mg sin a. 
Then Eq. (1) becomes 


N = 2mg sin a@-v, 
N =2 x 1.5 x 10® x 9.8 x 0.05 x 17 W ~ 25 kW. 


168. Determine the work done for lifting a load on an 
inclined plane, the average power, and the efficiency of 
the lifting mechanism if the mass of the load is 100 kg, 
the length of the inclined plane is 2 m, the slope of the 
plane is 30°, the coefficient of friction is0.1, and the accel- 
eration during the ascent is 1 m/s. The load was initial- 
ly at rest at the foot of the inclined plane. 

Given: m=100 kg, Jl=2m, a= 30° ~ 0.52 rad, 

w=0.1, a=1 m/s*. 
A—? (N)—? n—? 
Solution. The change in the total mechanical energy is 


caused by the driving force and the friction acting on the 
load: 


A+Ay,=A4W=W-—W,=W. (1) 


Here A is the work done by the driving force and A;, 
the force done by friction (W, = 0 by hypothesis). The 





Fig. 76 
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final value of the total mechanical energy is 
W = mv?/2 + mgh = mal + mgl sina 

since v? = 2al., 


The force of friction on an inclined plane is defined as 
Fr, = pN = pmg cosa, and hence As, = —pmgl cosa 


mg 
Fig. 78 





(Fig. 77). Substituting these expressions into Eq. (1), 
we obtain 


A =~ml(a+ gsing + pg cosa), 

A=100x2x (149.8 x 0.5+0.1 x 9.8 x 0.87) J 
= 1.35 kJ. 

The average power of the lifting mechanism is 


(N) = Alt, 


where ¢ is the time of lifting the load, which can be ob- 
tained from the equation for a uniformly accelerated mo- 
tion: 


1 = at%/2 (v, = 0). (2) 
From Eq. (2), t=V2l/a. Consequently, 
A 
0 Tai 


1.35109 yy 
ie lay oar W = 675 W. 
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By definition, the efficiency of the lifting mechanism is 
qT= A,/Aa; 


where Ay = A = 1.35 kJ. 
The useful action of the lifting mechanism is the dis- 
placement of the load to the height h=I sina. Therefore, 


A, = mgl sin a, 
A, = 100 x 9.8 x 2 x 0.5J = 980 J, 


whence 
n = 980/(1.35 x 10°) ~ 0.73. 


169. A ball of mass m suspended on a String of length 7 
is deflected through an angle of 90° from the vertical and 
released. Determine the maximum tension of the string. 


Given: m, 1, a=90° ~ 1.57 rad. 


r max— ? 

Solution. The tension of the string attains its maximum 
when the ball passes through point B. At this point, the 
ball experiences the action of the force of gravity mg 
and the tension T max of the string (Fig. 78). Writing New- 
ton’s second law for the ball in projections on the Y-axis, 
we obtain 


Tmax — mg = may, (1) 
where a, = v’/R and R = 1. Using these expressions, we 


can write Eq. (4) in the form 7,4, — mg = mv'/I, 
whence 


Tmax = mg + mv*/l. (2) 


In order to determine the velocity of the ball at point B, 
we apply the energy conservation law for points A and B: 


W, a Wy. (3) 


Since W, = mgl and W, = mv*/2, Eq. (3) becomes 
mgl = mv*/2, whence v? = 2gl. Substituting the expres- 
sion for v? into Eq. (2), we obtain 


Tmax = mg + m-2gl/l = 3mg. 
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170. A satellite of mass 12 t moves in a circular orbit 
around the Earth so that its kinetic energy is 54 GJ. 
What is the velocity of the satellite and its altitude? 

Given: m=12 t=1.2x10'kg, W,=54 GJ= 

5.4 x 1019 J, 


v—? h—? 


Solution. The kinetic energy of the satellite is W, = 
mv"/2, whence 


v? = 2W,/m. (1) 


ya yf ee, 
Ix54x100 m _ ’ 
pay 2eeax Se B= 3 x 108 m/s. 


The altitude 2 of the satellite and its velocity v are con- 
nected through the following relation: 


ve = g,R(R + h) (2) 
(see Problem 134, formula (5)). Equating the right-hand 


sides of Eqs. (1) and (2), we obtain 2W,/m = g,R?7/(R +h), 
whence 


h= M80 ay —R= R( 3" 1), 


Then 





2W; 
1.2 x 10 x 9.8 x 6.37 x 10° 
~ 3.8 x 107 m. . 


171. What is the altitude attained by a rocket launched 
vertically at a velocity of 9 km/s? Air resistance should 
be neglected. 


Given: v=9 km/s =9 x 108 m/s. 
h-? 


Solution. A rocket of mass m is acted upon by a vary- 
ing gravitational force 


F = GmMIr’, (1) 


where M is the Earth’s mags and r the separation between 
the rocket and the centre of the Earth. 
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As the rocket attains an altitude h, this force will do 
the work 
R+h 
A= \ F cosa dr, (2) 
R 


where @ = 7x rad is the angle between the directions of the 
force and displacement and R the Earth's radius. Sub- 
stituting Eq. (4) into (2), we obtain 








oi ae GmM GmM |R+h 
mn. mM. 
= { nr dr= r lt 
4 4 GmMh 
=GmM (a55—- 7) = — Ra (3) 


On the other hand, the work is equal to the change in the 
kinetic energy of the rocket: A = AW = W, — W,. 
At the altitude kh, W, = 0, and hence 


A =—W, = —mv*/2. (4) 

Equating the right-hand sides of expressions (3) and (4), 
we obtain 

GmMh/[R (R + h)] = mv*/2. (5) 


Multiplying and dividing the left-hand side of Eq. (5) by 
R, we obtain 


RhGMI\(R + h) R®] = v*/2. (6) 


Since GM/R*® = gy is the free-fall acceleration at the 
Earth's surface, Eq. (6) can be written in the form 
Rhgy (R +h) =v7/2, whence 

vtR 
= 2Rgy—v3 
h= (9 x 10°)? x 6.37 x 108 
~~ 2x 6.37 x 10® x 9.8—(9 x 108)3 


172°. Calculate the escape velocity which should be 
imparted to a rocket at the Earth's surface. 


Given: gy>=9.8 m/s?, R,=6.37 x 10° m, R,= oo. 


v—? 


m ~ 4.47 x 107 m. 
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Solution. The rocket of mass m is acted upon by the 
varying gravitational force 


F = GmM'r*. (A) 
The work done by this force is 
Ry 
A= \ Pcosadr. (2) 
R, 


Considering that a =w2 rad and substituting Eq. (1) 
into (2), we obtain 








Ra 
GmM GmM | GmM 
o) 7) dr= ; [=-S_- (3) 
1 


On the other hand, A = AW =W, — W,. Since 
W, = 0, we have 


A = —W, = —mv'/2. (4) 


Equating the right-hand sides of Eqs. (3) and (4), we ob- 
tain GmM/R, = mv"/2, or (after transformations similar 
to those carried out in the previous problem), g,R, = 
v?/2, whence 


v= V 220R,, 
v= V2x 9.8 x 6.37 x 108 m/s ~ 11.2 x 108 m/s. 


173. A bullet flying along the horizontal hits a ball sus- 
pended on a light rigid rod and gets stuck in it. The mass 
of the bullet is equal to 0.001 times the mass of the ball. 
The distance between the point of suspension of the rod 
and the centre of the ball is 1 m. Determine the velocity 
of the bullet if the rod with the ball is known to be de- 
flected through 10° as a result of impact. 


Given: m,=1000m,, -=1m, a=10°~0.17 rad. 
v—? 


Solution. Writing the momentum conservation law for 
the inelastic impact in projections on the X-axis 
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(Fig. 79), we obtain m,v = (m, + m,)u, whence 


_ _™m+m, 
aan rae u. (1) 
Here v is the velocity of the bullet before the collision 
and u the velocity of the ball and the bullet after the col- 
lision. In Eq. (4), there is one more unknown velocity 
u in addition to v, which can be determined from the 





Fig. 79 


energy conservation law. Let the centre of mass of the 
ball be raised to a height h as a result of the collision 
with the bullet. Then by the energy conservation law, 
{m, + m,) u?/2 = (m, + m,) gh, whence 


ut = Qgh. (2) 


It can be seen from the figure that h = 1 —Ilcosa = 
Z(1 — cosa). Substituting this expression for h into 
Eq. (2), we obtain u? = 2gi (1 — cosa), whence u = 
V 2g! (4 — cosa). Then Eq. (4) can be reduced to the 
form 

po» Mat ms V 2g1 (4 —cosa). (3) 


my, 





Using the trigonometric relation sin (a/2) = 
V (1 — cos a)/2, we transform expression (3) as follows: 


p= 2a sin > Vel, 


p= 2 atin 0.09 V98x 1S ~570 mis. 
1 
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174. A man standing on a trolley pushes another 
trolley so that they are set in motion and stop after some 
time due to friction. Determine the ratio of the stopping 
distances of the trolleys if the mass of the first trolley with 
the man is thrice the mass of the second trolley. 


Given: m,= 3m,. 


$,/8_.—? 

Solution. Writing the momentum conservation law 
for an elastic interaction between the trolleys in projec- 
tions on the X-axis directed along the trajectory of the 
first trolley, we obtain 


0 = mu, — mu, (1) 


where u, and uw, are the velocities of the first and second 
trolleys immediately after the interaction. 
Equation (4) implies that 


MU, = Melo. (2) 


Transforming Eq. (2), we get by hypothesis 3m,u, = 
M,U,, whence 


4 


u, = u,/3. (3) 


The change in the kinetic energy of each trolley is equal 
to the work done by friction: AW = A. Considering that 
AW = 0 — mu?/2 and A = —Fr,;s = —pmgs, we obtain 
—mu?/2 = —pmgs, or 


u?/2 = wgs. (4) 

Then relation (4) for the first and second trolleys can be 
written in the form 

uyl2 = pgs, ug/2 = pgs,. (5) 

Dividing the first equation in (5) by the second termwise, 

we obtain s,/s, = ui/u§ or, taking into account relation (3), 

$,/s. = u3/(9u}) = 1/9. 
175. The beetle head of a pile driver has a mass of 


400 kg and falls on a pipe of mass 100 kg which is driven 
into the ground. Determine the average resistance of the 
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ground and the efficiency of the pile driver if the pile is 
known to sink into the ground by 5 cm upon each blow, 
the height from which the beetle head falls is 1.5 m, and 
the impact is inelastic. 
Given: m,= 400 kg = 4 x 10? kg, m, = 100 kg = 10? kg, 
s=5 em=5x 10? m, h=1.5 m. 


(F)—? y—? 
Solution. The work done by the resistance of the ground 
is equal to the change in the total mechanical energy of 
the system of bodies (the pile and the beetle head): 


(W = 0 by hypothesis). 
By definition, the work done by the resistance force is 


A = —(F)s. (2) 


The initial mechanical energy of the system is equal to 
the sum of the kinetic and potential energies of the pile 
and the beetle head after vheir collision, i.e. Wy = 
W, + Wy. The kinetic energy can be presented in the 
form W, = p?/[2 (m, + m,)], where p is the momentum 
of the pile and the beetle head after the collision. Since 
Wy, =(m, + m,) gs, we have 


W, = (m + -m,) gs + p?/[2 (m, + m,)). (3) 


According to the momentum conservation law for an in- 
elastic collision, we have p= p,, where p, is the momen- 
tum of the beetle head’ before it strikes against the pile. 
The mechanical energy conservation law for the beetle 
head falling from a height hk (Fig. 80) implies that 
p}/(2m,) = m,gh, and therefore 


p* = py = 2migh. (4) 
Substituting relations (2), (3), and (4) into Eq. (1), we 
obtain 
_ migh 
(F) = (m+) 8 + mes a 


= (4 X 103)3 x 9.8 x 1.5 
(F) = 9.8 x (4 x 108+ 108) + ow N 
~ 9.9 x 106 N. 
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The efficiency of the mechanism is defined as 
1 = Ay/Aa. (5) 


The work done is Ag = mgh = pi/(2m), while the use- 
ful work A, = W,, where W, is the kinetic energy of the 





Fig. 80 


pile and the beetle head after the collision, Wy, = 
p’/[2 (m, + m,)]. Since p = p,, substituting these ex- 
pressions into Eq. (5), we obtain 


fea 
Ve m+tm ’ 
400 
af] = 700-100 =0.8. 

176. A washer of mass 10 g rests at the top of a smooth 
hemisphere of radius 0.5 m. The washer starts to slide over 
the hemisphere under the action of a horizontal short im- 
pulse of force of 2 x 10-2 N-s. At what height from the 
base of the hemisphere will the washer be separated from 
its surface? 

Given: R=0.5m, m=10g=10%kg, FAt=2x 

10? N-s. 


H—? 

Solution. Before the moment of separation, the washer 
moves in a circle under the action of the force of gravity 
mg and the normal reaction N of the spherical surface. 
Writing Newton's second law for the washer in projec- 
tions on the Y-axis directed along the radius towards the 
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centre of the circle (Fig. 81), we obtain 
mg cosa — N=ma,, 


where a,=v*/R and cos a= 4/R. At the moment of 


Y 
Fig. 84 


separation, the normal reaction vanishes. Therefore, 
mgH/R=mv/R, or mgH =mv*. (1) 
According to the law of conservation of mechanical ener- 
gy, we have 
mv*/2 + mgH = (F At)*/(2m) + mgR, (2) 
where F At is the impulse of the washer at the top of the 
hemisphere. From Eq. (2), we obtain 
mv? = (F At)*/m + amg (R — H). 
Then 
mgH =(F At)?/m+ 2mgR—2mgH, 
2 FAt \2 4 
H=yAt(—) a 
H= 2x0.5 ne 2x 10-3 1 


3 Tie axee 0.47 m. 


177. A body of mass m slides down a hill of height h. 
What work should be done to lift the body to the top of 
the hill if the force is directed along the displacement? 

Given: h, m. 


A,—? 
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Solution. Since the body sliding down the hill comes to 
a halt, its total mechanical energy has changed. The 
change in the total mechanical energy of the body during 
sliding must be equa] to the work done by friction: 
AW, = A,. Since 


AW, = W, —_ Wo = 0 — mgh = —mgh, (1) 


we obtain A, = —mgh. 
The change in the total mechanical energy of the body 
during the ascent is 


AW,=A, + As. (2) 


Here AW,= W, — Wy,.= mgh —O=mgh, A, is the 
work done by the driving force, and A, the work done by 
friction during the ascent. Since the driving force is di- 
rected along the displacement, the normal reaction of the 
support (and hence the friction) will be the same as for 
the body sliding down the hill. Therefore, A, = A;, and 
taking Eq. (1) into account, we obtain 


A 3= —mgh. (3) 


Finally, from Eqs. (2) and (3) we get 


178. A load is lifted to a height h and then uniformly 
moved over a horizontal surface through a distance h. 
In which case will the work done be larger? The coeffi- 
cient of friction between the load and the surface is p, 
and the air resistance should be neglected. 

Answer. The work done for lifting the load of mass m 
to a height hk is mgh. The work done during the uniform 
displacement of the load over the horizontal surface 
through a distance hk is pmgh. Since the coefficient of slid- 
ing friction is known to be always smaller than unity, 
the work done in the latter case will be smaller. 

179. How should a ball be thrown to the floor from a 
height h for it to be bounced to a height A larger than h? 

Answer. The ball should be thrown at a nonzero initi- 
al velocity. Then the initial mechanical energy of the ball 
is mgh + mv*/2. If the impact of the ball against the floor 
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is elastic, it will jump to the height H which can be de- 
termined from the energy conservation law mgh + 
mv?/2 = mgH. This equation shows that H >h. 


EXERCISES 


180. A train of mass 500 t movesup the hill witha slope 
of 10 m per kilometre of the railroad at a velocity of 
30 km/h. The coefficient of friction is 0.002. Determine 
the power developed by the locomotive of the train. 





Fig. 82 


181. A stone sliding over a horizontal surface of ice 
stops after covering a distance of 48 m. Determine the 
tes velocity of the stone if the coefficient of friction is 
0.06. 

182. A bullet of mass 10 g, flying at a velocity of 
400 m/s, pierces a 5-cm thick board, after which its ve- 
locity decreases to half theinitial value. Determine the av- 
erage resistance offered by the board to the motion of the 
bullet. 

183. A tank whose mass is 15 t and power is 368 kW 
moves up the hill with a slope of . What is the 
maximum velocity of the tank? 

184. A cyclist must make a loop of radius 8 m in a ver- 
tical plane. From what minimum height must the cyclist 
start to make the loop without falling (Fig. 82)? Fric- 
tion should be neglected. 

185. The beetle head of a pile driver of mass 500 kg 
falls on a pile of mass 100 kg at a velocity of 4 m/s. De- 
termine the efficiency of the pile driver for elastic and 
inelastic collisions. 

Qe 
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186. A chandelier of mass 100 kg is suspended from a 
ceiling on a metal chain whose length is 5 m. What is the 
maximum height to which the chandelier can be deflected 
without breaking the chain during swings if the rupture 
of the chain is known to occur at a tension of 2 kN? 

187. An ice hockey player whose weight is 70 kg 
throws a puck of mass 0.3 kg in the horizontal direction 
at a velocity of 10 m/s. By what distance will the player 
move backwards if the coefficient of friction between 
the skates and ice is 0.02? 

188. The spring of a toy pistol has a constant of 
10 N/cm and a length of 15 cm. To what height will a 
ball of mass 10 g shot from the pistol in the vertical di- 
rection rise if the spring has been compressed to 5 cm? 
Air resistance should be neglected. 

189. A box with sand whose mass is 10 kg is held by a 
spring constant of 30 N/cm. A bullet of mass 10 g moving 
at a velocity of 500 m/s hits the box from below and gets 
stuck in the sand. Determine the contraction of the spring. 

190. Two loads whose masses are in the ratio 1:4 
are connected through a compressed spring and rest on the 
horizontal surface of a table. When the spring is released, 
the load of the smaller mass acquires a kinetic energy of 
40 J. Determine the potential energy of the compressed 
spring neglecting friction. 

191. A ball falling from a height of 3 m is bounced to 
2.9 m after the impact against the floor. How can this be 
put in accord with the law of conservation of mechanical 
energy? 

QUESTIONS FOR REVISION 


1. Define energy. 2. What is the kinetic energy of a body? 3. What 
is the difference between conservative and nonconservative forces? 
4. What is the potential enerey of a body? 5. Write the expressions 
for the potential energy of a body lifted above the growid and for 
the potential energy of a compressed spring. 6. Formulate the law 
of conservation of the total mechanical energy Indicate the condi- 
tions under which this law is obeyed. 7. Define the mechanical 
work. 8. What is the relation between work and energy? 9. Write 
the formulas for calculating the work done by a constant and a 
varying force. 10. Define the mechanical power. 11. How are the 
average and instantaneous powers in varying motion defined? 
12. In what units are enerey work, and power measured in SI? 
13. Define the efficiency of a mechanism. 
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1.4. Statics 


Statics deals with the equilibrium conditions for a body 
under the action of applied forces. Equilibrium is a state 
of rest or of uniform rectilinear motion or rotation. 
Equilibrium can be stable, unstable or neutral. In equi- 
librium, the potential energy has an extremal value. Ana- 
lytically this is written in the form 

dWp _ 
qa =: 





The condition for stable equilibrium is that the poten- 
tial energy must be minimum, which is equivalent to the 
following mathematical condition: 

dw 
aa >0. 

The necessary equilibrium condition for a point mass 
is the equality to zero of the sum of all the forces applied 
to it: 


n 
>) F, = 0. 
i=! 


If we project all the forces acting on the point mass on- 
to the X- and Y-axes, the equilibrium condition assumes 
the form 


n n 
pa F,,=0, py F,,=0. 


The equilibrium of a rigid body depends not only on the 
magnitude and direction of forces acting on it but also 
on the point of application of these forces. 

The moment of force (torque) M about an axis is defined 
as the product of the force F by the arm ! (i.e. the per- 
pendicular dropped from the rotational axis on the line of 
action of the force): 

M=FI, 


The moment of force tending to rotate a body counter- 
clockwise about an axis is assumed to be positive and the 
one rotating a body clockwise negative. 
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The following two conditions are necessary for the equi- 
librium of a body: 

1. The vector sum of all the forces applied to the body 
must be zero: 


Dy F,=0, 
i=1 


where n is the number of forces. 
2. The algebraic sum of the torques about any axis must 
be zero: 


n 
> M, = 0, 
jsf 
where n is the number of torques. 


se % 


192. Aload of mass 10 kg is balanced by two loads, the 
mass of the second load being 18 kg. The string holding 
the third load is directed from point A along the horizon- 
tal (Fig. 83a). Determine the mass of the third load and 
angle a. 

Given: m,=10 kg, m,= 18 kg. 

ms—? a—? 


Solution. Point A is acted upon by the tensions T,, 
T,, and T, of the strings (Fig. 836). Since the system of 
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bodies is stationary, we can write for each load 
Ti=mg, Ty,=mg, T,= msg. (1) 
The equilibrium condition for point A has the form 
T, +T,+T, =0, (2) 


where 7,=T7;,7,=T7,;, and T,=T;. Choosing the 
directions of the X- and Y-axes and projecting Eq. (2) 
onto them, we obtain 


—T, sina + T,=0, (3) 
T, cosa — T,=0. (4) 
From Eqs. (4) and (4) we get cos a = 7,/T,=™m,/m,, 
whence 
@ = arccos (m,/m,), 


a = arccos (10/48) ~ 0.98 rad. 


Equation (3) gives 7, = 7, sina, or msg = mag sina, 
whence 


Mm, = m, Sin @, 
mg= 18 x 0.832 kg =~ 14.9 kg. 


193. A wooden block lies on an inclined plane. What 
force must press the block against the inclined plane for 
it to remain at rest? The mass of the block is 2 kg, the 
length of the inclined plane is 1 m and its height is 60 cm. 
The coefficient of friction between the block and the 
plane is 0.4. 

Given: m=2kg, l=1m, h=60 cm=0.6 m, p=0.4. 


F-? 

Solution. The block experiences the action of the force 
of gravity mg, the normal reaction N of the inclined 
plane, the friction F;,, and the force F pressing the block 
against the inclined plane (Fig. 84). Since the block can- 
not rotate, the first equilibrium condition is sufficient for 
it to remain at rest: 


mg +N+F + Fr=0. (1) 
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Choosing the directions of the X- and Y-axes and pro- 
jecting Eq. (4) onto them, we obtain 


mg sina — F;,=0, N—mgcosa—F =0. 
Considering that Fr;p=yN, sin a=h/l, cos a= 


V /? — h7/l and solving the obtained system of equa- 
tions, we find that 


pat (A VER), 
Pa tXO8 y ($2 — VI-O6f) Nx 13.7 N. 


194, One end of a thin homogeneous beam AB of mass 
100 kg rests on the smooth horizontal floor and the other 








Fig. 84 





end rests on a smooth plane inclined at an angle of 30° 
to the horizontal. The end B is supported by a string 
with a load passing over a pulley C (Fig. 85). Determine 
the mass of the load and the norma) reactions of the floor 
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and the inclined plane, neglecting friction. 
Given: m,=100 kg, B =30° ~ 0.52 rad. 


m,—? N,—? N,—? 

Solution. Let us consider the forces acting on the beam: 
mg is the force of gravity, N, and N, are the normal re- 
actions of the floor and the inclined plane, and T is the 
tension of the string. Under the action of these forces, the 
beam is in equilibrium. Writing the first equilibrium con- 
dition for the beam, we obtain 


mg +N, + N, + T=0. (1) 
Directing the X- and Y-axes as shown in the figure and 
projecting Eq. (4) onto them, we get 

N, sin B — T cos p=0, (2) 

—mg +N,+N, cosh + T sinp=0. (3) 

Writing the second equilibrium condition for the beam 
about an axis passing through point B, we obtain 

M, — M,=0. (4) 


Here M,=N,l, and M,=my,gl, are the moments of 
forces N, and m,g about the chosen axis, where J, = 
Lecosaandl, = (L/2) cosa are the arms of the forces 
N, and mg, and L =| AB | is the beam length. Substi- 
tuting the expressions for M, and M, into Eq. (4), we 
obtain N,Z cosa — myg (L/2) cosa =0, whence 





N,=-$, 
N,= —— N = 490 N. 
The tension can be determined from Eqs. (2) and (3): 
T=+ mg sin B. (5) 


Using the equilibrium condition for the load, we get 
T' = m,g, where T’ = T, whence 

-7_™ 

i a 5g. 2 


100 


sin B, 


m= 
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Solving Eqs. (2) and (5) together, we obtain 





Ny= Fag = BE 0088, 
Ny = SOXS8 x087 N = 426 N. 


195. A thin homogeneous rod OB rests on two supports 
D and C separated by a distance a (Fig. 86). The coeffi- 
cient of friction between the rod and the support is yp, 





the slope of the rod is a, and the length of region | CB | 
is b. What must be the length L of the rod for it to be in 
equilibrium? 

Given: |OB,|=L,|DC |=a, |CB|=b,p,a. 

L—? 

Solution. The rod OB experiences the action of the force 
of gravity mg, the normal reactions N, and N, of the 
supports D and C, and the frictional forces F;,, and 
Frery. The frictional forces are directed upwards along the 
rod since the rod has a tendency to slide down. Writing 
the first equilibrium condition for the rod, we obtain 


mg +N. + Fen + Fer + Ny=0. (1) 


Directing the X- and Y-axes as shown in the figure and 
projecting Eq. (1) onto them, we get 


Fin + Frr— mg sina= 0, (2) 
N, — N, — mgcosa=0. (3) 
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Considering that F;,< wN, we can write Eqs. (2) and 
(3) in the form 


pN, + pV, — mg sina>O, (4) 
N, — Ng — mg cosa=0. (5) 


Writing the second equilibrium condition for the rod 
about an axis passing through point C, we obtain 


M, — M, =0. (6) 


Here M,=mgl, and M,= N,l, are the moments of the 
forces mg and N, about the chosen axis, where 1, = 
(L/2 — b) cos @ and 1, =a are the arms of the forces 
mg and N,. Substituting the expressions for M, and M, 
into Eq. (6), we get 


mg (L/2 — b) cosa — N,a=0. (7) 


From Eqs. (5) and (7), we find NV, = mg cosa (L/2 — b)/a 
and N, = mgcosa (L/2 — b —a)/a. Taking this into 
account, we can calculate the length of the rod from Eq.(4): 


I> 2b+ a (1 + tan a/p). 


196. A 4-m long ladder leans against a perfectly smooth 
wall at an angle of 60° to the horizontal. The coefficient 
of friction between the ladder and the floor is 0.33. To 
what distance along the ladder can a man climb before 
the ladder starts to slide down? The mass of the ladder 
should be neglected. 


Given: 1=4m, a=60°~ 1.05 rad, p = 0.33. 


S—? 

Solution. The ladder is acted upon by the force of pres- 
sure F exerted by the man, the normal reactions N, 
and N, of the wall and the floor, and the friction Fr, 
(Fig. 87). The sliding of the ladder can be treated as a 
combination of two motions: rotation (about point QO) 
and translation (against the X-axis). Writing the first 
equilibrium condition for the ladder, we get 


F +N, +N, + Fr =0. (1) 
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Projecting Eq. (1) onto the X- and Y-axes, we obtain 

F;,, —N,=0, N,—F=0. (2) 

Writing the second equilibrium condition for the ladder 
about point O, we get 

M, — M,=0. (3) 


Here M,=N,l, and M,= Fl, are the moments of the 
forces N, and F about the chosen axis, where 1, = 


N, 





Fig. 87 


lsin a and l,= S cosq@ are the arms of the forces MN, 
and F. Using these relations, we can write Eq. (3) in the 
form N,l sina — FS cosa=0, whence 

S= N,l sing Nl 


Sosa ET tan a. 


Using Eqs. (2) and the expression Fr, = pN, for fric- 
tion, we obtain N, = pF, and therefore 

S= pl tan a, 

S=0.33x4xV3m~2 2.3m. 


197. A sphere of radius 5 cm resting on a vertical wall 
is suspended on a 20-cm long string. The string touches 
the sphere at point C. Determine the coefficient of fric- 
tion between the sphere and the wall. 

Given: l= 20 cm=0.2 m, R=5 cm=0.05 m. 


p—? 
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Solution. The sphere is acted upon by the force of grav- 
ity mg, the normal reaction N of the wall, the tension 





Fig. 88 


T of the string, and the friction F,, (Fig. 88). Writing the 
first equilibrium condition for the sphere, we obtain 


mg +N+T + Fr,=0. (1) 
Directing the X- and Y-axes as shown in the figure and 
projecting Eq. (1) onto them, we get 

N—Tsina=0, —mg+T7cosa+ Fry,=0. (2) 

Writing the second equilibrium condition for the sphere 
about an axis passing through point O, we obtain 

—M, + M,=0. (3) 

Here M,= F;,l, and M,= TI, are the moments of the 

forces Fy, and 7 about the chosen axis, where |, = 1,= 


R are the arms of the forces. Taking this into account, 
we write Eq. (3) in the form 


—F,.R + TR= 0, or Fie= T. (4) 


Solving the system of equations (2) and (4) and consid- 
ering that Fr, < pN, we obtain 


p > t/sin a. (5) 
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Since AC and AB are tangents to the circle drawn from 
the same point, ZOAC=a/2 and tan a/2= Ril. 
Determining the sine of the angle from the formula 
Sri 2 tan (@/2) 

~ 4+ tan? (@/2) ° 
we finally get 

R4]2 
M2>—SRT - ’ 

0.290.059 
Ixo0sxo2 ~~ 2-13. 

198. Two spheres of mass 3 and 5 kg are connected by a 
rod whose mass is 2 kg. Determine the position of the 
common centre of mass if the radii of the first and the 
second sphere are 5 and 7 cm respectively and the length 
of the rod is 30 cm. 

Given: m,=3 kg, m.=5 kg, ms=2 kg, R,=5 cm= 

0.05 m, A, =7 cm =:0.07 m, 1= 30 cm=0.3m. 
z—? 

Solution. Since the centre of mass of the system coin- 
cides with its centre of gravity, we can determine its posi- 
tion from the equilibrium condition for the system in the 
gravitational field. For this purpose, we fix the system at 
an axis passing through the centre of gravity C (Fig. 89). 
Then it is sufficient to consider only one equilibrium con- 
dition for the system about this axis: 

Here M,=mygl,, M,=mg,gl,, and M,=mggl, are 
the moments of the forces m,g, mpg, and m,g about the 
chosen axis, where 1, = U/2 + R, +2, 1,=R, + l/2—z, 
and l,=<2z are the arms of the forces mg, mg, and 
msg, x being the distance from the midpoint of the rod to 
the centre of gravity (see Fig. 89). Taking this into ac- 
count, we write Eq. (4) as follows: m,g (l/2 + R, + 2) — 
mag (R, + 1/2 — x) + mygx=0, whence 

m,R,—m,R,—1 (my—m))/2 

_3 0. Pete 5— 3)/2 

X 0.07—3 x 0.054 0.3 x (5—3)/2 


b> 


r= 
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Fig. 89 


199. A plane homogeneous plate has the shape of a cir- 
cle with a circular hole having a radius equal to half the 
radius of the large circle and a 
common __ tangent with it 
(Fig. 90a). Determine the position 
of the centre of mass of the plate. 

Given: R. 


z—? 

Solution. Since the centre of mass 
of the plate coincides with its cen- 
tre of gravity, we shall determine 
the position of the centre of grav- 
ity of the plate. If we fill the hole, 
the force of gravity mg of the body 
can be presented as the resultant of 
two forces (Fig. 906): the force of 
gravity m,g of the .hole portion: 
and the force of gravity mg of the 
remaining portion (the circle with (6) 
the hole). The plate will be in equi- Fig. 90 
librium about an axis passing 
through point O. Writing the second equilibrium condition 
for the system about the chosen axis, we obtain 


—M, + M,=0. (1) 








Here M,= m,gr and M, = mggz are the moments of the 
forces of gravity m,g and m,g about point O, where r 
and z are the arms of the forces of gravity m,g and mg. 
Taking this into account, we can write Eq. (1) in the form 
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—my,gr + m,gxr=0, whence 
r= mrim,. (2) 


The masses of homogeneous plates of the same thickness 
are given by 


m=pSh=pnR*h, m,= pS,h= pnrth, 
m,=m — m,= psth (R? — r*), 


where p is the density of the material of the plate, § 
the area of the entire plate, S, the area of the hole, and 
h the plate thickness. Hence, we can write Eq. (2) in the 
form 


prhr?r P 


7 = Onh(R?—r) Rip * 


Using the condition of the problem (r= R/2), we obtain 


ee ee 
~ 8(R3—R2/4) — 6 


Consequently, the centre of mass lies at a distance of 
R/6 from the centre of the plate. 

200°. The dependence of the potential energy of a sys- 
tem on the z-coordinate is given by W (z) = —52? + 
4z — 3. Determine the coordinate of a point corresponding 
to the equilibrium position of the system and indicate 
the type of equilibrium. 


Given: W (z) = —92?+ 4r—3. 


z—? 
Solution. By definition, the system is in equilibrium if 
dw 
“dz = 0, 


Consequently, evaluating the first derivative + oie ae —52* + 


4z — 3) = —10z + 4 of the expression for the potential 
energy with respect to z and equating it to zero, we obtain 
the equation —10z + 4 =O. Therefore, the coordinate 
of the point corresponding to the equilibrium position 
of the system is x = 0.4 m. In order to determine the type 
of equilibrium, we test the sign of the second deriva- 
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tive: 
asw d 
Far = qe (102+ 4)—10< 0. 
Consequently, the equilibrium of the system is unstable. 
201°. The potential energy of a body of mass 0.5 kg 
varies according to the law W (zr) = 627 + 4z — 2. 
Determine the acceleration of the body at the moment 
when it passes through the equilibrium position. 
Given: m=0.5 kg. 
a—? 
Solution. By definition, the work dA is equal to the 
change dW in the energy of the body: 
dA = dW. (1) 
On the other hand, 
dA = F dz. (2) 


Equating the right-hand sides of Eqs. (1) and (2), we ob- 
tain dW = F dz, whence 


dw 


According to Newton’s second law, a = F/m, or, taking 


Eq. (3) into account, a = = ue . Differentiating the ex- 


pression for the potential energy, we obtain 
a=+ 4 (624 42—2)=+ (12244). (4) 


The coordinate of the body in the equilibrium position is 


determined from the condition = = 0, or az (62° + 
42 — 2) = 122 + 4 = 0, whence x = —1/3 m. Substi- 
tuting z and m into Eq. (4), we get 


a=>--[12-(—+) + 4]=0. 


202. Why is it easier to unscrew a nut with a long 
spanner than with a short spanner? 

Answer. In order to turn a nut with a spanner, we must 
apply to it a force whose torque must be equal to or larger 
10~0970 
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than the moment of the friction acting between the nut 
and the spanner. Since the torque is equal to the product 
of the force and its arm, the longer the spanner, the sma]]- 
er the force that should be applied to it. 

203. One truck is carrying wood and another hay. 
Which of the two will overturn more easily if their 
masses are equal? 

Answer. The truck with hay will overturn more easily 
since its centre of mass is higher than that of the truck 
with wood. The stability of a body is the higher, the low- 
er its centre of mass. 


EXERCISES 


204. A wall-mounted jib crane has a jibstay BC of 
length 4 m and a tie-rod AC of length 3 m, the dis- 
tance AB between them being 1.5 m. Determine the forces 
acting on AC and BC if the mass of the load being hoist- 
ed is 2 t. What action is exerted by these forces on the 
jibstay and the tie-rod (Fig. 91)? 

205. An electric Jamp of mass 2 kg is suspended from 
the ceiling on a cord AB and is pulled towards the wall by 
string BC. Determine the tensions of the cord and the 
string if a = 60° and B = 135° (Fig. 92). 

206. A cylindrica] tank of diameter 20 cm is filled with 
water and suspended from a hinge A on a weightless rod 
rigidly fixed to the tank (Fig. 93). Water flows at a veloc- 





Fig. 91 
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ity of 4.43 m/s from a side hole of area 2 cm? drilled in 
the tank wall near its bottom. Through what angle from 
the vertical will the tank be deflected? The tank height 
is 1m. The mass of the tank and the drop in the water lev- 
el due to leakage should be neglected and the angle of 
deflection should be regarded as small. 

207. A homogeneous rod AB is hinged to a vertical 
wall at point A and is held at an angle of 60° to the verti- 
cal with the help of a string BC forming an angle of 30° 
with it (Fig. 94). Determine the normal reaction of the 
hinge if the mass of the rod is 2 kg. 

208. A 10-m long beam rests on two supports. .\ luad 
of mass 5 t is put at a distance of 2 m from the left end of 
the beam. Determine the forces of pressure exerted by the 
beam on the supports if the beam mass is 10 t. 

209. The mass of a roller is 100 kg and its radius is 
0.5 m. What minimum force must be applied to the roller 
to roll it over a beam of height 10 cm? 

210. A rod is subjected to the action of two parallel and 
opposite forces of 10 and 25 N. The points of application 
of the forces are at 1.5 m from each other. Determine the 
resultant of the forces and the point of its application. 

211. Determine the position of the centre of mass of a 
homogeneous plate whose size and shape are indicated in 
Fig. 95. 

212. A sphere of mass 10 kg rests on two identical in- 
clined planes forming angles of 45° with the horizontal. De- 
termine the force of pressure exerted by the sphere on the 
planes. : 


Qtm 
na 
| | 205m 


ae __| atm 


Fig. 95 
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QUESTIONS FOR REVISION 


1. Define the equilibrium of a body. 2. Name all the types of equi- 
librium. 3. Formulate the equilibrium condition for a point mass. 
4. What is torque? 5. How is the direction of the moment of force 
vector determined? 6. Define the arm of a force. 7. Formulate the 
equilibrium condition for a body relative to a fixed rotational axis. 
8. Formulate the equilibrium conditions for a body in the general 
case. 9. Define the centre of mass of a system of bodies and indicate 
a method determining its position in space. 10. What is the centre 
of mass of a body? 11. How can the position of the centre of mass 
of a body of an arbitrary shape be determined? 


1.5. Hydro- and Aerostatics 


Pressure is defined as 
p= FIs, 


where F is the force acting on a surface of area S perpen- 
dicular to this force. 

The pressure exerted by a column of a homogeneous liq- 
uid at a depth h (hydrostatic pressure) is defined as 


P = pegh, 
where p is the density of the liquid. 

A fluid (i.e. liquid or gas) transmits a pressure exerted on 
its surface uniformly in all directions (Pascal’s law). 

Pascal’s law implies that if a homogeneous liquid is in 
equilibrium in communicating vessels, the pressure acting 
on the surfaces of the same level in these vessels will be 
the same. 

A body immersed in a fluid is acted upon by a buoyant force 
equal to the weight of the fluid it displaces and applied at the 
centre of gravity of the displaced volume (the Archimedean 
principle). This principle leads to the floatation condition: 
if the buoyancy is equal tothe force of gravity acting on a body 
immersed in a fluid, the body floats in the fluid. 


xe * 


213. Equal masses of mercury and water are poured in 
a cylindrical vessel. The total height of the liquid column 
is 29.2 cm. Determine the pressure exerted by the column 
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on the bottom of the vessel (Fig. 96). 

Given: h = 29.2 cm =0.292 m, m,=m,. 

p-? 

Solution. The total pressure exerted by the liquids on 

the bottom of the vessel is 
P= Pi + Pe (1) 

Here p, = pigh, and p, = pagh, are the pressures exert- 
ed by mercury and water on the bottom of the vessel, 


where p, and p, are the densities of mercury and water. 
Substituting these expressions into Eq. (1), we obtain 


P = & (Pity + Pala), (2) 


h=h, + hy. (3) 
By hypothesis, the masses of the liquid columns are 
equal: my = mg, or p,h,S = p,h,S, whence 

Pity = Pehe, (4) 
where S is the area of the vessel bottom. Using Eqs. (3) 
and (4), we obtain 


hy = hpa!(Py + Px), hg = hp,/(P, + 2). (5) 
Substituting Eqs. (5) into (2), we get 


1P3h P1Pah ) = —ereast 
Pite, ' 


pee Pi +Ps 
2x 13.6 x 108 « 108 x 9.8 x 0.292 
214. The limbs of a U-tube are filled with water and oil 
separated by mercury (Fig. 97). The interfaces between 


and 
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mercury and the liquids in the limbs are at the same 
level. Determine the height of the water column if the 
height of the oil column is 20 cm. 
Given: h,=20 cm=0.2 m. 
h,—? 
Solution. According to Pascal's law, the pressure in 


the limbs of the U-tube is the same at the level AB (at 
the interfaces between mercury and the liquids): 


Pi = Po. (1) 


Here p, = p,gh, and p, = Pgh, are the pressures in the 
left and right limbs respectively at the level AB, where 





Fig. 98 


P, and p, are the densities of water and oil. Substituting 
these expressions into Eq. (1), we obtain p,gh, = pagh., 
whence 





__ Poke 
i fr: ' 
h, = OOK XO? m= 0.18 m. 


215. A force of 196 N is applied to the smaller piston of 
a hydraulic press. Under the action of the force, the piston 
is lowered by 25 cm during one stroke, and, as a result, 
the larger piston is raised by 5 cm (Fig. 98). What is the 
force of pressure transmitted to the larger~ piston? 
Given: hy = 25cm = 0.25 m, hk, =5em= 0.05 m, 
F,=196 N. 
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Solution. According to Pascal’s law, p, = p., where 
pi = F,/S, is the pressure exerted by the smaller piston 
of area S, on the liquid and p, = F,/S, the pressure exert- 
ed by the liquid on the larger piston of area S,. Writing 
Pascal’s law in the form F,/S, == F,/S,, we obtain 


F, = F,S./8S,. . (1) 
Since the liquid is incompressible, the volume of the liq- 


uid flowing from the smaller to the larger cylinder is the 
same: V, = V,, or S,k, = S,h,, whence 


S,/S, = hy/hy. (2) 
Substituting ratio (2) into expression (1), we obtain 
h 
F,=F, 2, 


F, = 196 > N= 980 N. 


216. What must be the height of a cylindrical vessel of 
radius 5 cm filled with water for the force of pressure ex- 
erted by water on the bottom to be equal to the force of 
pressure on the lateral surface? 


Given: R=5 cm=0.05 m. 


h—? 
Solution. By definition, the force of pressure on the bot- 
tom of the vessel is 


F = pS. (1) 


Since the pressure on the bottom is p = pgh, where p 
is the density of water, h the vessel height, and S = 
mR? the area of the vessel bottom, expression (1) becomes 
= pghnR’*. 
Similarly, the force of pressure on the lateral surface 
of the vessel is 


Fiat = (P) Stats 
where (p) = p/2 is the mean pressure exerted by water 


on the lateral surface of the vessel and S),; the area of the 
lateral surface. Considering that p = pgh and Sia, = 
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2nRh, we obtain 
Fiat = penRh?. 
Since F = F,,,, or pghnR* = pgnRh*, we obtain 
h=R, h=0.05m. 


217. A spring balance with a piece of copper-silver al- 
loy suspended to it indicates 2.41 N in air and 2.17 N 


x Y 


t 


ss} 


ay 
(a) (4) 
Fig. 99 


in water. Determine the masses of copper and silver in 
the alloy, neglecting the buoyancy in air. 
Given: T,=2.41 N, T,=2.17 N. 


me—? mz—? 

Solution. During weighing in air, the piece of alloy is 
acted upon by the force of gravity mg and the tension 
T, of the spring (Fig. 99a). Writing the equilibrium condi- 
tion for the body in projections on the Y-axis, we obtain 

—mg+T, =0, 
whence mg = T, and m = T,/g. During weighing in wa- 
ter, the force of gravity mg, the tension T, of the spring, 
and the buoyant force F act on the piece of alloy 
(Fig. 995). Writing the equilibrium condition for the body 
in water, we get 
mg+T,+ F=0. 


In projections on the Y-axis, this equation has the form 
—mg+17T,+F =0. (1) 


Ch. 14. Mechanics 153 


Considering that mg = T, and F = pgV, where V 
is the volume of the body and p the density of water, we 
transform Eq. (1) as follows: 


T,— 1, + pgV = 0. (2) 


In other words, the mass of the body in air and its vol- 
ume are 


m =m, + Mz, (3) 
V=V.+V,, or V=m,/p. +m,/ps,, (4) 


where V, and V, are the volumes of copper and silver in 
the piece of alloy, and p, and p, the densities of copper and 
silver. Solving Eqs. (2)-(4) together, we obtain 
— __ Puc Ts—T: | Ty 
Rear (ot en 
__ 10.5 x 103 x 8.9 x 108 
6 = (40.5 x 10° — 8.9 x 10°) x 9.8 
2.17— 2.41 2.44 
(at aa 


Considering that m = T,/g, we get from Eq. (3) 
m, =m—m, = T,/g — m,, 
m, = (2.44/9.8 — 0.210) kg = 0.0356 kg. 


218. A hollow iron sphere is weighed in air and kero- 
sene. The readings of the dynamometer are 2.59 and 2.16 N 
respectively. Determine the volume of the cavity of the 
sphere, neglecting the buoyancy of air. 

Given: T,=2.59 N, T,=2.16 N. 


Veav—? 

Solution. During weighing in air, the sphere is acted 
upon by the force of gravity mg and the tension T, of 
the spring (see Fig. 99a). Writing the equilibrium condi- 
tion for the sphere in projections on the Y-axis, we obtain 


— mg + T, = 0, 
whence mg = T,, or m = T1,/g. During weighing in kero- 


sene, thesphere experiences the action of the force of grav- 
ity mg, the tension T, of the spring, and the buoyant 


m 


) kg ~ 0.210 kg. 
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force F exerted by kerosene (see Fig. 99b). Writing the 
equilibrium condition for the sphere in kerosene in projec- 
tions on the Y-axis, we get 


—m+T7T,+F=0. (4) 
Considering that mg = 7, and F = p,ygV, where V 
is the volume of the sphere and p, the density of kerosene, 
we transform Eq. (1) as follows: 

T,— T, + pxgV = 0. (2) 


The volume of the cavity is V.,y = V — V;, where V, = 
m/p, ig the volume occupied by iron. Consequently, 
Veay = V — mip,. Since m = T,/g, we have 





Veay = V — T,/(p 4g). (3) 
Solving Eqs. (2) and (3) together, we obtain 
oe Soot es 
Veay= Pxe pg’ 
2.59— 2.16 2.59 
Veav= ( O8xX10x98 78X10 x08 a“ 


~2.1x 105 ms. 


219. A homogeneous body floats on the surface of kero- 
sene so that the volume of the submerged part constitutes 
0.92 of the entire volume of the body. Determine the vol- 
ume of the submerged part of the body floating on the 
surface of water. 


Given: Vay =0.92V. 


Vaub—? 

Solution. We denote theentire volume of the body by V, 
the volume of the part submerged in kerosene by V,yp, 
and the volume of the part submerged in water by 
Vaup- The body in kerosene experiences the action of the 
force of gravity mg and the buoyant force F = —pxVaupg 
exerted by kerosene (Fig. 100). The floatation condition 
implies that mg = F, or 


mg = PxVouns = Px'0.92V¢, (1) 
where p, is the density of kerosene. 
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Similarly, we can write the floatation condition for 
water: 
mg=Fy, or mg = PwVours, (2) 
where py is the density of water. 
Solving Eqs. (1) and (2) together, we obtain p, x 
0.92Vg = pwVeung, whence 





Vou =e V, 
Ww 
Viup = 22X08 X10 yw 0.74V. 


220. One end of a 20-cm long thin wooden stick is 
hinged and the free end is immersed in water. What part 
of the stick will be submerged in water in equilibrium? 


Given: L =20 cm=0.2 m. 


l—? 

Solution. A stick submerged in water is acted upon by 
the force of gravity mg, the buoyant force F of water, and 
the normal reaction N of the hinge (Fig. 101). Writing the 
equilibrium condition for a body having a rotational 
axis, we obtain for the stick 


M, — M, = 0. (4) 


Here M, = Fl, and M, = mgl, are the moments of the 
forces F and mg about the axis passing through point O, 





Fig. 100 Fig. 104 
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l, = (L — 1/2) cosa and 1, = (L/2)cosa@ being the 
arms of the forces F and mg. 

Substituting the expressions for M, and M, into 
Eq. (1), we get 


F (L — 1/2) cos a — mg (L/2) cos a = 0. (2) 


Considering that F = pygSland mg = PwooagSL, where 
S is the cross-sectional area of the stick, we can write 
Eq. (2) in the form 


PwESl (L — U2) — PwooagSL?/2 = 0, 
whence 
P — 201 + Pwooal?/py = 0. (3) 


Solving Eq. (3), we find that 
l=L+ V PF = yo0al?/Pw =L (1+ V 1—Pwooa/Pw)- 


Since the length of the submerged part cannot exceed its 
length, we obtain 


l=L(i— V1—Pwooa/Pw)s 
1=0.2—-VYW1 — 0.8103/105) m ~ 0.11 m. 


221. What is heavier in water: a brick or a piece of iron 
of the same mass? 

Answer. The piece of iron will be heavier. 

222. Is the buoyant force acting on a body at different 
depths the same? 

Answer. Since liquids are practically incompressible, 
they have nearly the same density at different depths. 
Consequently, the buoyant forces will be the same at 
different depths. 

223. Where is the draught of a ship larger: in river or 
at sea? 

Answer. The draught of the ship in sea water is smaller 
than in river since the density of sea water is higher than 
that of fresh water. 


EXERCISES 


224. What force of pressure can be developed by a hy- 
draulic press if the force applied to the longer arm of the 
lever transmitting pressure to the smaller piston is 
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100 N, the ratio of the lever arms is 1:9, and the areas of 
the pistons are 5 and 500 cm?? The press efficiency is 
0.8 


225. A barometer tube is inclined at an angle of 30° 
to the horizontal. What is the length of the mercury col- 
umn under the normal atmospheric pressure? 

226. At what depth is the pressure in fresh water thrice 
higher than the atmospheric pressure equal to 1.017 x 
10° Pa? 

227. Two communicating tubes with different cross- 
sectional areas are filled with mercury. Then 272 g of wa- 
ter are poured in a wider tube of 8-cm? cross-sectional 
area. What will be the difference in the mercury levels 
in the tubes? 

228. A bar made of gold and silver is weighed in air and 
then in water. The readings of the spring balance are 3 
and 2.756 N respectively. Determine the mass of the 
gold and silver in the bar. 

229. A piece of wood floatsin water so that three-fourths 
of ae are submerged. What is the density of the 
wood? 

230. A hollow copper sphere of volume 44.5 cm*® floats 
in water so that it is submerged to half. Determine the 
volume of the cavity. 

231. A homogeneous stick is hinged at the upper end, 
and its lower end is immersed in water. The stick is in 
equilibrium when half of it is submerged. Determine the 
density of the material of which the stick is made. 


QUESTIONS FOR REVISION 


1. Define pressure and the force of pressure. What is the SI unit 
of pressure? 2. Formulate Pascal’s law. 3. What is the pressure in 
a liquid at a certain depth h? 4. How can the force of pressure exert- 
ed on the bottom and the walls of a vessel be calculated? 5. For- 
mulate the laws of communicating vessels for homogeneous and 
heterogeneous liquids. 6. Explain the principle of operation of a 
hydraulic press. 7. What is the buoyant force? 8. Formulate the 
Archimedean principle. 9. Formulate the floatation conditions for 
a body. 10. Define the lifting force. 


Chapter 2 


MOLECULAR PHYSICS 
AND THERMODYNAMICS 


2.1. Basic Concepts 
of the Molecular Theory 


HEAT AND WORK 


All substances consist of atoms and molecules. The 
amount of substance is measured in special units called 
moles. A mole of any substance contains the same num- 
ber of molecules Ny = 6.02 x 1078 mol-! (Avogadro’s 
constant). 

All molecules are in increasing random motion known as 
thermal motion. 

The sum of the kinetic energy W, of the random motion 
of all molecules of a body and the potential energy W, 
of their interaction is called the internal energy U of 
the body: 

U = Ww, + W>. 


For an ideal gas, the potential energy of molecules is 
neglected, and hence its internal energy is completely de- 
termined by its temperature: 


U =cmT. 


Here c¢ is the specific heat of the gas at constant volume, 
m the mass of the gas, and 7 its thermodynamic tempera- 
ture (in K): 7 = 273 + t, where ¢ is the gas temperature 
in degrees centigrade. 

Gas molecules possess the mean kinetic energy of 
translational motion, defined as 


W, = (1/2)my (v*), 
where m, is the mass of a molecule and v;.m_, = V (v*) 


the root-mean-square velocity of translational motion of 
molecules. 
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According to the molecular theory, this energy is con- 
nected with thermodynamic temperature through the 
following relation: 

W,, = (8/2)kT, 


where k = R/N, is the Boltzmann constant. 

The internal energy of a body may change as a result of 
two processes, viz. the heat exchange and the conversion 
of mechanical] energy into the internal energy of the 
body. 

In all processes occurring with a body, the energy con- 
servation law (the first law of thermodynamics) is ob- 
served: the amount of heat supplied to the body is spent on in- 
creasing the internal energy of the body and on doing work 
by the body on the surroundings: 


Q=AU+A. (1) 


Here, it is assumed that 
Q@ > 0 if the body receives ~ certain amount of heat, 
Q@ < 0 if the body gives away a certain amount of heat, 
A > 0 if the body does a work, and 
A < Oif the work is done on a body. 

Let us consider two special cases of ‘the change in inter- 
nal energy. 

1. The change in internal energy during heat exchange 
(without doing a mechanical work). In this case, Eq. (1) 


becomes 
Q = AU. ; (2) 


The change AU in internal energy can be calculated 
from the following relations: 


AU =cm AT (3) 
for heating and cooling, 
AU =Am (4) 
for melting and crystallization, 
AU =rm (5) 


for vaporization and condensation, and 
AU = qm (6) 
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for combustion of a substance. Here c is the specific heat 
of a body, A the latent heat of fusion, r the latent heat of 
vaporization, g the heat of combustion of the substance, 
m the mass of the body, and AT the change in tempera- 
ture, AT=6 —T,,, where @ is the final and 7,, the 
initial temperature of the body. For crystallization and 
condensation, we must assume in Eqs. (4) and (5) that 
AU < 0. In the general case, Eq. (2) has the form 


Q= 2 AU, (7) 


If several bodies take part in heat exchange, the algebraic 
sum of the amounts of heat given away by the bodies 
whose internal energy decreases and the amounts of heat 
received by the bodies whose internal energy increases is 
zero for a closed system of bodies. This statement is 
known as the heat-balance equation: 


y oF givt by Q; rec — 0, (8) 
t=1 7=1 


where Qgiy and Qrec are calculated by Eq. (7). 

2. The change in internal energy as a result of doing 
mechanical work by a body (without heat exchange with 
the surroundings). In this case, Eq. (1) becomes 


0= AU+4A, 
whence 
AU = —A. (9) 


The mechanical work A can be calculated from the 
familiar relations. 


In the presence of heat losses, the distinction should be made 
between the amount of heat Q,, spent to change the internal energy 
of a body (useful heat) and the total amount of heat Q) (taking 
into account heat losses). In this case, the concept of efficiency 
7 is introduced: 





—__Qu 
q= 01 100%. 
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232. Determine the mass of a hydrogen molecule. 
Given: M=2 x10°8 kg/mol. 
Mo—? 
Solution. If we take a mole of hydrogen whose molecu- 
lar mass is M = 2 x 10-°kg/mol, it contains, by defini- 


tion, Na = 6.02 x 1075 mol-! molecules. Consequently, 
the mass of a hydrogen molecule is 


mo = Wy ’ 
2x 10-8 


™o = G02 x 1033 


kg & 3.32 x 10-27 kg. 


233. How many water molecules are contained in a 
drop whose mass is 0.2 g? 


Given: m=0.2 g=0.2 x 10%kg, M=18 x 10° kg/mol. 
N—? 
Solution. The number,of moles in the drop of mass mis 
v=mi/M. 


Since a mole contains N, molecules, v moles of water 
contain vV, molecules. Consequently, 


N=3- Ms, 
N = ox I> x 6.02 x 1029 a 6.7 x 107, 


234. Determine the root-mean-square velocity of oxy- 
gen molecules at 20 °C. At what temperature is this ve- 
locity equal to 500 m/s? 


Given: T,=293 K, Vor.m..=9500 m/s. 


"Vrms —? Tg—? 


Solution. By definition, the mean kinetic energy of a 
gas molecule is 


Wr = (1/2)mo(v}), (1) 


11-0970 
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where m, is the mass of a molecule and %4;.m» = V (vi) 
the root-mean-square velocity. Alternately, according to 
the molecular theory, the mean kinetic energy of transla- 
tional motion of a gas molecule is given by 


= (3/2)kT,. (2) 


Equating the right-hand sides of Eqs. (4) and (2), we 
obtain (1/2)m,(v’) = (3/2)kT,, whence 


Uip-m.a= V BKT,/my. (3) 


Since k = R/Ng, expression (3) can be written in the 


form U;;.mse = V3RT,(m Na) or, considering that 
mN, = M, we obtain 


Vit.m.e = V 3RT,/M, 


meV eee 3X83 x 203° = ~ 480 m/s. 


32x10 5 
Similarly, vepm..= YV3RT,/M, whence 
D 
T,= Tims , 
T= Dee K ~ 320 K. 


235. What amount of heat must be supplied to 2 kg of 
ice taken at —10 °C to melt it, to heat the obtained water 
to 100°C, and to vaporize it? 


Given: m=2 kg, T, = 263 K, T,=373 K. 


Q-? 
Solution. The change in the internal energy of ice is 
AU, = Cycem (Tm — T) (1) 
for its heating to the melting point, 


AU, = An (2) 
for melting the ice, 
AUs = cwm (Ty — Tm) (3) 
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for heating the obtained water to the boiling point, and 
AU, = rm (4) 


for vaporizing the obtained water. 
Then the total amount of heat that must be supplied to 
the body is 


Q@ = AU, + AU, + AU, + AU,. (5) 
Substituting Eqs. (1)-(4) into (5), we obtain 
Q = Cicen (Tm — Ty) + Am + cym (Ty — Tm) + rm 
=m [etce (Tm — 71) + A + Cw (Tp — Tm) + 171), 
2 xX (2.4 x 10° x (273 — 263) + 3.35 x 105 


+4.19 x 108 x (373 — 273) + 22.6 x 10°] J 
~ 61 MJ. 


236. A metal body of mass 192 g heated to 100 °C is 
immersed in a brass calorimeter of mass 128 g containing 
240 g of water at 8.4 °C. The final temperature which sets 
in the calorimeter is 21.5 °C. Determine the specific heat 
of the tested body. 

Given: m,=128 g=0.128 kg, m,=240 g=0.24 kg, 

T,=7T,=2814K,  m, = 192 g = 0.192 ke, 
T,=373 K, @= 294.5 K. 


cs—? 

Solution. Three bodies participate in heat exchange: 
the calorimeter, the water in it, and the metal which 
gives away heat, while water and the calocimeter receive 
heat. Let us write the heat-balance equation: 


Q+2,+ 2; =0, (1) 


where Q, = AU, =cym, (8 — 7,) and Q, = AU, = 
cm, (@ — T,) are the amounts of heat received by the 
calorimeter and water respectively and Q, = AU, = 
cgm, (8 — T,) the amount of heat given away by the 
body. Substituting these relations into Eq. (1), we obtain 
cm, (8 — T,) + cym, (@ — T,) + cam, (8 — T;) = 9, 


ile 


Q 
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whence 
(6111 + CyMg) (@— 7) 
ms (T,— 8) : 
_- (0.38 x 108 x 0. 128+. 4.19 x 10° x 0.24) (294.5— 281.4) J 
0.192 x (878 — 294.5) ——— kek K 


~ 9.2 x 102 J/(kg-K). 


237. A brass calorimeter of mass 100 g contains 5 g of 
ice at —10 °C. Molten lead of mass 30 g at the melting 
point is poured into the calorimeter. What substances 
will be in the calorimeter after the heat exchange and 
what will be the temperature after the stabilization? 
Heat losses for vaporization should be neglected. 

Given: m,=100 g==0.1 kg, m,=5x10°3 kg, 

T, = 263 K, m,;=30 g=3 x 10? kg. 


m—? @—? 

Solution. The heat-balance equation cannot be written 
straightaway for problems of this type since the result of 
the heat exchange is unknown. In order to determine the 
result, we must analyze the process. 

The heat exchange in the system involves three bodies: 
the calorimeter and the ice receive while the lead gives 
away the amounts of heat Q;, Qs, and Q, respectively. 
Naturally, the heat-balance equation 


Q+@+@; =90 (1) 


is valid in this case. At the end of the process, a certain 
temperature will be established in the system. Its value 
@ lies in the temperature interval T, <. 6 < Ts, where 
T, is the initial temperature of ice and the calorimeter 
and Tm; the initial temperature (melting point) of lead. 
Such an indeterminacy in the final temperature is due to 
the fact that phase transitions of ice and lead may occur in 
the process of heat exchange. For this reason, we shall 
proceed as follows: we shall choose arbitrarily the value 98 
of the final temperature and then calculate the values of 
Q;, Gg, and Q, for this temperature, after which the fulfil- 
ment of the heat-balance equation (1) should be verified. 
If the equation does not hold, we shall use its left-hand 
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side to make final assumptions concerning the result of 
the heat-exchange process. Thus, we assume that 8 = Typo, 
where Tp. is the melting point of ice. In other words, we 
assume that the heat exchange proceeds as follows: the 
lead is crystallized and cooled, while the calorimeter and 
the ice are heated to the temperature 7,,, = 273 K. We 
also assume that the ice does not melt. We can now deter- 
mine Q,, Q,, and Q;: 

Qi =cym, (Tm, — T2), 

Q, =0.38 x 10° x 0.1 x (273— 263) J = 380 J, 

Qo = Cai, (Tme — 12), 

Q, = 2.4 x 10° x 5 x 10-9 x (273 —263) J = 105 J, 
Qs = —Agm, + cgmy (Tme — T ms): 

Q, =—3 x 10-? x [0.25 x 10° ++ 0.13 x 108 

x (600 —273)] J ~ —2025 J. 


Let us determine the sum Q, + Q, + Q, = (380 + 
105 — 2025) J = —1540 J. It can be seen that under the 
assumptions made by us, the heat-balance equation does 
not hold. Since its left-hand side is degative, we assume 
that the final temperature 8 =T7,,, as before, but 
a part of the ice of mass m has melted, i.e. the ice receives 
the amount of heat Q, + Am. Let us substitute the refined 
value of the amount of heat received by the ice into 
Eq. (1) and determine the mass of water (melted ice) 
from it: 


m = 1540/(3.35 x 10°) kg= 4.6 x 10-9 kg. 


Since the mass of the obtained water does not exceed the 
initial mass of the ice, our last assumptions concerning 
the result of heat exchange are valid. 

Thus, the established temperature is 273 K, and the 
calorimeter contains ice of mass 4 x 10-4 kg, water of 
mass 4.6 x 10-% kg, and solid lead of mass 3 x 10-9 kg. 

238. Determine the mass of water converted into steam 
as a result of pouring 10 kg of molten lead at the melting 
point into a vessel containing 1 kg of water at 20°C. 
The vessel is made of brass and has a mass of 0.5 kg. 
Heat losses should be neglected. 
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Given: m,;=1 kg, T,=T,=293 K, ms=10 kg, 
m,=0.5 kg. 


m—? 

Solution. Although the result of the heat-exchange 
process is not known to us, we assume that the final temper- 
ature of bodies is equal to the boiling point of water: 
@ =T, (see the solution of Problem 237), i.e. the heat 
exchange proceeds as follows: the water and the calorime- 
ter, having received the amount of heat Q, and Q, respec- 
tively, are heated, while the lead, having given away the 
amount of heat Q,, solidifies and cools to 8 = 373 K. We 
also assume that a part of the water of massm is convert- 
ed into steam. Under these assumptions, the following 
condition holds for the value of the mass of the steam: 


O<m<nm,. (4) 


Writing the heat-balance equation for such a result of the 
heat-exchange process, we obtain 


Qi + Q. + Qs =0, (2) 
where 
Qi = em, (0 — T,;) + 4m, (3) 
Q2 = ¢gm, (8 — 7), (4) 
Qs = —Agms + cym, (8 — Tg). (5) 


From the system of equations (2)-(5), we can determine 
the mass of vaporized water: 

— a [gt es (Tma— 9) ]— (161 + Matg) (O—T1) 

ry : 
10 x [0.25 x 10° 4 0.13 x 10° x (600—373)] 
22.6 x 106 
__ 1X 4.49 x 10° +- 0.5 x 0.38 x 10%) (373— 293) ig 
22.6 x 108 

~ 0.086 kg. 

Since the obtained value of the mass satisfies condition (41), 


our assumptions about the result of heat exchange are 
correct. 
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239. A vessel whose heat capacity is 0.63 kJ/K contains 
0.5 lof water and 250 g of ice at 0°C. What temperature 
will set in after the addition of 90 g of steam at 100°C? 

Given: C,=0.63 kJ/K=0.63 x 10° J/K, V,=0.51= 

5 x 10-4 m°, m,= 250 g=0.25 kg, m, =90 g= 
0.09 kg, 73= 273 K, T,3=373 K. 
e—? 

Solution. As in the previous problems (237 and 238), the 
result of the heat-exchange process is unknown to us. 
Therefore, we assume that all the bodies will have as 
a result of heat exchange a temperature 8 which is 
higher than the melting point of ice but lower than the 
boiling point of water. In this process, the calorimeter 
is heated, having received the amount of heat 


1 = C, (8 at T m3), (1) 


the water of mass m, = p,V, is heated, having received 
the amount of heat 


Qe = Cym, (8 — Ting) = C22V2 (0 — Tas); (2) 
the ice is melted and the obtained water is heated, having 
received the amount of heat 

Qs =Agmg + cym, (8 — Ta), (3) 
the steam is condensed and the formed water is cooled, 
having given away the amount of heat 

Q, = —rgm, + cm, (8 — T'py). (4) 


Writing the heat-balance equation, we obtain 
Qa+Q2+Q+% =9. (5) 


Substituting the expressions for Q, through Q, into 
Eq. (5), we get 

Cy (8 — Tans) + ¢aP2V2 (8 — Ts) + Agms 

+ egy (8 — Tins) — ram, + Cyr, (8 — Ths) = 0, 
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whence the steady-state temperature is 


e= Meret CyTmg— Mga t eo [M4 T s+ (PaVa+ Ms) Tims] 
Cites (OgVg-+m,+ ms) : 
6= 0.09 x 22.6 x 108+ 0.63 x 108 x 273— 0.25 x 3.35 x 105 K 
~~ 0.63 x 408+ 4.19 x 108 x (108 x 5 x 10-4 +4. 0.09 + 0.25) 
eg xX 108 x [0.09 x 373 + (108 x 5 x 10-4 + 0.25) x 273] K 
0.63 x 10° -+4.19 x 10° x (40° x 5 x 10-4-++ 0.09 -++ 0.25) 


~ 341 K. 


Since 273 K < 344 K < 373 K, our assumptions about 
the result of heat exchange are correct. 

240. A vessel from which air is rapidly pumped out 
contains water at0°C. As a result of intense evaporation, 
the water gradually freezes. What fraction of the initial 
amount of water can be frozen in this way? 


Given: T = 273 K. 


Solution. We denote by m the initial mass of water 
and by m, and m, the masses of water converted into ice 
and steam respectively. The amount of heat required for 
evaporation can only be obtained at the expense of the 
heat released during the freezing of water. In this case, 
the heat-balance equation has the form 


Qi + Q2= 0. 


Here Q, = AU,= —m,) is the amount of heat liberated 
during the freezing of water and Q, = AU,=™m,r the 
amount of heat spent for the evaporation of water, where 
i. is the latent heat of melting for ice and r the latent hcat 
of vaporization for water. Substituting these expressions 
into the heat-balance equation, we obtain m,A= m,r, 
whence m,=m,A/r. Since the mass of water remains 
unchanged during the heat exchange, we have m= m, + 
My, Or m= m, + m,A/r, whence 





my, r 
“m” Atr’ 
m 22.6 x 408 04 


"nm 5.35 X10" + 22.6 x 108 
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241. During the preparation of ice in a domestic refrig- 
erator, the temperature of water drops from 16 to 12°C 
during 5 min, and the water is converted into ice in 
4h 55 min. Determine the latent heat of fusion for ice. 

Given: At; =5min=0.3x 108s, 7,=289 K, 

T,=285 K, t=1h 55 min=6.9 x 108 s, 
A—? 

Solution. The refrigerator receives heat from water dur- 
ing its cooling and crystallization and transfers it to the 
ambient with the help of a special apparatus. For this 
reason, the temperature in the refrigerator chamber re- 
mains constant. Therefore, we can assume that the rate of 
change in the internal energy of water is also constant: 


AU/t =k = const. (4) 


Since the internal energy of water has changed by AU + 
cm (Ty, — T,) — Am during the time t= At, + t, using 
these expressions in Eq. (1), we obtain 


m le (Tm — T;) — MM(At, + 1) =k. (2) 


Since the temperature of water decreases during the time 
At,, the internal energy has changed by AU, = cm (T,—T1,). 
Taking this into account, we obtain from Eq. (4) 


em (T, — T,//At,=k. (3) 
Substituting Eq. (3) into (2), we finally get 


At 
A=c[ Ta—T,—(T2—T)) a | ’ 


h=4.19 x 108 x [ 273 — 289 — (285 — 289) 


© (exe) Ike 


~ 3.35 x 105 J/kg. 





242. A red-hot aluminium cube put on ice whose tem- 
perature is —20°C completely sinks in it. Determine the 
initial temperature of the cube, neglecting the change 
in the cube volume as a result of cooling. 
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Given: T, = 253 K. 
T,—? 
Solution. For the aluminium cube to be completely 
sunk in ice, the ice in the volume of the cube should be 
melted. Therefore, we shall assume that the cube and ice 


in the same volume take part in heat exchange. Writing 
the heat-balance equation, we obtain 


Qi + Qe + Qs=9, (1) 
where Q, is the amount of heat received by ice during 
its heating to the melting point, Q, the amount of heat 
received by ice during its melting, and Q, the amount 
of heat given away by the cube during its cooling to 
the melting point of ice. Considering that Q,= 
em, (Tm — T,), Q2=Am,, and Qy= cams (Tm — 12), 
we transform Eq. (1) as follows: 

em, (Tm — T;) + Am, =cgm, (T2 — Tm). (2) 


Since m,=p,V and m,=p,V, where V is the cube 
volume, Eq. (2) becomes 
CPV (Tm — T,) + Ap,V = cgp2V (T, — Ta), 
whence 
— ¢1P 1 (Tm— 71) + 
T= iv1 re 14-7, 
T, = 2.1 x 10° « 0.9 x 10° x (273 — 253) +. 3.3 x 105 x 0.9 x 103 K 
oe 0.88 x 108 x 2.7 x 108 
+273 K ~ 444 K. 
243. A lead bullet fired vertically upwards reaches 
a height of 1200 m. Falling to the ground, it is heated as 
a result of impact. Assuming that 50% of the mechanical 
energy of the bullet are spent on its heating, determine the 
increase in its temperature. Air resistance should be 
neglected. 
Given: h=1.2x 109m, 1=50%, or n=0.5. 


AT—? 
Solution. Using the relation 
A U = —7A ’ 
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where AU=cm AT is the change in the internal energy 
of the bullet as a result of heating by AT and A = W — 
W,=—mgh the work done by forces during the inelastic 
impact against the ground, we obtain cm AT = nmgh, 
whence 


AT = 
c J 
0.5X9.8X1.2xX10), 
AT =—St K ~ 45 K, 


244. At what velocity does a lead bullet striking a wall 
melt? The temperature of the bullet before the impact 
is 100°C, and 60% of its mechanical energy are convert- 
ed into the internal energy. 

Given: T=373 K, 1n=60%, or n=0.6. 


v—? 
Solution. We shall use the relation 

> AU = —nA. (4) 
Here >) AU=mi + cm (Tq — T) is the change in the 
internal energy of the bullet during its melting and 
heating to the melting point and A=W — W,= 
—mv?/2 the work done by forces during the inelastic 
collision of the bullet with the wall, where 7, is the 
melting point of lead. Taking these relations into ac- 
count, we write Eq. (1) in the form em (T,, — T) + mA= 
nmv?/2, whence 


2 (7m—T) +A] 
n J 
_ 4 / 2X [0.13 x 10? x (600 —373) +. 0.25 x 10°} m 


245. A sledge of mass 6 kg slides down a hill with 
a slope of 30°. Having traversed a distance of 50 m along 
the hill, the sledge attains a velocity of 4.5 m/s. Deter- 
mine the amount of heat liberated as a result of friction 
of the runners against snow (Fig. 102). 

Given: m=6 kg, a=30°~ 0.52 rad, 1=50 m, 

v=4.5 m/s. 


Q—? 
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Solution. Let us consider a closed system of bodies 
consisting of the runners and the ice surface of the hill. 
We shall use the relation 


AU =—A, , (4) 


where A= W — W, is the work done by the force of 
friction between the runners and ice, W = mv?/2 + mgh 





Fig. 102 


the total mechanical energy of the sledge at the end of 
motion, and W,= mgH the total mechanical energy of 
the sledge at the beginning of motion. Taking into ac- 
count the expressions for A, W, and Wy, we write Eq. (1) 
in the form 


AU = —(mv?/2 + mgh — mgH) 
= mg (H —h) — mv?/2 =m (gl sin a — v?/2). 
Then 
AU=6 X (9.7 X 50 x 0.5 — 4.5?) J ~ 1.4 kJ. 


Since the change in the internal energy of the interacting 
bodies is measured by the amount of heat, the amount of 
heat liberated as a result of friction of the runners against 
snow must be equal to the change in the internal energy 
of these bodies: Q= AU~14 kJ. 

246. While heating 300 g of water from 18 to 68°C 
on a spirit lamp, 7 g of spirit were burnt. Determine 
the efficiency of the spirit lamp. 

Given: m,=300 g=0.3 kg, T,=291 K, 7,=341 K, 

m,=7 g=7x 103 kg. 


n—? 
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Solution. By definition, 


— Qu 

1=% 100%. (1) 
Here Qy = >) AU,=c,m, (T, — T,) is the amount of 
heat spent to change the internal energy of water and 
Q,:= AU,= qm, the amount of heat liberated as a re- 
sult of combustion of spirit, where c, is the specific heat 
of water and q the latent heat of combustion of spirit. 
Substituting the expressions for Q, and Q, into Eq. (1), 
we obtain 


= £1 (Ta—Tr) 4 Q Qn 
q qm, : 


_ 4.49 X 103 x 0.3 x (341 — 291) sang . 
= 293 x10'XTX10-> 100% ~ 31%. 


247. The efficiency of a locomotive is 30%. Determine 
the consumption of fuel in the locomotive per hour if 
its power is 7.36 x 10? W. 


Given: 1 = 30%, N =7.36 x 102? W, t=1h=3.6 x 103s. 
m—? 
Solution. The efficiency of the locomotive is 


n= G4 100%. (1) 


Here Q,= AU,=A=N¢t is the amount of heat spent 
to change the internal energy of the fuel gas, as a result 
of which a mechanical work is done, and Q,= AU,=qm 
the amount of heat liberated during the combustion of 
the fuel, where g is the latent heat of combustion of the 
fuel. Substituting the expressions for Q, and Q, into 
Eq. (1), we obtain 


__ Nt-100% 
gn! 
whence 
m = Nt:100% 
nq 
mm == 138 X18 X3.6 X10 X 100) | 0.19 kg. 


30 x 4.61 x 107 
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248. An engine consumes 25 kg of petrol per’hour and 
is cooled with water. The temperature difference of water 
at the inlet and outlet of the radiator is 15 K. Determine 
the water flow rate per second if 30% of the energy liber- 
ated as a result of combustion of petrol are spent for 
heating water. 

Given: m=25 kg, t=1h=3.6x108s, AT=15 K, 

y= 30%, or n= 0.3. 


m,—? 
Solution. By hypothesis, 
qV= Qu/ OF ’ 


where Q, is the amount of heat required for heating 
water and Q, the amount of heat liberated as a result 
of combustion of the fuel. Considering that Q, = cm, AT 
and Q, = qm, we obtain 


n= em, AT/(gm), 
whence the mass of water is 
m, = qmn Nc AT). 
Consequently, the water consumption per second is 
— 1 _ gm 
Mag CATT 


_ 461X107 X 25x03 kg 
© Ti9xi0 x1 xX3Oxie 3 ~ 1-93 ke/s. 


249. Under what conditions can ice be a heater? 

Answer. Ice can be a heater in contact with the bodies 
whose temperature is lower than the temperature of ice. 
Since the temperature of crystallization of water under 
normal conditions is 273 K, the temperature of the bodies 
for which ice is a heater must be lower than this tem- 
perature. 

250. Why don’t damp match sticks burn? 

Answer. A match stick burns when its temperature 
attains the value at which the substance of its head is 
ignited. When a damp match stick is rubbed against a 
matchbox, the match stick receives an energy the major 
part of which is spent to evaporate the moisture contained 





m 
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in it. Therefore, the temperature of the head cannot attain 
the value at which it is ignited. 

251. Why is salt sprinkled over pavements in winter 
to remove ice from them? 

Answer. The mixture of ice and salt has a lower melting 
point than that of pure ice. Since the temperature of 
atmospheric air is higher than this melting point, the 
mixture rapidly melts. 

252. Two bodies (copper and iron) of the same mass fall 
from the same height. Which of the bodies will be heated 
to a higher temperature as a result of the impact? 

Answer. We shall assume that the initial temperatures 
of the bodies are equal and that the same fraction of their 
mechanical energy is converted into the internal energy as 
a result of the inelastic impact. Since the masses of the 
bodies, the initial heights, and the final velocities at 
the moment of impact are equal, we have 


AU, = AU,, 


or 
cym (T, — T)=c m (T, — T), (1) 


where 7, and 7, are the temperatures of the copper and 
iron bodies at the moment of the impact and T is the ini- 
tial temperature of the bodies. Since c, < c,, it follows 
from Eq. (1) that (7, — T) > (T, — T), i.e. as a result 
of the impact, the copper body will be heated to a higher 
temperature than the iron body. 


EXERCISES 


253. Calculate the masses of an ozone QO;, a carbon 
dioxide CO,, and a methane CH, molecule. 

254. How many molecules are contained in 1 kg of 
(a) hydrogen H, and (b) oxygen O, under normal condi- 
tions? 

255. The mean kinetic energy of translational motion 
of gas molecules is 4.7 x 10-% J at 5000°C. What are 
the values of this energy at —273 and 1000 °C? 

256. A mixture consists of 241 of water at 12 °C and 
40 1 of water at 80°C. Determine the steady-state tem- 
perature if the thermal losses during mixing are 420 kJ. 
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257. A piece of aluminium having a mass of ‘200 g and 
heated to 100°C is placed into a calorimeter containing 
270 g of water at 12°C. The temperature at thermal 
equilibrium is 23 °C. Determine the specific heat of alu- 
minium if the heat capacity of the calorimeter is 42 J/K. 

258. A piece of ice of 20 kg at —20°Cis immersed in 
20 1 of water at 70°C. Will the entire mass of ice be 
melted? 

259. A lead bullet flies at a velocity of 200 m/s. What 
will be the change in the bullet temperature if its entire 
energy is spent for its heating? 

260. A steam hammer of mass 10 t falls freely from 
a height of 2.5 m on an iron ingot of mass 200 kg so that 
30% of the amount of heat liberated during the impact are 
spent for heating the ingot. How many strokes has the 
hammer made if the temperature of the ingot has in- 
creased by 20°C? 

261. A locomotive having a mass of 213.5 t and a ve- 
locity of 72 km/h comes to a halt. What amount of heat is 
liberated during braking? 

262. What power is developed by a bicycle engine if 
the petrol consumption over 100 km of the path is 1.7 1 
at a velocity of 25 km/h? The efficiency of the engine 
is 20%. 

263. What will happen with the level of water in a glass 
with a piece of ice after its melting? 


QUESTIONS FOR REVISION 


1. Formulate the basic concepts of the molecular theory. 2. De- 
scribe experiments confirming the fundamentals of the molecular 
theory. 3. What is the internal energy of a substance? 4. Name 
two methods by which the internal energy of bodies can be changed. 
5. Formulate the first law of thermodynamics. 6. Name the states 
of aggregation of matter. 7. What 1s melting (crystallization) of a 
substance? 8. Does the temperature of a substance change during 
its melting (crystallization)? What is the term applied to this tem- 
perature and what factors determine it? 9. Define vaporization 
(condensation) of a substance. 10. Describe two methods of vapor- 
ization. 11. Does the temperature of a substance change during 
vaporization (condensation)? What is the term applied to this tem- 
perature and what factors determine it? 12. Write formulas for cal- 
culating the change in the internal energy of a substance during 
melting (crystallization) and during vaporization (condensation) 
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of a substance. 13. What is the change in the internal energy of a 
substance during its heating or cooling. if the substance remains 
in the same state of aggregation? 14. Define specific heat, latent 
heat of fusion, and latent heat of vaporization. 15. What is the 
change in the internal energy of a substance during its combus- 
tion? 16. What is the latent ‘heat of combustion of fuel? 17. Write 
the heat-balance equation. 


2.2. Properties of Gases 


The state of any gas can be characterized by its mass m, 
the volume V occupied byit, the pressure p exerted by the 
gas on the vessel walls, the temperature 7, and the molar 
mass M. Equations relating these quantities are known 
as the equations of state for the gas. 

Boyle’s law. For m=const and T= const, we have 


pV = const, 
or for two states of a gas, 
PiVi = P2V>. 


This law describes isothermal processes. 
Charles’ law. For m=const and p= const, we have 


V/T = const, 
or for two states of a gas, 
V,/T, = V,/T,. 
This law describes isobaric processes. 
Gay-Lussac’s law. For m=const and V= const, we 


have 
p/T = const, 


or for two states of a gas, 
p,/T, = p,/T,. 
This law describes isochoric processes. 
Ideal gas law. For m= const, 
pV/T = const, 
or for two states of a gas, 
PiV,/T, = p.V,/T,. 
12—0970 
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Consequently, any state of a gas can be compared with its 

state under normal conditions: p)>=1.01 x 10°Pa, T,= 

273 K (0°C), and Vy = 22.4 x 10-3 m® (the volume of 

a mole of any gas under normal conditions). 
Clapeyron’s equation of state (for an ideal gas): 


pV = (m/M) RT, 


where m is the mass of the gas, M its molar mass, and 
R = 8.3 J/(mol-K) a constant which is the same for all 
gases and is known as the molar gas constant. 

Dalton’s law. In a vessel containing a mixture of several 
gases which do not enter into chemical reactions with one 
another, the pressure is equal to the sum of partial pressures 
(viz. the pressures produced by each gas in the absence of 
other gases in the vessel): 


P=P, + Po+..-+Pn- 


Any problem on gas laws can be solved by using Clapeyron’s 
equation of state or the ideal gas law (depending on the conditions 
of the problem). Boyle’s, Charles’, and Gay-Lussac’s laws can be 
treated as special cases of these equations. 


* * * 


264. The volume of an air bubble increases threefold 
as it rises from the bottom of a lake to the surface. What 
is the depth of the lake? 

Given: V,=3V,. 

h—? 

Solution. We assume that the temperature of water in 
the lake is the same at any depth. Then the temperature 
of air in the bubble is constant, and according to Boyle's 
law, 


PiV, = PoVs, 


where p, and py, are the pressures of air in the bubble at the 
bottom and at the surface of the lake respectively, and V, 
and V, the volumes of the bubble at the bottom and at 
the surface. 
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The air pressure in the bubble at the surface is obviously 
equal to the atmospheric pressure po, i.e. Po= Po. Then 
P1V;= 3poV;, whence p, = 3pp. 

Consequently, the increase in pressure at the bottom is 
Ap = Py — Po= 3Po — Po= 2Po. It is known from hy- 
drostatics that Ap = pgh, where p is the density of the 
water and h the depth of the lake. Equating the right- 
hand sides of the last equations, we obtain 2p)= pgh, 
whence 


_ 2p 
hae 
2x 1.04 x 108 
See 


265. A vessel with air whose pressure is 97 kPa is con- 
nected with a piston pump. After five strokes of the 
piston, the air pressure in the vessel becomes 29 kPa. 
Determine the ratio of the volumes of the vessel and the 
cylinder of the pump. 

Given: py=97 kPa=9.7 x 10* Pa, 

Ps=29 kPa=2.9 x 104 Pa, n=5. 


V,/V,—? 

Solution. Let V, and V, be the volumes of the vessel and 
the cylinder of the pump. After the first connection of the 
cylinder with the vessel, we have, according to Boyle’s 
law, PoVi =p, (Vi + V2), whence p,= PoVs/(V, + V2). 
After the second connection, p,V,;= pe (V, + V.), 
whence p.= P,V,/(V; + V2), or pe= poVi/(V, + V2)?. 
Similarly, after the fifth connection, p; = PoV® 1(V,+V,)°. 
Let us transform the obtained equation: 





Po _ Vitv, Po _ “ees 
Bs = (8 )° ‘ log 29 log —— , 
whence 
log —-— ay" - =< log =, 
v ay _ 44. 9.7% 106 
log T, 2 == log soso ~F ! hog 3. 35 
= £ 0.5250 =0.1050. 
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From the table of antilogarithms, we find that 
(V, + V.)/V, ~ 1.274, whence V,/V, ~ 3.65. 

266. A closed vessel whose volume is 1 | contains 12 kg 
of oxygen. Determine the pressure of the oxygen at 15 °C. 


Given: V;=11=103 m3, m=12 kg, 7,=288 K. 


P,—? 
Solution. Let us compare the state of the given mass of 
oxygen (p,, V,, 7,) with its state under normal conditions 
(Po. Vo, Zo). According to the ideal gas law, 


PiVy/T, = poVo/T o. 


Since V)= m/po, where pp is the density of oxygen under 
normal conditions, p,V,/T; = pom/(Top,), whence 


— Poly 
Pi ViT Po ' 


1.01108 x 12x 288 5 
P= “O32 XL Pa ~ 8.94 x 10° Pa. 


267. Calculate the pressure of a mole of a fs occu- 
pying a volume of 1 | at a temperature of 300 K. 


Given: T,=300 K, V,=11=10-3 m’. 


Pi—? 
Solution. We compare the state of a given mass of the gas 
(p,;, Vi, 7) with its state under normal conditions 
(Po, Vo. To). According to the ideal gas law, we have 


Py Vy/T, = PoVo/To, 





whence 
=f PoV ols 
ry —_ ViTo 
4.01 x 108 x 22.4 x 10-3 x 300 
P= 3 Xx273—~C~C” Pa ~ 2.49 MPa. 


268. How many molecules of air are contained in 
a room of volume 240 m3 at a temperature of 15 °C under 
a pressure of 10° Pa? 

Given: V,=240 m3, 7T,=288 K, p,=10° Pa. 


N—? 
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Solution. In order to use the ideal gas law, we shall com- 
pare the states of a given mass of the air under given 
(Py, Vy, T;) and normal (po, Vo, To) conditions. This gives 


PiV,/T, = PoVo/T o. (4) 


Since the volume of the air under normal conditions is 
Vo=m/po, where po is the density of the air under 
normal conditions, Eq. (1) assumes the form p,V,/T, = 
Pom/(T Po), whence 


m = PVT Po! (Po). 
Let us calculate the number v of moles contained in the 
given mass of the air: 
v= m/M = PrVyT oPo/(PoT 1M). 
Since the number of molecules in a mole of any gas (in- 
cluding air) is equal to Avogadro’s constant N,, we have 


= PxViT Po 
N= =N,v= N, Pewee pol Mh ’ 


10° x 240 x 273 x 1.29 
= Le ee ll Ment lt Meet iat I Aw 27 
N =6.02 x 10 X TOO CREE CO tos 8 x 10 ‘ 


269. The volume of air in a room is 100 m*. What is 
the mass of the air leaving the room as a result of an in- 
crease in temperature from 10 to 25 °C if the atmospheric 
pressure is 102 kPa? 


Given: V,=100 m’, 7,=283 K, T,=298 K, 
Pp, =102 kPa=1.02 x 105 Pa. 
Am—? 
Solution. Let us compare the states of the mass m, of 


the air in the room under the given (p,, V,, 7,) and nor- 
mal (pop, V>, To) conditions: 


PV 1/7 = PoVG/T 9 = Poy! (T oPo)s 
where V);=m,/p). Then 
mm, = P, Vil oPo/(T1Po)- 


As the temperature increases, the volume and pressure 
will not increase, but the mass of the air in the room will 
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é 


be different (m,). Similarly, we shall compare the states 
of the mass m, of air at the given (p,, V,, T,) and normal 
(Po. Vi. To) conditions. This gives p,V,/T, = poV-/T, = 
PoM./(ToPo), where V; = m,/po. Then 

Me = PyVyT oPo/(T2Po)- 
Thus, the mass of the escaped air is 


Am =m,—m,= PViToPo  P1ViT oo 





Pols Pole 
os PiVil oO) T2—T, 
Po TT, ° 
4.02 x 105 x 100 x 273 x 1.29 298 — 283 
Am =r 8 = 5ag Ke ~ 6.33 kg. 


270. A cylinder with the area of the base of 100 cm? 
contains air. A piston is at 50 cm from the cylinder bot- 
tom. When loaded by a weight of 50 kg, the piston is 
lowered by 10 cm. Determine the temperature of air 
after the loading if its pressure before the loading was 
101 kPa and the temperature was 12 °C. 

Given: S$ =100 cm?=107 m2, hk, =50 cm=0.5 m, 

m=50 kg, 1=10 cm-=0.1 m, pp=101 kPa= 
1.01 105 Pa, 7,=285 K. 


T,—? 

Solution. Let us consider two states of air under the 
piston: before the loading and after it. The state of air 
before the loading is characterized by the parameters p,, 
V,, and 7,, and after the loading by p,, V2, and T,, where 
V~" = Sh,, Pi= Por Po= Po + D', P= meglS, and Ve= 
Sh,. or sinceh,=h, — 1, V,=S (h, — l). Let us apply 
the ideal gas law to these two states: p,V,/T, = p,V,/T,., 


whence 
T, = poV2T\/(pi Vj). (1) 
Substituting the expressions for p,, V;, Po, and V, into 
Eq. (1), we obtain 
ae (Po+mg/S) S (hy—1) Ty _ (Pot mg/S) (ty—N Tr 
PoShy Pol , 


_ (1.01 x 104 50 x 9.8 x 10*) (0.5—0.1) x 285, 
ee 4.01 « 108 x 0.5 K ~ 339 K. 
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271. Determine the density of hydrogen at a tempera- 
ture of 15 °C under a pressure of 98 kPa. 
Given: T=288 K, p=98 kPa=9.8 x 10* Pa. 


p—? 
Solution. Using Clapeyron’s equation of state for an 
ideal gas, we obtain pV = mRT/M. Since V=m/p, the 
above equation becomes pm/p = m/(MRT), whence 


— PM. 

~ RT? 

__ 9.8 x 104 x 2 x10-3 kg 
=a a 0.082 kg/m’. 

272. Ten grams of oxygen are under a pressure of 
0.303 MPa at a temperature of 10 °C. After heating at con- 
stant pressure, the oxygen occupies a volume of 10 1. 
Determine the initial volume and the final temperature 
of the gas. 

Given: m=10 g=107? kg, p=0.303 MPa= 

3.03 x 105 Pa, 7, =283 K, V,=10 1=107 m’. 
V,—? T,-—? 
Solution. Using Clapeyron’s equation of state pV, = 


mRT,/M, we can determine the volume of oxygen before 
heating: 





mRT 
Y,= Mp? 
_ __ 10-3 x 8.32 x 283 ee “99 
Vi= BEX AO x 3.08 x fos S24 x 10% mn. 


By hypothesis, the oxygen is heated at constant pressure, 
and hence its temperature after heating can be determined 
from Charles’ law V,/T, = V,/T,, whence 





T,= yo ’ 
107? x 283 | 
T, = sacs K & 1:18 x 10° K. 


273. Hydrogen leaks from a cylinder of volume 10 1 
because of a faulty valve. At 7 °C, the manometer indi- 
cates 5 MPa. At 17°C, the reading of the manometer 
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Temains unchanged. Determine the mass of the gas 
that has leaked from the cylinder. 

Given: V=10 1=10? mS, 7,=280 K, p=5 MPa= 
5x 10° Pa, 7,=290 K. 


Am—? 
Solution. Using Clapeyron's equation of state pV = 
m,RT,/M, we can determine the initial mass of hydrogen: 
m,= pVM/(RT,). 


Similarly, we can find the mass m, of hydrogen after the 
leakage: 
Ms = PVM/(RT,). 

Consequently, the mass of the leaked gas is 

_ _ pVM__pVM _ pVM T,—T, 
Am =m,—™,="Rr, — "RT, = RT,’ 

_ 5X 10° x 10-2 x 2 x 1073 (290 -- 280) ~~ = 
Am = = a 00 BO kB 1-5 x 1079 kg. 


274. Determine the density of a mixture consisting of 
4 g of hydrogen and 32 g of oxygen at a temperature 
of 7°C under a pressure of 93 kPa. 

Given: m,=4g=4x 10%kg, m,=32g =32 x 10°Skg, 

p=93 kPa=9.3 x 104 Pa, T=280 K. 
p—? 

Solution. According to Dalton’s law, the pressure of 

the mixture is 


P=P, + Pa (1) 


where p, and p, are the partial pressures of hydrogen and 
oxygen under the given conditions. Writing Clapeyron's 
equation of state for each gas separately, we obtain 


PiVi=m,RT,/M,, p.V,=m,RT,/M,. 


By hypothesis, V;=V,=V and 7,=T,=T. Then 
for hydrogen we have p,\V = m,RT/M,, whence 


= m,RT/(M,V). (2) 
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Similarly, for oxygen we get 
P2=m,RT/(M,V). (3) 
Substituting expressions (2) and (3) into (1), we obtain 
=p te oF (e+e) 


P=™, VM, Vo VAM UM, 
whence 
ee On 
v= (aet+at)- (4) 
By definition, the density of the gas mixture is 
p=mi/V, (5) 


where m =m, + m, is the mass of the gas mixture. 
Substituting Eq. (4) into (5), we get 


p= Mmitms  —p_ 
m,/M,+m,/M, RT ’ 
7 4x 10-84-32 x 40-3 9.3 x 104 Ag 
P= 4x 10-3/(2 « 1078) +-32 « 40-3/(32 « 10-9) 8.32 x 280 m3 


~ 0.48 kg/m. 


275. The volumes of two vessels with a gas are 3 and 41 
respectively. The gas is under a pressure of 202 kPa in the 
first vessel and under 101 kPa in the second vessel. What. 
will be the gas pressure after the connection of the vessels? 
Assume that the temperature in the vessels is the same 
and maintained constant. 

Given: V;=3 1=3x 103 m8, V,=41=4x10°3 m3, 

Pp, = 202 kPa=2.02 x 105 Pa, p,=101 kPa= 


1.01 x 105 Pa. 
p-? 
Solution. According to Dalton’s law, 
P= Ps + Pa- (1) 


Since the process is isothermal, the partial pressure of 
the gas in each vessel can be determined from Boyle's law: 
PiVi=psV and p,.V,=p,V, where V=V, + V,. Then 
the partial pressure of the gas in each vessel after the 
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connection is 
Ps=PiV,/V, pa= PoV,/V. (2) 
Substituting expressions (2) into (1), we obtain 
_ PV PVs PVitPaVs 
Py ee ye 
2.02 x 108 x 3 x 1073 -++- 4.01 « 105 « 4 x 10-3 


276. Three grams of water are introduced into a 10-] 
vessel containing dry air under normal conditions and 
heated to 100°C. Determine the pressure of damp air 
in the vessel at this temperature. The pressure dependence 
of the boiling point for the water should be neglected. 

Given: m=3 g=3x 103 kg, V=101=107 m3, 

T = 373 K. 


p—? 

Solution. According to Dalton'slaw, p= p, + p2, where 
P, and p, are the pressures of dry air and water vapour 
respectively. Since the heating occurs at constant volume, 
the pressure of dry air at 373 K can be determined from 
Gay-Lussac’s law: po/T)= p,/T, whence p,= pol /T. 
Let us determine the pressure of water vapour, treating 
it as an ideal gas. The number v of moles of water vapour 
in the vessel is 

v= m/iM, 


where M is the molar mass of the vapour. Then the vol- 
ume occupied by vapour under normal conditions is 


Vo = Vov= Vom/M. (1) 

From the ideal gas law p,V,/T,)= p,V/T, we can find the 

vapour pressure: Pp, = Pye or, taking into account 
( 


Eq. (1), Po = Pol Vom/(T,VM). Consequently, the pres- 
sure of damp air is 


Le ae (147 =), 





P="7, T.VM To VM 
1.01 x 108 x 373 22.4 x 10-8 x 3 x 10-3 
=——a5— (4 + eexies— ) P 


~ 190 kPa. 
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277. How many air molecules are contained in a cubic 
centimetre of a vessel at a temperature of 10 °C if the air 
in the vessel is rarefied to a pressure of 1.33 pPa? 

Given: V=1 cm3=10-¢ m3, 7 = 283 K, 

p=1.33 pPa = 1.33 x 10° Pa. 
N—? 

Solution. The number of molecules in a cubic centime- 

tre of air can be calculated from Avogadro’s constant Na 


and the number v of moles contained in a cubic centime- 
tre of air by the formula 


N= vWN4. 


The number v of moles contained in a cubic centimetre 
of air can be defined as the ratio m/M, where m is the 
mass of air contained in a cubic centimetre and M the 
molar mass of air. The ratio m/M can be determined from 
Clapeyron’s equation of state: 


m/M = pV/(RT). 


Thus, the required number of molecules is 
pv 


N=pr Na 
1.33 x 10-* x 10-8 = 
N= x 6.02 x 1023 = 3.4 108. 


278. A sphere of mass 40 g filled with air isin equilib- 
rium in a jake at a depth of 100 m and at a temperature 
of 8°C. Determine the mass of the air in the sphere if 
the atmospheric pressure is 99.7 kPa. The walls of the 
sphere are made of thin rubber. 

Given: h=100 m, T=281 K, m=40 g=4x 107? kg, 

Patm = 99.7 kPa = 9.97 x 10% Pa. 


m—? 

Solution. The sphere immersed in water is acted upon 
by the force of gravity mg and the buoyant force F = pVg 
exerted by the water, where p is the density of water 
(Fig. 103). By hypothesis, mg= F, or mg = pVg, whence 
V = m/p. The mass of air in the sphere can be determined 
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from Clapeyron's equation of state: 
m, = MpV/i(RT). (1) 


Here p = Patm + Ph, Where p, = phg is the hydrostatic 
pressure of water at a depth hk. Substituting the expres- 
sions for p and V into Eq. (1), we obtain 
m, = (atm+ phe) mip 
; a RT ’ 
__ 29 x 10-8 x (9.97 x 104+ 108 x 102 x 9.8) x 4 x 1073 x 10-8 k 
he = eK 
~ 5.36 x 10-4 kg. 





Fig. 103 


279. Why does the body of a deep-water fish swell when 
it is brought to the surface? 

Answer. At a large depth, the pressure inside the fish 
is balanced by the external pressure which is much higher 
than the atmospheric pressure. When the fish is brought 
to the surface, the external pressure becomes equal to the 
atmospheric pressure, while the pressure inside the fish re- 
mains unchanged. As a result, the volume of the fish 
sharply increases. 

280. Electric bulbs are filled with krypton at a low 
pressure. Why? 

Answer. During the operation of a bulb, the gas in it is 
strongly heated, which considerably increases the gas 
pressure. If the initial pressure were not low, it would 
lead to an explosion of the bulb. 
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EXERCISES 


281. A narrow cylindrical tube sealed at one end is 
in the horizontal position. Air in the tube (whose volume 
is 240 mm’) is separated from the atmospheric air by 
a mercury column of length 15 cm. If the tube is turned 
to the vertical position with the open end facing up, the 
air in the tube will occupy a volume of 200 mm‘. Deter- 
mine the atmospheric pressure. 

282. A 2-1 cylinder contains a gas under a pressure of 
0.33 x 105 Pa, while a 6-1 cylinder contains the same gas 
under a pressure of 0.66 x 10° Pa. The cylinders are con- 
nected through a tube with a valve. What pressure will be 
established in the cylinders after the opening of the 
valve? 

283. A cylinder contains a gas under a pressure of 
131.3 x 10° Pa at a temperature of 30°C. As a result 
of leakage, the pressure in the cylinder drops to 2.02 x 
10° Pa and the temperature to —25 °C. What fraction 
of the gas remains in the cylinder? 

284. A narrow cylindrical tube of length 100 cm open at 
two ends is immersed in mercury to half its length. The 
upper end is closed and the tube is taken out of mercury. 
Determine the height of the mercury column that remains 
in the tube, assuming that the atmospheric pressure is 
normal. 

285. Determine the difference in the masses of air 
filling a room of volume 50 m® in summer and winter if 
the temperature in summer reaches 40 °C and in winter 
drops to zero. The atmospheric pressure should be regard- 
ed as normal. 

286. Determine the mass of a mole of a mixture con- 
sisting of 25 g of oxygen and 79 g of nitrogen. 

287. To what temperature should a flask containing air 
at 20 °C be heated for its density to decrease by a factor 
of 1.5? 

288. Determine the mass of oxygen containing in 
a cylinder having a volume of 1 1 under a pressure of 
0.93 x 105 Pa at a temperature of 17 °C. 

289. What is the volume occupied by 3 g of carbon di- 
oxide under a pressure of 133kPa at a temperature of 27 °C? 
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290. Determine the density of oxygen contained in 
a cylinder under a pressure of 3 x 105 Pa at a temperature 
of 17 °C. 

291. Plot the p-V graphs for isothermal, isobaric, 
and isochoric processes. 


QUESTIONS FOR REVISION 


1. Define an isothermal process. 2. Formulate Boyle’s law. 
3. What curve is called an isotherm? Plot an isotherm in the 
p-V coordinates. 4. What process can be referred to as isobaric? 
5. Formulate Charles’ law. 6. What curve is called an isobar? Plot 
an isobar in the V-7 coordinates. 7. What process can be referred 
to as isochoric? 8. Formulate Gay-Lussac’s law. 9. What curve is 
called an isochor? Plot an isochor in the p-V coordinates. 
10. Formulate the ideal gas law. 11. Write Clapeyron’s equation of 
state for an ideal gas. 12. Formulate Dalton’s law. 13. Clarify the 
physical meaning of thermodynamic temperature. 14. Name the 
parameters characterizing the state of a gas and give their SI units. 


2.3. Work Done by a Gas. 
Heat Engines 


An elementary work done by a gas contained in a cylin- 
der under a piston during expansion is 


dA = F cosadl. 


For « = 0, we obtain 
dA = F dl = pS dl = p dV, (1) 


where p = F/S is the gas pressure, S the area of the piston, 
and dV = S dl the change in the gas volume. 
The total expansion work of a gas from volume V; to V, 
is determined by integration: 
Va 
A=| pdv. 
Vy 


A heat engine is a device in which the internal energy 
of a fuel is converted into mechanical work. 
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Any heat engine includes a heater, a working substance, 


and a cooler (Fig. 104). The heater supplies an amount of 
heat Q, to the working substance. The cooler receives an 


Working substance 












Fig. 104 


amount of heat Q, from the working substance. The 
mechanical work done by the working substance is 


A= Q, — Q:. 


The operation of a heat engine is characterized by the 
efficiency defined by the formula 


n= A= 100%. 
C1 
The efficiency of an ideal Carno heat engine is 


n= tat 100%, 
1 

where 7, and 7, are the temperatures of the heater and 

the cooler respectively. The efficiency ofa heat engine is al- 

ways less than unity (the second law of thermodynamics). 

An ideal heat engine is reversible (refrigerator). 


xe & 


292°. Ten grams of carbon dioxide are heated from 20 to 
30 °C at constant pressure. Determine the expansion work 
of the gas and the change in its internal energy. 

Given: m=10 g=107% kg, 7,=293 K, T,=303 K. 


A—? AU—? 
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Solution. The change in the internal energy of carbon 
dioxide during its heating from 7, to T, can be determined 
by the formula 

AU =cym (T,— T,), 
where cy is the specific heat of carbon dioxide at con- 
stant volume. ! Consequently, 

AU = 0.83 x 10° x 10-? x (303 — 293) J = 83 J. 


The expansion work of a gas is 
Vs 
A=\ pav. (1) 
Vv, 
By hypothesis, the pressure p of carbon dioxide is con- 


stant and hence can be taken outside the integral sign. 
Expression (1) then becomes 


Vs 


A=p\ aV=p(V,—V)). (2) 
vy, 
From Clapeyron’s equation of state 
pV = mRT/IM 


we determine the volume of carbon dioxide at a temper- 
ature JT: V = mRT/(Mp). Consequently, at the tem- 
peratures 7, and J, carbon dioxide will occupy the 
volumes 

V, =mRT,/(Mp), V,= mRT,/(Mp). (3) 


Substituting expressions (3) into (2), we obtain 


ea mRT, mRT,\__ mR 
A=p( Mp Mp) = (ToT), 


10-2 x 8.32 
A=—a0 X (303 — 293) I~ 18.9J. 








293°. Six grams of oxygen (O,) taken at a temperature 
of 30 °C expand at constant pressure so that the volume 


__ 1 This formula can be applied since the internal energy of an 
ideal gas depends only on its temperature ve neglect the potential 
energy of interaction between gas molecules). 
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increases twofold due to a heat supplied from outside. 
Determine the expansion work of the gas, the change in 
the internal energy of oxygen, and the amount of heat 
supplied to it. 

Given: m=6 g=6x10% kg, T,=303 K, V,=2V,. 

A—? AU—? Q-—? 

Solution. The change in the internal energy of oxygen 

as a result of its heating by AT is 
AU =cym AT, (1) 

where cy is the specific heat of oxygen at constant volume 
(see footnote 1 to Problem 292°) and AT = T, — 7, the 
change in its temperature, 7, and 7, being the initial 
and final temperatures of oxygen. 

Since oxygen expands at a constant pressure p, we can 
use Charles’ law V,/7, = V,/T, to determine the final 
temperature of oxygen: 


T, = V~,T,/V, = 2V,T,/V, = 27. (2) 


Substituting expression (2) into (1), we get 
AU = cym (T, — T,) = cym (2T, — T,) = cymT,, 
AU = 0.92 x 10° x 6 x 10-® x 303 J ~ 1.67 kJ. 


Let us determine the expansion work of the gas: 
V, 
A= \ pay, 
Vv, 
or, considering that p =const, 
Va 
A=p\ dV=p(V,—V,)=p(2V,—V,)=pV,. (3) 
vy 
Using Clapeyron’s equation of state pV, = mRT,/M, we 
can determine the volume of oxygen at the temperature 7,: 
V, = mRT,/(Mp). (4) 
13-0970 
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Substituting expression (4) into (3), we get 
mRT, — mRT, 





AP dp. Foe 
_ 6X 10-9 x 8.32 x 3037 


The amount of heat supplied to the gas can be deter- 
mined from the first law of thermodynamics: 


Q=AU+A, 
Q = (1670 + 473) J ~ 2.14 kJ. 
294°. Ten grams of nitrogen (N,) expand isothermally 
at a temperature of —20 °C so that the gas pressure drops 
from 202 to 101 kPa. Determine the expansion work of 
the gas, the change in the internal energy of nitrogen, 
and the amount of heat supplied to it. 
Given: m=10 g=10% kg, T=253 K, p, = 202 kPa= 
2.02 x 105 Pa, p,=101 kPa=1.01 x 105 Pa. 


A—? AU—? Q—? 
Solution. Since the change in the internal energy of 
a gas is 
AU =cm AT 
and the gas temperature remains constant during expan- 
sion, the change in temperature AT = 0, and hence AU= 
0. Let us determine the expansion work of the gas: 


Vs 
Ae \ pdv. (4) 
v 
Using Clapeyron’s equation of state, we can determine 
the gas pressure: 
Pp =mRTI(MVD). (2) 


Substituting expression (2) into the integrand of (1), we 
obtain 





et in ve: (3) 
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Having determined the volume ratio V,/V, = p,/p, by 
Boyle's law and substituting it into Eq. (3), we obtain 


Aa DRT jy Pa 





M Pe 
__ 10-3 x 8.32 x 253, 2.02 x 108 
A=——axtoes — !" Torcaos S924 J 


The amount of heat supplied to the gas can be determined 
from the first law of thermodynamics: 


Q=AU+4, 
or, since AU = 0, 
Q@=Ax~521 J. 


295°. Air of mass 0.2 g is contained in a cylinder under 
a weightless piston having an area of 15 cm? at a temper- 
ature of 20°C. Determine the work done during a slow 
uniform ascent of the piston from a height of 10 to 
20 cm. The atmospheric pressure is normal. 
Given: S=15 cm? =1.5 x 1073 m2, m= 0.2 g= 
2x10% kg, T=293 K, h,=10 cm=0.1 m, 
h,=20 cm=0.2 m. 


A—? 

Solution. During the uniform ascent of the piston, it is 
acted upon by the external force F.,;, the 
force of pressure F exerted by the air 
under the piston, and the force of pres- 
sure F,,, of the atmospheric air (Fig. 105). 
Let us determine the work done by the 
external force to lift the piston to the 
height h,: 

ry 
A= \ Pox dh. (1) 
Ay 
In order to determine the external force, Fig. 105 
we write the equilibrium condition for 
the piston in projections on the Y-axis: Fey. +F—Fatm= 
0, whence 





Fert = Fatm — F. 
13* 
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By definition, Fatm = PoS and F = pS. Here py is the 
atmospheric pressure and p = mRT/(MYV) the pressure of 
the air under the piston, where V = Sk is the volume of 
the air under the piston when the latter is at an arbitrary 
height hk. Then the expression for the force of pressure 
exerted by the air under the piston has the form F = 
mRT/(Mh). Substituting the expressions for Fam and F 
into a (1) and Per ae we obtain 


dat (Fatm—F) dh = i "Fam ah— {Pan 

: Baca - ‘ 
=| pos ah— | arr Bali | pos f an | 4 

hy 1 





= pyS (hy —h,) — TEP In 2 , 
hy 


= [ 1.01 x 108 x 1.5 x 10-3 x (0.2—0.4) 


210-4 x 8.32 x 293 0.277 7. 
——soxtos In orl! ~ 3.5 J. 


Since the piston moves slowly, the temperature 7 can be as- 
sumed to be constant and taken outside the integral sign. 

296. An ideal heat engine received 3360 J of heat dur- 
ing a cycle from a heater whose temperature is 500 K. 
Determine the amount of heat given away during a cycle 
to a cooler whose temperature is 400 K. Calculate the 
work done by the engine during a cycle. 

Given: T,=500 K, Q,=33605, 7,=—400 K. 


Q,.—? A—? 
Solution. By definition, the efficiency of an ideal heat 
engine is = (Q; — Q.)/Q, = (7, —T,.)/T,, whence 


fr. 
Q. = “ s ’ 
1 
Q, = BRAM 5 = 2688 J. 
The work done by the engine during a cycle is 
A=Q,—-Q, 


= (3360—2688) J = 672 J. 
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297. An ideal Carnot heat engine with a reverse cycle 
(refrigerator) used water at 0°C as a cooler and water at 
100°C as a heater. What amount of water should be 
frozen in the cooler to vaporize 500 g of the water in the 
heater (boiler)? 

Given: t, = 100°C, T, = 373 K, t2 = 0°C, T. = 273K, 

m, = 500 g = 0.5 kg. 
my— ? 

Solution. The amount of heat liberated during the 
cooling of the water of mass mz is 

Qe = Am2, (1) 


where A is the latent heat of fusion for ice. 
The amount of heat required to vaporize the water of 
mass m, is 
Qi=rm, (2) 
where r is the latent heat of vaporization for the water. 
Using the expression n= (Q, — Q2)/Q: = (71 — T2)/T 
for the efficiency of the ideal Carnot heat engine, we find 


that 
Qe = T2Q,/T). (3) 


Substituting expressions (1) and (2) into (3), we obtain 
Am, = Tomr/T,, whence 


Tymyr 





is aaa Wea 
273 x 0.5 x 22.6 x 105 
mM, = “a3 aS OY KB & 2.47 ke. 


298. Determine the work done by a heat engine during 
a cycle shown in Fig. 106. 

Given: pi, pe, Vi, Vo. 

A—? 

Solution. The expansion work of a gas is numerically 
equal to the area of the figure bounded by the graph p = 
p(V), the abscissa axis, and the ordinates of the initial 
and the final point of the graph. The work done on seg- 
ments I-2 and 3-4 is zero since the gas volume does not 
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Fig. 106 Fig. 107 


change on these segments. The work done by the engine 
during a cycle is numerically equal to the difference in 
the areas of rectangles V,23V, and V,J4V,, i.e. to the 
area of rectangle 1234. Using the figure, we can determine 
this area: 


A = p2(V, — Vy) — py (V2 — Vi) = (Pa — Pr) (V2 — V4). 


EXERCISES 


299. Two hundred grams of nitrogen (N,) are heated by 
100 K first isobarically and then isochorically. What 
amounts of heat are required in these cases? 

300. A vessel contains 20 g of nitrogen (N,) and 32 g of 
oxygen (O,). Determine the change in the internal energy 
of the gas mixture during its cooling by 28 °C. 

301. Nitrogen (N,) under an initial pressure of 1.01 x 
10° Pa having a volume of 10 1 expands isothermally so 
that its volume is doubled. Determine the work done by 
the gas. 

302. The pressure of nitrogen in a vessel of volume 31 
increases by 2.2 MPa as a result of heating. Determine the 
amount of heat supplied to the gas. 

303. During the expansion of a monatomic gas from 0.2 
to 0.5 m°, its pressure increases from 404 to 808 kPa. 
Determine the work done by the gas, the amount of heat 
supplied to it, and the change in its internal energy. 

304. The amount of heat received by a working sub- 
stance from the heater in an ideal heat engine is6.3kJ. De- 
termine the efficiency of the engine and the work done by 
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it during a cycle if 80% of the heat are transferred to the 
cooler. 

305. Determine the work done by the heat engine shown 
in Fig. 107 during a cycle. 

306. Two kilograms of air are contained in a vessel at 
a temperature of 16 °C. What work will be done by the 
gas during its isobaric heating to 100 °C? 

307. A cylinder contains nitrogen at a temperature of 
20 °C. A light piston under a load of 100 kg is at a height 
of 50 cm from the bottom of the cylinder. Determine the 
work done by the gas during its isobaric heating to 60 °C. 
The area of the base of the cylinder is 100 cm?. The atmo- 
spheric pressure is normal. 


QUESTIONS FOR REVISION 


1. Formulate the first law of thermodynamics. 2. Write formulas 
for calculating the elementary and the total expansion work of a 
gas. 3. Formulate the second law of thermodynamics. 4. What is 
a heat engine? a refrigerator? 5. How 1s the efficiency of a heat en- 
gine determined? 6. How is the efficiency of an ideal Carnot heat 
engine determined? 7. Explain how the work done by a heat engine 
is determined graphically. 


2.4. Saturated and Unsaturated Vapour. 
Humidity 


The surface of a liquid is always under its vapour due 
to evaporation. A vapour can be saturated or unsaturated. 

Saturated vapour is in a dynamic equilibrium with its 
liquid (the number of molecules escaping from the surface 
of the liquid per second is equal to the number of mole- 
cules returning to the liquid). 

The density and pressure of unsaturated vapour are 
lower than the corresponding values for saturated vapour 
at the same temperature. 

In its properties, unsaturated vapour does not differ 
from an ordinary gas. Therefore, Clapeyron’s equation of 
state 

pV = mRT/M 


is valid for it. 
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Air containing water vapour is referred to as humid 
(moist) air, while air containing no water vapour is 
called dry. 

Humid air is characterized by absolute and relative 
humidity. 

The absolute humidity p is defined as the mass m of 
water vapour contained in a cubic metre of air at a given 
temperature. In other words, it is equal to the density 
of water vapour at a given temperature. 

The relative humidity B is the ratio of the density p of 
water vapour at a given temperature to the density pgat 
of saturated vapour at the same temperature: 


B=—° 100 %. 
Psat 


Relative humidity can be determined with the help of 
the psychrometric table. 

Unsaturated vapour can be converted into saturated 
vapour as a result of isochoric cooling. 

The temperature at which a vapour becomes saturated 
as a result of isochoric cooling is known as the dew point 
Taew- Vapour cooled below the dew point is partially 
condensed to liquid. 


*x* k & 


308. Determine the absolute humidity of air if the 
partial pressure of vapour in it is 14 kPa and the tem- 
perature is 60 °C. 

Given: p=14kPa=1.4 » 10*Pa, t=60°C, T= 333K. 

p—? 
Solution. Using Clapeyron’s equation of state pV = 
mRT/M, we obtain 
m/iV = Mp/(RT). 
Consequently, the absolute humidity of air is 
—Mp 
Pag 
_ 18 10°§x1.4x 10" kg 


P=—$.32x333. ~~ ~91 x 10-2 kg/m, 
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309, Determine the absolute humidity of air if its tem- 
perature is 15 °C and the relative humidity is 80%. 
Given: t=15°C, T=288K, B=80%=0.8. 
p-? 
Solution. The relative humidity is defined as 
B = p/Peats 


whence p == Bpgat. The saturated vapour density at 
288 K can be determined from Table 5: pga, = 12.8 X 
10-° kg/m’. Therefore, 


p = 0.8 x 12.8 x 10-° kg/m? ~ 1.02 x 10-* kg/m’. 


310. A litre of moist air at 50 °C has a mass of 1.04 g 
under normal atmospheric pressure. Determine the abso- 
lute humidity of air. 

Given: V=1 1=10°3 mS, t=50°C, 7'= 323 K, 

m=1.04g=1.04 x 10°%kg, p=1.01 x 105 Pa. 
p—? 
Solution. The absolute humidity is defined as 
p=m,/V, (1) 


where m, is the mass of water vapour in a given volume of 
air. By hypothesis, 


m= Mar + My, (2) 
P = Pair + Py» (3) 
where m,,, is the mass of dry air in the given volume, 
and pa,r and p, are the partial pressures of dry air and 
water vapour. The partial pressures pa,, and p, can be 


determined from Clapeyron’s equation of state, written 
for dry air and water vapour 


Parr = MaypRTMMairV), (4) 

Py = mRTMM,V), (5) 

where M,,, and M, are the molar masses of dry air and 
water vapour respectively. 

Substituting expressions (4) and (5) into (3), we obtain 


oe ( ve Bar) Ae ing i a 
p=( +7 } y-» or, taking into account rela 
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tion @, w= (e+e AE whens 


Me Hay (Rem) (6) 








Substituting expression (6) into (1), we obtain 
My poate m 
Oe: Mair—My (72 ~ Tv): 
18 x 10-3 
P = 39x10-°— 18x 10> 
1.01 x 108 x 29 x 10-3 1.04 10-3 \ kg 
x (Saas) 


~ 0.082 kg/m. 


311. A vessel contains air whose relative humidity at 
10 °C is 60%. Determine the relative humidity of air 
after the reduction of its volume to one-third of the initi- 
al value and heating to 100 °C. 

Given: t;=10°C, T,=283K, B,=60%=0.6, n=3, 

t,= 100°C, T,=373K. 
B,—? 


Solution. The absolute humidity of air before its 
compression and heating is 


1 = BiPesatis 


where Psat, is the saturated vapour density at T,. After 
the reduction of the air volume by a factor of n, its den- 
sity also increases by a factor of n, i.e. 


Po = 20, = MB,Psats- (1) 


It is well known that the saturated vapour pressure at 
the boiling point of a liquid is equal to the atmospheric 
pressure py. Consequently, when the moist air is heated 
to 373 K, the pressure of saturated vapour contained in 
the air becomes equal to the normal atmospheric pressure 
Po- The saturated vapour density p,,,, under these con- 
ditions can be determined from Clapeyron’s equation of 
State: 





Psats = Myp,/(RT,). (2) 
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Then the relative humidity of air after its compression 
and heating is 





B, = —° 100%. (3) 


Psats 


Substituting expressions (1) and (2) into (3), we find that 
— PByPsatiR7's 
B= | oa 100%, 


3 x 0.6 x 9.4 10-8 x 8.32 x 373 
Be= Texto tor x toe 100% = 2.9%. 


312. Determine the absolute and relative humidities 
of aon air if its temperature is 18 °C and the dew point 
is 8 °C. 

Given: t=18°C, T=291K, tyew =8°C, Taew = 281 K. 

p—? B—? 

Solution. Knowing the dew point, we can determine, by 
using Table 17, the mass of saturated vapour contained 
in a cubic metre of air. This quantity will determine the 
absolute humidity p of air at any temperature equal to or 
higher than the dew point. Consequently, p = 8.3 x 
10-® kg/m*. Let us determine the relative humidity of air: 


B= 100%, 
Psat 


where Psat is the saturated vapour density at 291 K. 
Therefore, 


8.3 x 10-3 ae 


313. The relative humidity of air in a room is 63% and 
the temperature is 18 °C. What must be the temperature 
drop outdoors for the window-pane in the room to be- 
come misty? 


Given: B=63%=0.63, t= 18 °C, T=291 K. 


AT—? 
Solution. The absolute humidity of air is defined as 


P = Bpeats 
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where Psq; is the saturated vapour density at 291 K. 
Then 


p = 0.63 x 15.4 x 10-9 kg/m? = 9.7 x 10-® kg/m’. 


As the air temperature outdoors drops to the dew point, 
vapour near the window-pane becomes saturated and 
starts to condense—the glass becomes misty. The mass of 
vapour contained in a cubic metre does not change up to 
the dew point Tgey = 283.5 K. Consequently, the win- 
dow-pane becomes misty when the outdoor temperature 
drops by 


AT = (291 — 283.5) K = 7.5 K. 
314. Two vessels of volumes 5 and 3 m® contain air at 
temperatures of 15 and 28 °C and relative humidities of 22 


and 46% respectively. Determine the relative humidity of 
air after the connection of these vessels. 


Given: V;=5 m3, By=22%=0.22, t,=:15 °C, 
T,= 288 K, V,=3 m3, B,= 46% = 0.46, 
t, = 28 °C, T, == 301 K. 
B-? 
Solution. The mass of water vapour in each vessel before 
the connection is 
m, = 0\V;, my = P2V2, (1) 


where p, and p, are the densities of water vapour in the 
vessels. The relative humidity of air in each vessel before 
the connection is 


By = P1/Poatss Bo = Pa!Peatas 
whence p, = B,Peaty 20d Pz = BoPeate. Then (see Eqs. (1)) 
m, = BiPoatsVis Ma = BoPoataVo- (2) 


The absolute humidity of air after the connection of 
the vessels becomes p = (m, + m,)/(V, + V,), or, taking 
Eqs. (2) into account, 


— BiPeatiVit Bapoatsl’s 
rs 7c 
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The relative humidity of air after the connection of the 
vessels is 


= PE _ ByPgatiVi t BePsate’s 
om Psat P= Psat (Vi + V3) nal (3) 


Neglecting the heat capacity of the vessels and the mass of 
water vapour in view of the smallness of the vessels, we 
obtain from the heat-balance equations 


MyyCy (8 — T,) = myaty (T, — 9), (4) 


where 6 is the temperature of air in the vessels after 
their connection. Since m,, = pyV, and my, = PyV,, 
Eq. (4) can be written in the form p,V,c, (8 — 7,) = 
Py Vecy (T, — 9), whence 


9 = Vali tVels 


VitVe, ' 
_ 5X 28843x301 
6= Sy *K 298 K. 


Knowing ry, T,, and 8, from Table 17 we obtain Psati 
12.8 x 10-* kg/m’, psatp = 27.2 x 10-5 kg/m, and Pyat 
17.3 x 10-® kg/m*. Substituting these values into 
Eq. (3), we get 


__ 9.22 x 12.8 x 10-3 x 5+ U.46 x 27.2 « 1073 x 3 ase 
a= 17.3 x 10-3 x (54-3) 100% = 37%. 


315. Explain why mist appears in low-lying areas at 
night after a hot summer day. 

Answer. At night, after a hot summer day the air tem- 
perature drops by 10-15 °C. As a result, the water vapour 
contained in air becomes saturated and is partially 
condensed in the form of mist. 

316. Why is mist seen in the exhaled air in winter and 
is not seen in summer? 

Answer. The temperature of the exhaled air is about 
36 °C. The water vapour contained in the air is cooled in 
winter below the dew point, becomes saturated, and 
partially condenses in the form of mist. On the other hand, 
the temperature of the ambient air in summer is above 
the dew point, and hence no mist is formed. 
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EXERCISES 


317. The absolute humidity of air at 60°C is 5 x 
10-° kg/m*. Determine the absolute humidity of the air 
after its temperature drops to 20 °C. 

318. Determine the absolute humidity of air in a room 
if its relative humidity is 80% and the temperature 
is 15 °C. 

319. Determine the absolute humidity of air if the par- 
tial pressure of vapour contained in it is 1.4 x 10* Pa 
and the temperature is 60 °C. 

320. The pressure of air at a temperature of 26 °C and 
a relative humidity of 70% is 1.017 x 105 Pa. Determine 
the air pressure after the temperature drops to —5 °C 
and the relative humidity becomes 80%, other conditions 
being the same. 

321. The relative humidity of air in the evening is 60% 
at 16 °C. At night, the air temperature drops to 4 °C and 
dew is precipitated. What amount of water vapour is 
condensed from a cubic metre of the air? 

322. What was the relative humidity of air at 20 °C if 
under a pressure of 6 MPa the dew point is 100 °C? 

How many water molecules are contained in a 
room of volume 100 m® under normal conditions and at 
a relative humidity of 20%? 

324. 3.5 g of water and 2.9g of water vapour are con- 
tained in a cylinder under a piston at 40 °C. The gas in the 
cylinder expands isothermally. At what volume will the 
water in the cylinder be evaporated completely? 

325. 20 000 m° of air at 18 °C and a relative humidity 
of 50% are supplied to a room. The air is pumped from 
outdoors where the temperature is 10 °C and the relative 
humidity is 60%. What amount of water must be evap- 
orated for the relative humidity of the air in the room 
to remain unchanged? 


QUESTIONS FOR REVISION 


1. What is evaporation? 2. What is the dynamic equilibrium be- 
tween a vapour and its liquid? 3. Define saturated vapour. 4. De- 
fine unsaturated vapour. What equation describes the behaviour 
of such a vapour? 5. What is the difference between moist and dry 
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air? 6. What is meant by absolute humidity? 7, What is meant by 
relative humidity? 8. Define the dew point. 9. How can unsatu- 
rated vapour be converted into saturated vapour? 10. What instru- 
ments are used to measure air humidity? 


2.5. Properties of Solids 
and Liquids 


THERMAL EXPANSION OF SOLIDS AND LIQUIDS 


When a solid is heated, its linear dimensions | vary 

according to the law 
L=1,(1+a Af), (1) 

where /, is the linear dimensions of the body at 273 K, 
AT = T — T, the change in the temperature of the body 
during its heating from 7, = 273 K to 7, and a the co- 
efficient of linear expansion. 

The volume of solids and liquids changes as a result 
of heating according to the law 


vV=V,(1+ 6 A?7), (2) 


where V, is the volume of a body at 273 K and f the 
coefficient of volume expansion, connected with the coeffi- 
cient @ of linear expansion through the approximate rela- 
tion fpf ~ 3a. The coefficients 6 of volume expansion 
for liquids are given in Table 16. 

A change in the volume of solids and liquids as a result 
of heating leads to a change in their density according to 
the law 


e = eo/(4 + BAT), (3) 
where (, is the density of a body at 273 K. 


Since aAT <1 and PAT < 14, the following approximate for- 
mulas should be used in calculations: 
VWi+z)ei-z, (itazityritzty, 
where z <1 and y < 1. 
s+ ® 


326. An iron ruler has a length of 1 m at 15 °C. What 
will be the change in its length as a result of its cooling 
to —35 °C? 
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Given: t,=15°C, T,:=288K, l,=1m, t,= —35°C, 


T, = 238 K. 
Al—? 
Solution. According to the law of linear expansion, 
L=i(4+a(T, —17,)) (1) 
l, = ly [1 + a (T, ~~ T,)I, (2) 


where 1, is the length of the ruler after its cooling to T, 
and a the coefficient of linear expansion for iron. Then 
the change in the ruler length is 


Al=1,—1, = 1,11 + a(T, — T,)] 

—U[1 +a(T,—T,)] = loa (T, — 72). (3) 
Expressing J, from Eq. (1) and substituting it into (3), 
we get 


__ @(T,—T,)1 
= Tye hr .) 


Considering that a (7, — T,)<1, expression (4) can 

be approximately written as 

Al = al, (T, — T,) (4 — a (7, — T,)] © la (7, — T,), 

Al ~ 1.2 x 10-® x 1 x (288 — 238) m ~ 6 x 10-* m. 
327. At any temperature, the difference in the lengths 


of aluminium and copper rods is 15 cm. What are their 
lengths at 0 °C? 


Given: Al=15cm=0.15 m, t,=0°C, T,=273 K. 
la —? 1,—? 


Solution. According to the law of linear expansion, we 
have 


Lar = lg ai (1 + Gq AT), (1) 

le = 15, (1 + a, AT), (2) 
where a, and @, are the coefficients of linear expansion 
for aluminium and copper. By hypothesis, 


l, — lar => Al, loc — ly al = Al. (3) 
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Subtracting Eq. (2) from (1) termwise, we obtain 
Tay — Le = Ug a) (1+ Gay AT) — U9 - (1 +0, AT) 
= 19 lye +l atta AT — Ip pt, AT. (4) 
We transform expression (4), taking into account formu- 
las (3): —Al = —Al+ 1, gia@,; AT—ly, a AT, whence 
Io a1@a1 — Ly c%e = O. (5) 
Having expressed J, ,, from the second of Eqs. (3) and 


substituting it into (5), we obtain J) .a@,,; — @,, Al — 
ly ¢&_ = 0, whence 


lo c= Alata/(Gay = @,). 
Similarly, we find that 

ly al = Alag/(aa = Ge). 
Then 


0.15 x 2.4 x 1075 
lee Faxtor—1Txios @ 0.51 m, 


0.15 x 1.7 x 1078 
2.4 X 10-5 — 1.7 x 10-5 
328. The amount of heat spent in heating an iron bar is 
1.68 MJ. What is the change in the volume of the bar? 
Given: Q=1.68 MJ = 1.68 x 10°J. 
AV --? 
Solution. According to the law of volume expansion, 
V=V, (4 + 6 AT), whence 
AV = V — Vy, = Vop AT & 3aV, AT. 
Here 6 = 3a is the coefficient of volume expansion for 
iron and a the coefficient of linear expansion for this 
substance. 
The amount of heat required to heat the bar by AT is 


Q =cm AT, 


whence AT = Q/(cm). Since the mass of the bar is m = 
pV>, we can write 


AT = Qi(cpV,). 


ly al = m ~ 0.36 m. ] 


14-0970 
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The change in the volume of the bar is 


_ V30Q _ 3a 
ays cpVy cp 
3X 4.2X 10-5 X1.68X 109 aie 
SHO NTE tor M° & 1.69 x 10° m®. 





AV= 


329. Water and kerosene have the same volume of 4 | 
at 0 °C. Determine the difference in their volumes at 50°C. 


Given: T,=273 K, Voy =Vox~p=4 1=4X 103 mS, 
T = 323 K. 


AV—? 
Solution. According to the law of volume expansion, we 
have 


Va = Vow (1 + By AT), Ve = Vow (1 + Bx AT), 


where AT = T — Ty, and By and fy, are the coefficients 
of volume expansion for water and kerosene. Then the 
difference in the volumes of water and kerosene is 
AV = Vy — Vw = Vox (A + Bx AT) 
— Vow (1 + By AT) = Vo (T — To) (Bx — Bw): 
where Vy = Vy x = Vo w- Consequently, 
AV =4 x 107% x (323 — 273) 
x (10 x 10-4 — 1.8 x 10-4) m® 
~ 1.64 x 10-4 m3, 

330. An iron tank has a capacity of 501 of kerosene 
at 0 °C. What amount of kerosene will flow out of the full 
tank if it is brought in a room where the temperature is 
20 °C? 

Given: V>=501=5 x 10-2 m§, 4, =0°C, 7, = 273 K, 

t=20 °C, T=293 K. 


Am—? 

Solution. The increase in the volume of kerosene as a re- 
sult of heating by 20 °C will be larger than the increase in 
the volume of the tank, and a part of the kerosene will 
flow out. We denote by m, the mass of kerosene in the 
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tank at 273 K and by m the mass of kerosene at room 
temperature. Then the mass of kerosene flowing out of 
the tank is y 

Am = —m, or 

m = Mm —m, oO (4) 

Am = PoV_ — pV, 
where pf, is the density of kerosene 
at 273 K, and p and V are the den- 
sity of kerosene and the volume of 
the tank at room temperature. 

The volume of the iron tank af- @ 

ter its heating is 

V=V,(i+ 8:47), (2) 
where f, ~ 3a, The density of 
kerosene after the heating of the mg 
tank is Fig. 108 


p= p/i+ By AT). (3) 
Substituting expressions (2) and (3) into (1), we obtain 


on 


Am = pWo—qrpear Vo (1+ 3a, 47) 


V — 3a) (T—T 
ee Tata © PoV 0 Px— 3a) (To), 


Am= 0.8 x 108 x 5 x 10-2 x (10 x 10°*§—3 x 1.2 x 10°) 
x (293 — 272) kg ~ 0.8 kg. 


331. A steel ball of mass 100 g is tied to a string and 
immersed in kerosene. What will be the change in the 
tension of the string if the entire system is heated from 
20 to 50°C (Fig. 108)? 

Given: m=100 g=0.1 kg, ¢;,=20°C, 7,=293K, 

t, =50 °C, T,=323 K. 
AF,—? 

Solution. At temperature 7,, the ball immersed in 

kerosene experiences the action of the force of gravity mg, 


the tension F,, of the string, and the buoyant force F);. 
We write the equilibrium condition for the ball in pro- 


14* 


iY 
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jections on the Y-axis: 
Fy + Fy, — mg = 0, 
whence 
Fy = mg — Fy. (1) 
Here Fy, = pxVeg, where py is the density of kerosene. 
Since py = Pox/(1 + Bx AT,), Ve = Vog (1 + B, AT)) = 
Vy 8 (1 + 3a, AT,), Vy 8s mlp5 rt) and AT, = T, = To 
the buoyant force is 
_ Pa km [1+ 3a6 (T1—To)]1 8 
P= EB Ti — Tol Pow’ (2) 
where a, is the coefficient of linear expansion for steel. 
Taking Eq. (2) into account, we can write Eq. (1) as 
Po 7 (1+ 3a (T1—To)] ¢ 
[4+ Bx (71—7¢)] Pos 
a mg —~S2% [1 — (By — Baty) (7,— To)l 8. 


Fy, =mg— 





Similarly, the tension of the string at temperature 7, is 
Fo Kim [1+ 35 (T,—T,)] & 








Fea = 6 — "+ Bu (Pa Tod] Poe 
a mg— “22% [1 — (Bx —3a,) (T,—T.)1 8- 
Therefore 
AF, = Fy— Fy © =r (Bx —3a,) (7, —T,), 
AF, =0.1 x 9.8 x 0.8 x 108 x (10 x 10-*—3 x 1.2 x 1075) 
x (aoa) Nv3mN. 


332. The mass of alcohol taken at 0 °C in a volume of 
500 cm? is 400 g. Determine the density of alcohol 
at 15 °C. 

Given: ty =0°C, T, = 273 K, Vo =500 cm’ = 5x10 m3, 

t=15°C, T=288K, m=400g=0.4kg. 


p—? 
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Solution. The density of alcohol is 


=x p 
=T7paT° (1) 
Since py=m/V,, we have (see Eq. (1)) 


m 
0 FoG-+B BT) 


Using the formula for approximate calculation, we find 
that 


px a (1—B AT) => (1—B(T—1))], 
px ve x [1-11 x 10-* x (288 —273)] “8 


~ 0.79 x 108 kg/m. 


333. Heating changes not only the volume of a cube cut 
out of a single crystal but also its shape. Why? 

Answer. Due to anisotropy, the coefficient of linear 
expansion in a single crystal is different in different direc- 
tions, and for this reason the shape of the cube changes. 

334. Why are the most sensitive measuring instruments 
made of a special alloy like invar? 

Answer. Invar has a very small coefficient of linear ex- 
pansion. For this reason, random temperature fluctua- 
tions do not affect the accuracy of a measuring instrument 
made of invar. 


EXERCISES 


335. The length of an aluminium ruler is 79.5 cm and 
that of an iron ruler is 80 cm at 0 °C. At what temperature 
will the lengths of the rulers become equal? 

336. The length of a copper and an iron wire is 500 m 
at 0 °C. Determine the difference in their lengths at 30 °C. 

337. A lead ball has a volume of 1.8 dm? at 20°C. 
Determine the increase in its volume as a result of heating 
to 100 °C. 

338. At 20°C, kerosene and sulphuric acid have the 
same volume of 500 cm*. What will be the difference in 
the volumes of the liquids at 0 °C? 
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339. The temperature of one arm of a U-tube is 10 °C 
and that of the other arm is 80 °C. The level of kerosene 
in one arm is 280 mm and that in the other arm is 300 mm. 
Determine the coefficient of volume expansion for kero- 
sene. 

340. The volume of a brass vessel increases as a result 
of heating by 0.6%. By how many degrees was the vessel 
heated? 

341. 60 g of water at 75 °C are poured in an indentation 
made in ice at a temperature of 0°C. What will be the vol- 
ume of the indentation after the cooling of water? 

342. Petroleum is contained in an iron cylindrical tank 
whose height is 6 m and the diameter of the base is 5 m. 
At0°C, the level of petroleum is 20 cm below the brim. At 
what temperature will petroleum start to overflow from 
the tank? The thermal expansion of the tank should be 
also taken into account. 


SURFACE TENSION IN LIQUIDS. 
CAPILLARY PHENOMENA 


The surface layer of a liquid is in a stressed state and 
possesses a potential energy. Surface tension is defined as 


0 = F,,/l or o = WIS, 


where F,, is the force of surface tension, / the length 
of the contour bounding the surface of the liquid, W the 
potential energy of the surface layer, and S the area of 
the surface layer. 

A curved surface layer exerts an excess pressure on 
a liquid in comparison with the pressure of a liquid with 
a flat surface layer. A convex surface layer compresses the 
lower layers of a liquid, while a concave layer stretches 
them. 

The excess pressure p,, exerted on a liquid by a spher- 
ical surface of radius A is 


Pex = +20/R, 


where the plus sign corresponds to the convex meniscus 
and the minus sign to the concave meniscus. 
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In narrow tubes (capillaries), the curvature of the 
surface of a liquid (meniscus) becomes considerable due to 
wetting or nonwetting of the tube walls for the liquid. 
The excess pressure causes a noticeable rise or fall in 
the level of the liquid. 

The height to which a liquid perfectly wetting the 
capillary walls rises in the capillary is 


h = 20/pgR, 


where pf is the density of the liquid, g the free-fall accel- 
eration, and A the radius of the capillary. 


343. A thin aluminium ring of radius 7.8 cm is in con- 
tact with a soap solution. What force must be applied to 
separate the ring from the surface of the solution? Assume 
that the solution is at room temperature and that the mass 
of the ring is 7 g. 

Given: R=7.8cm=7.8 xX 102m, m=7g =7x10"3 kg. 

F-? 

Solution. The ring is acted upon by the force of gravity 

mg, the force of surface tension F, ,, and an external force F 


(Fig. 109). Since both the external and internal surfaces of 
the ring touch the solution, the force of surface tension 


¥ 





mg 
Fig. 109 Fig. 110 
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is 
Fat = 2ol, 
where | = 2nR. The condition of separation of the ring 
from the solution in projections on the Y-axis has the 
form F = mg + Fg, oF 
F = mg + 2ol = mg + 4nxoR. 
Then 
F=7x 10% xX 98+4 x 3.14 x 4 x 107? 
xX 7.8 x 10°? N~ 0.11 N. 


344. A wooden stick of length 4 cm floats on the surface 
of water. A soap solution is carefully poured at one side of 
the stick. With what acceleration will the stick start to 
move if its mass is 1 g? The water resistance should be 
disregarded. 


Given: L\=4cem =4x10? m, m=1g=10%kg. 
a—? 

Solution. The stick in the horizontal plane is acted 
upon by the forces of surface tension exerted by water 
(Fs ¢,) and by the soap solution (F,,.) (Fig. 110). Writing 
Newton's second law for the stick in projections on the 
Y-axis, we obtain 


Fetus — Fatg = ma, 


a = (Feu — Fa.tg)/m. 


Since F, 4, = 0,/ and F, 4, = o,!, where o, and o, are the 
surface tensions for water and the soap solution, we have 


whence 


1 (04—9,) 
a= 
Hees 4X 10-9 x (7.4 x 10°°—4 x 10-2) m 4.36 m/s?. 


10-3 33 
345. What energy is liberated as a result of merging of 
small water drops of radius 2 xX 10-* mm into a single 
drop of radius 2 mm? 
Given: r=2x109mm=2x10%m, R=2mm= 
2x 10°? m. 


W—? 
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Solution. The change in the potential energy of the sur- 
face layer of the drops as a result of a decrease in the 
surface area by AS during their mergence is 


AW =o AS =o (S; — S,); (1) 


where S, is the surface area of all the small drops, S, 
the surface area of the large drop, and o the surface ten- 
sion for water. 

Obviously, S, = 4nr?n and S, = 4nR?. The mass of 
water remains constant, and hence 


nm = M, (2) 
where n is the number of small drops, m the mass of 
a small drop, and M the mass of the large drop. Since m = 
eV, = (4/3) pxr* and M = pV, = (4/3) pxR?, we obtain 
from Eq. (2) 

n = R/rs, 

Consequently, the surface area of all the small drops is 
S, = 4xr*R?/r? = 4x R*/r. Substituting the expressions 
for S, and S, into Eq. (1), we find that 


AW=0 (4% —4nr?) = 4n Ro (-- 1) ‘ 
AW =4X 3.14 x (2 x 10-9)? x 7.4 x 10°? 


x [ ($hper) 1 ]I=3.7 ms. 


346. What is the air pressure in a bubble of radius 
5 X 10-° mm under the water surface? 
Given: R=5 x 10° mm=5 x 10° m. 
p-? 
Solution. The air pressure in the bubble is 


= Po + Pex 


where p, is the atmospheric pressure and pe, the excess 
pressure. Since pex = 20/R, we have p = py + 20/R, 
where o is the surface tension for water. Then 


p=1.01 x 105 Pa -*24% 20" pa — 130 kPa. 
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347. Two soap bubbles of radius 10 and 5 cm are blown 
at different ends of the same tube. Determine the pressure 
difference in the bubbles. Will their size change if they 
are left to themselves? 

Given: Ry=10cem=0.1m, R,=S5em=0.05m. 


Ap—? 
Solution. The pressure p in a soap bubble is 


P = Po + Pex (1) 


where p, is the atmospheric pressure and pex the excess 
pressure produced by the curved surface layer of the 
soap solution. Obviously, pex = 2-20/R, where a is the 
surface tension for the soap solution. The factor 2 is due 
to the fact that the soap film has two surfaces: outer and 
inner. Then Eq. (1) assumes the form 


P = po + 40/R. (2) 
Equation (2) can be written for the first and the second 


bubble in the form p, = po + 40/R, and pz = po + 
4o/R,. Then the pressure difference in the bubbles is 


40(R,—R 
Ap = pe— Py = Oe 2 ’ 
Ap = AXA XK 100) Pam 1.6 Pa. 


Calculations show that the pressure in the smaller bubble 
is higher than that in the larger bubble. Therefore, air 
flows from the smaller bubble to the larger bubble. The 
volume of the smaller bubble will decrease and that of 
the larger bubble will increase until the pressures become 
equal. 

348. A long capillary of radius 1 mm open at both ends 
is filled with water and turned to the vertical position. 
Determine the height of the water column remaining in 
the capillary, neglecting the thickness-of its wall. 

Given: R=1mm=10'm. 


h—? 
Solution. The water column in the capillary is acted 
upon by the force of gravity mg and the forces of surface 
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tension F, , in the upper and lower meniscuses (Fig. 111). 
Writing the equilibrium condition for the water column 
in projections of forces on the Y-axis, we obtain 

2F, aera mg = 0. 


Considering that F,, = o2nR and mg = pgV = pgnR*h, 
where o is the surface tension and p the density of water, 
we obtain 20-2nR — pgnR*h = 0, whence 
_ 40 
= or? 
pa —AXTAx 10-8 
~~ 408 x 9.8 x 10-3 
349. The difference in the levels of a wetting liquid 
in the arms of a U-tube is 23 mm (Fig. 112). The diameters 
of the channels in the arms of the tube are 2 and 0.4 mm. 
The density of the liquid is 0.8 g/cm’. Determine the sur- 
face tension for the liquid. 
Given: h=23mm=2.3 x10?m, D,=2mm=2~ 10-5 m, 
D,=0.4mm=0.4 x 103m, p=:0.8 g/em§ = 
0.8 x 108 kg/m. 


o—? 


Solution. The equilibrium condition for the liquid in 
the U-tube is p, = ps, where p, and pz, are the pressures 


Y 


mo2v3x10-?m. 





Fig. 144 Fig. 142 
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in the left and right arms on the level AB. Considering 
that Pp, = Po — Pex: and Py = Po — Pexz + Pa, where 
Po is the atmospheric pressure, Pex, = 20/R, = 
40/D,, Pexy = 20/R, =40/D,, and p, = pgh, the equi- 
librium condition for the liquid assumes the form p, — 
40/D, = py — 40/D, + pgh, whence 


o a Eh Di De 
~ 4(D;—D,) ? 
gis 0.8 x 108 x 9.8 x 2.3 x 10-8 x 2 x 10-8 x 0.4 x 10-3 N_ 


4X (2x 10-9 —04 x 10-3) m 
~ 2.25 x 10-3 N/m. 


350. Why do the hair of a brush stick together when the 
brush is taken out of water? 

Answer. If the brush is taken out of water, its hair is 
covered by a water film and sticks together under the 
action of surface tension.- 

351. What liquids can be poured above the brim in 
a glass? 

Answer. Nonwetting liquids, since the forces of inter- 
action between the liquid molecules are stronger than the 
forces of interaction between the liquid and glass mole- 
cules. The resultant of all these forces is directed into the 
liquid and keeps the liquid molecules which are above the 
brim. 


EXERCISES 


352. Determine the surface tension for oi] whose densi- 
ty is 0.91 g/cm® if 304 drops are formed by passing 4 cm* 
of the oil through a pipette. The diameter of the pipette 
nozzle is 1.2 mm. 

353. What is the mass of a drop of water flowing out of 
a glass tube of diameter 1 mm? Assume that the diameter 
of a drop is equal to the diameter of the tube. 

354. An air bubble of diameter 0.002 mm is in water 
near the surface. Determine the density of air in the 
bubble. 

355. What is the excess of pressure in a soap bubble 
over the atmospheric pressure if the diameter of the 
bubble is 5 mm? 
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356. What is the ratio of the heights of water and kero- 
sene columns in capillaries, other conditions being equal? 

357. The difference in the mercury levels in communi- 
cating capillaries of radius 0.5 and 2 mm is 10.5 mm. 
Determine the surface tension for mercury. 

358. A liquid rises in a capillary to 80 cm. Determine 
the height of the liquid column which will be in the capil- 
lary if it is filled with the liquid in the horizontal position 
and then turned to the vertical position. 

359. A water drop of mass 0.2 g is between two glass 
plates separated by a distance of 0.1 mm. Determine the 
force of attraction between the plates. 


DEFORMATION OF SOLIDS. HOOKE'S LAW 


Deformation is a change in the shape and size of bodies 
under the action of applied forces. Deformations can be 
elastic and inelastic. 

A deformation is elastic if it disappears after the forces 
cease to act on a body. An inelastic deformation is parti- 
ally retained after the forces are removed. 

Elastic deformations obey Hooke’s law: 


Al = (41/E) oly, 


where Al = 1 — l, is the absolute elongation (deforma- 
tion) of a body, / the length of the deformed body, J, its 
initial length, EF the modulus of elongation (Young’s mo- 
dulus), o = F/S the stress, F the force acting on the body, 
and S the cross-sectional area of the body. 

The stress a, at which a body begins to be ruptured is 
called the ultimate strength. 


ses & 


360. Determine the elongation of a brass rod of length 
4 m and cross-sectional area 0.4 cm? under the action of 
a force of 1 kN. 


Given: lh=4m, S=0.4cm?=4 x 10-5 m?, F=1kN= 
103 N. 


Al—? 
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Solution. According to Hooke’s law, the absolute 
elongation is 
Al = (4/E) oly = FI/ES, 
where £ and o are Young's modulus and the stress for 
brass. This gives 
Ale 10° x4 
~ 0.9% 101! x 4x 107-5 
361. At what limiting load will a steel rope of diame- 
ter 1 cm rupture if the ultimate strength for steel is 1 GPa? 
Given: D=1cm=10?m, o, =1GPa= 10° Pa. 
Fiim—? 
Solution. The ultimate strength is 
u= F\in/S, 
where S = nD?/4 is the cross-sectional area of the rope. 


Consequently, the limiting load, i.e. the force acting on 
the rope, is 


m2 1.1x 10-3m. 


2 
Fug = OyS = 208" ’ 


Py = SORE X OO Nw 78.5 KN, 


362. A steel bar tightly fits the gap between two sta- 
tionary walls at 0°C. Determine the stress in the bar 
material at 20 °C. 

Given: t,=0 °C, T7 =273 K, t= 20°C, T = 293 K. 


o-—? 

Solution. If the free bar were heated by AT, its length 

would be / = ly (1 +a AT), whence 

Al = 1— ly = aly AT, (1) 
where @ is the coefficient of linear expansion for steel 
and ly the length of the bar at 7). 

The distance between the walls does not change, and 
hence Al is the absolute compression of the bar emerging 
during its heating. It follows from Hooke’s law that the 
stress of the bar material at 293 K is 


o=E Al/ly, 
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where E£ is Young’s modulus for steel, or, taking into 
account expression (1), 


o = Eal, AT/l, = Ea (T — 1,), 
o = 2.2 x 10" x 1.14 x 10-° x (293 — 273) Pa 
= 48.4 MPa. 


363. A steel wire of length 1 m is fixed at one end so 
that it can oscillate in the vertical plane. A load of mass 
50 kg is tied to the free end of the wire, which is deflected 
to the horizontal position and then released. Determine 
the absolute elongation of the wire at the lowest point of 
the trajectory of the load. The cross-sectional area of the 
wire is 0.8 mm?, and its mass can be neglected. 

Given: l,=1m, m=50kg, S=0.8 mm?-== 8 x 10-7 m?. 


Al—? 
Solution. According to Hooke’s law, the absolute elon- 
gation of the wire is 


Al = FI,/(ES), (1) 


where F is the tensile force acting on the wire at point A 
and E Young’s modulus for steel. Let us consider the 
forces acting on the load at the moment it passes through 
point A: the force of gravity mg, 
and the tension T of the wire Y 
(Fig. 113). Writing Newton's sec- 
ond law for the load suspended 
on the wire in projections on the 
Y-axis, we obtain 


T — mg = may. 
Here a, = a, = v?/l, where 1 is 
the length of the stretched wire 
at point A. Hence 
T=mg + mv/l = m (g + v/l). 
(2) 
In order to find the velocity v of the load at point A, we 


apply the energy conservation law for two positions of the 
load at points A and B: W, = Wg, or mv3/2 = mgl, 





Fig. 143 
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whence v? = 2gl. Substituting this expression into Eq. (2), 
we obtain 


T = m(g + 2gi/l) = 3me. 


According to Newton's third law, the force F stretching 
the wire is equal in magnitude to the tensile force T: 
F = T = 3mg. Using this expression, we write Eq. (1) 
in the form 





__ 3mgly 
Al= ES ' 
Al= 3x 50x98 x1 m2~8.4x .03m. 


2.3 x 10"! x 8 x 10-7 


364. Why are cutting tools not made of glass whose 
hardness is the same as that of instrument steel? 

Answer. Glass has a low tensile (and flexural) strength 
at room temperature in comparison with steel. 


EXERCISES 


365. What force must be applied to a steel wire of 
length 2 m to stretch it by 1 mm? The cross-sectional 
area of the wire is 0.5 mm?. 

366. A copper wire of diameter 1 mm breaks under 
a load of 188.4 N. Determine the ultimate tensile strength 
for copper. 

367. What is the minimum length of a lead wire at 
which it is ruptured under the force of gravity if the 
rupture takes place near the point of suspension? 

. An iron wire is stretched in the horizontal posi- 
tion between stationary supports at 30°C. What force will 
be exerted by the wire at the points where it is fixed 
upon a temperature drop to —10 °C? The cross-sectional 
area of the wire is 2 mm”. 

369. A copper rod of length 1 m uniformly rotates about 
a vertical axis passing through its end. At what angu- 
lar velocity will the rod break? The ultimate strength 
for copper is o, = 235 MPa. 

370. Determine the work done in stretching a steel wire 
of length 1 m and radius 1 mm, from which a load of 
mass 100 kg is suspended. 
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QUESTIONS FOR REVISION 


1. What is the coefficient of linear expansion? 2, What is the coef- 
ficient of volume expansion? 3. What is the relation between the 
coefficients of linear and volume expansion? 4, What is the physical 
meaning of the surface tension for a liquid? 5. Write a formula for 
calculating the excess pressure under the curved surface of a liquid. 
6. Write a formula for calculating the height of a liquid column in 
a capillary. 7. What is the deformation of a solid? 8. Name the 
types of deformation of solids. 9. Define the ultimate strength for 
a body. 10. How is stress defined? 14. Formulate Hooke's law for 
elastic deformations. 12. What is the physical meaning of Young's 
modulus? 13. Give SI units of Young's modulus and stress. 


15-0970 


Chapter 3 
ELECTRICITY 


3.1. Electrostatics 
COULOMB’S LAW. ELECTROSTATIC FIELD STRENGTH 


According to Coulomb’s law, the force of interaction 
between two stationary point electric charges is 


F = q,9./(4ne,er’), 


where q, and q, are the magnitudes of the charges, r is the 
distance between them, e the relative permittivity of the 
medium in which the charges are located, and e, the 
electric constant, e, = 1/(4n9 x 10°) F/m ~ 8.85 x 
10-2 F/m. 

The following concepts are introduced for calculating 
the interaction between nonpoint charges. 

1. Linear charge density for a uniformly charged fila- 
ment 

= 


| 2 
i F 


where dg and di are the charge of the filament and its 
element of length. 
2. Surface charge density for a uniformly charged 
surface 
dg 


Oe as 


where dg and dS are the charge of the element and its 
surface area. 

Below we give the basic formulas for calculating the 
strength of an electrostatic field. 

The field strength is defined as 


E = F/q. 
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Hence the force acting on a charge g in a magnetic field 
E is 
F = gE. 
The strength of the field produced by a point charge or a 
charged sphere is 


E = Q/(4ne,er’), 


where Q is the charge producing the field and r the dis- 
tance from the charge (or the centre of the charged sphere) 
to a given point of the field. 

The field strength produced by an infinite uniformly 
charged plane (uniform field) is 


E = a/(2e¢8), 


where co is the surface charge density and e the permit- 
tivity of the medium. The vector E is normal to the 
plane. 

The field strength produced by two unlikely charged 
parallel planes (the field of a parallel-plate capacitor) 
is given by 

E = a/(eo8). 


If an electric field is produced by several point charges 
qi, the electric field strength vector E at a given point is 


+g Pe “3 


as 


Fig. 114 


equal to the vector sum of the field strengths E,; produced 
at this point by each charge separately (the principle of 
superposition of electric fields): 


E=)) E,. 
1=1 


Two unlike point charges of thesame magnitude, sepa- 
rated by a certain distance 1, form an electric dipole 
(Fig. 114). The points at which the charges are located 


1$¢ 
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are known as the poles of the dipole. The arm 1 of the 
dipole is a vector directed from the negative to the posi- 
tive pole, whose length is equal to the separation between 
the poles. The quantity p. = gl is known as the electric 
moment of the dipole (or electric dipole moment). 


es ek 


371. Two identical small balls of mass 0.1 g each are 
suspended on strings of length 25 cm. After identical 
charges have been imparted to the balls, they diverge to 
5 cm. Determine the charges of the balls. 


Given: my =m,=m=01g= 10% kg, | =lL,=l= 
25 cem=25x 107% m, r=dcem=9 X 10°? m. 
q-? 

Solution. Each ball experiences the action of the force 
of gravity mg, the tension T of the string, and the electric 
force F of interaction between 
the balls (Fig. 115). Writing 
the equilibrium condition for 
a ball under the action of the 
applied forces, we obtain 

m+T+F=0. (1) 

In projections on the X- and 

Y-axes, Eq. (1)can be writtenas 
—Tsina+F=0, 

. (2) 

T cos a — mg = 0. ; 

Considering that Fe= 

q’/(4meger*), we write Eqs. (2) 

in the form 

T sin a = q?/(4ne,er’), 

T cos @ = mg. 

Dividing the first equation from (3) by the second term- 


wise, we find that tan a = q?/(4ne,er’mg). Since the an- 
gle a is small, we can write tan @ ~ sina =r/(2l). Then 
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r/(2l) = q?/(4ne,er?mg), whence 
a= V Snnetrne 


g=5x107 ES SEE SIESTA E EECA: 10% x 9.8, 
~ 5.2nC. 

372. Two positively charged bodies bearing charges of 
1.67 and 3.33 nC are situated at a distance of 20 cm from 
each other. At what point on the line connecting the bodies 
should the third body bearing a charge of —0.67 nC be 
placed for it to be in equilibrium? The masses of the 
bodies should be neglected. 

Given: q,= 1.67 nC = 1.67x 10°C, g, = 3.33 nC= 

3.33 x 10°C, r=20 cm=0.2m, [g,|=0.67nC= 
0.67 x 10°°C. 
z—? 

Solution. The body C with the charge q; is acted upon 

by the forces F, and F,, viz. the forces of interaction with 


: Je 


is Be : o— A 
ao ; 


Fig. 116 


the charges g, and q, respectively (Fig. 116). Writing the 
equilibrium condition for the body C in projections on 
the X-axis, we obtain 


F, — F, = 0, 
whence F, = F,. Considering that 
—__ 11 41 — 93 19 | 
Fi = Frege ra F2— Greges® * 
where z is the distance between the charges q, and qs, 
Wwe get 


1193! — aslilasl 
4ne,ye(r—z)* 4eger® * 


230 Selected Problems on Physics 


whence 
pee Vie aig 
Vat V4% 
V 3.33 x 10% 0.2m20.42m. 


CE 
V 1.67 X 107° + 3.33 x 10-9 


373. According to the hypothesis put forth by N. Bohr, 
the electron in a hydrogen atom moves in a circular orbit. 
Calculate the velocity of the electron if the radius of its 
orbit is 0.5 x 10-® cm (Fig. 117). 


Given: R=0.5 x 10°8§em=5 x 10-1! m. 


v—? 
Solution. The electron moving in a circular orbit is 
under the action of the electrostatic force of its inter- 
action with the nucleus: 


F = |e | q/(4ne,eR?), 


where | e | is the magnitude of the electron charge, q the 
nuclear charge of the hydrogen atom, and R the radius of 
the electron orbit. Neglecting the force of gravitational 
interaction between the electron and the nucleus, we write 
Newton's second law in projections on the Y-axis (see 
Fig. 117): 
F=may,, 

where m is the electron mass and a, = a, = v*/R. This 
gives 

lelq _ mv! 

4neeR? RK’ 


whence 
a lel@ 
4neemR ' 
v= 1.6 x 10-19 x 1.6 x 10-18 m 
4 43.14 x 8.85 x 10-9 x 1K 9.4 10°99 x5 x 10°" gs 
& 2.25 x 106 m/s. 


374. Two point charges of 6.7 and — 13.3 nC are situ- 
ated at a distance of 5 cm from each other. Determine the 
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electric field strength at a point located at a distance of 
3 cm from the positive charge and 4 cm from the negative 
charge. 
Given: q,=6.7nC=6.7 x 10°C, g, = —13.30C= 
—13.3x%10°C, r=5cem=5x107 m, 
r,=3cm=3 x 10’ m, r,=4cem=4 x10? m. 


F-—? 

Solution. According to the superposition principle, the 
field strength at point A is E = E, + E,, where E, is the 
electric field strength at point A due to the charge q, 
and E, is that due to the charge 9, (Fig. 118). 

Since g, and g, are point charges, we have E, = 
q,/(4neer?) and E, = q,/(4neoer;). By hypothesis, the 
angle between the vectors E, and E, is 90°, and the field 
strength can be determined from the Pythagorean theorem: 


E = VE* + E}, or, using the expressions for E, and E,, 
= qt % 
E= V Gine,era)? a (Ameger3)? 
4 1 % 
= tas V +H 
E= 1 


4X 3.14 x 8.85 x 10712 
(6.7 x 10-*)3 4+ G83 x 107%)? V 
“(3x 10-3)* (4 x10-3)* om 
~ 101 kV/m. 


375°. A thin rod of length 20 cm is uniformly charged 
with a linear density of 1 nC/cm. Determine the electric 





Fig. 118 
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field strength produced by the rod at point A (Fig. 119) 
lying on the continuation of its axis at 10 cm from the 


dr|, zt od 
Fig. 119 


nearest end and the force of interaction between the rod 
and a charge of 10-° C placed at point A. 
Given: |=20 cm=0.2 m, t=1 nC/em=10-? C/m, 
r=10 cm=0.1 m, q=10°°C. 
E—? F—? 
Solution. We divide the rod into small elements dz of 
length and assume that the charge dq of an element dz is 
a point charge. Let us determine the field strength d& 


produced at point A by the element dz of the rod sepa- 
rated from A by a distance z: 


dE = 





oe 
Since t=dg/dz, we have dg=tdz and 
tdz 
dE — “Gn8,ex? ° 


The electric field strength vectors due to other elements of 
length of the rod have the same direction as the vector dE. 
The electric field strength at point A is 








r+l a r+l 
tdz 
E= | 4ne,ez2 lar (S$ 
rT rT 
ee! +) r+ t £2 the 
~~ 4nee ( z/}\p  4mege r(r+l) ' 
Ba uid Ne ef Vin, 


4x 9.44 X 8.85 x 10-™ 0.1 X(0.4-+0.2) m 
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Then the force of interaction between the rod and the 
charge is 

F = Eq, 

F=6 x 10° x 10-°°N = 6 x 107° N. 

376. Three identical point charges of 5 nC each are at 
the vertices of a square with a side of 40 cm. Determine 
the electric field strength at the fourth vertex of the 
square (Fig. 120). 

Given: a= 40 cm=0.4 m, g=5nC=5x10°C. 


E—? 


Solution. According to the superposition principle, the 
electric field at point A is 


where E,, E,, and E, are the field strengths produced by 
the charges g,, 73, and qs, respectively at point A. 


Writing Eq. (1) in projections on the chosen directions of 
the X- and Y-axes, we obtain 

E, = E, sina + E, + E, cosa, 

E, = —E, cosa + E, sin a. 


(2) 


Considering that E, = E, = q/(4ne,ea’), E, = g/(4neger*), 
r? = 2a%, sin a = cosa = Y 2/2 and substituting these 
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expressions into Eqs. (2), we find that 











E,=0, 
= q V 22 q qV 2/2 
E,=E= 4egea* + 4mee2a* + 4re,ea* 
— q 
w1.9 oe, 
E=19 ——— ee 590 Vim, 


4x 3.14 x 8.85 x 107? x 1 x0.43 m 


377. Determine the electric field strength produced by 
a dipole at a point lying on the perpendicular to the dipole 
arm at a distance of 50 cm from its midpoint if the 
dipole charges are 10-® and —10-°C and the dipole arm 
is 5 cm. 
Given: d=50 cm=0.5 m, g,=10°°C, g,=—10°°C, 
l=5 em=5 x 10°? m. 
E-? 
Solution. According to the superposition principle, the 
field strength produced by the dipole at point O is equal 


to the sum of the field strengths E, and E, produced by the 
charges q, and q, respectively (Fig. 121): 


E = E, + E,, 
or in projections on the X-axis, 
E = E, cosa + E, cosa, 


where @ is the angle between the vectors E, and E, and 
the X-axis. Since the dipole is formed by point charges, 
we can write 


E, = E, = q/(4ne,er*”), E = 2E, cosa. 


Analyzing the figure, we find that r = Yd? + 17/4 and 
cos a = 1/(2V d* + 17/4). Substituting the expressions 
for E,, r, and cos @ into the expression for the electric 
field strength of the dipole, we obtain 


E= ae (4) 
~~ 4mtege (d*-+ 18/4) 2V 9+ 19/4 "Megs (4d*-+ 1398/3 ° 
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Since in the denominator of expression (1) 4d* >> J’, we 
can write 


Ew 2ql — al 
~~ “fleot (403)°/3 Arteged® ’ 
(2) 
10-®§ x 5 x 10-3 Y 36 V/m. 


E= 4X3.14X 8.85 x 10-19 x 0.57 m 


Equation (2) shows that the electric field strength pro- 
duced by the dipole decreases in inverse proportion to d°, 
i.e. faster than the electric field strength of a point 
charge which decreases in inverse proportion to a’. 

378. Two metal concentric spheres of radius 5 and 
10 cm bear charges of 2 x 10-® and —10-®° C. Determine 
the electric field strength produced by the spheres at 
points separated from the centre of the spheres by 3, 8, 
and 14 cm. Plot the graph of the dependence of the elec- 
tric field strength on the distance from the centre of 
the spheres. 

Given: R,=Sem=5x10?m, R,=10cm=0.1m, 9g,= 

2x 10-°C, gq, =—10°°C, r,=3cm=3 x 10-7? m, 
ro=8cem=8 x 10°? m, r;=14cem= 14x 107 m. 


E,—? E,—? E,;,—? E=E(r)—? 
Solution. According tothe superposition principle, the 
electric field strength at any point is 


E=E,+E,, 


where E, is the electric field strength at any point pro- 
duced by the sphere with the charge q,, and E, the elec- 
tric field strength at the same point produced by the 
sphere with the charge g,. Using the superposition prin- 
ciple, we find the field strengths at points A, B, and C in 
projections on the r-axis. 

For point A (Fig. 122), we have 


Ex, = Ey, + Eya. 
Since E,, = E,, = 0 (the field strength inside a conduc- 
tor is zero), E, = 0 (point A lies inside the spheres). 
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For point B, we have 
E, = Exp = Exp, 


or, considering that £,, = q,/(4me,er3) and £,, = 0, 
we get 


_ q 
Ey= 4neeri ’ 
2x 40-8 Vv 
En = TXB XO KIO KX OXI mm eB kV/m. 


For point C, we have 
Ec = Exc = Exc, 


or, considering that E,¢ = q,/(4me,er3) and Exo = 
| q_ \/(Ae gers), we get 


E,=—% __ Nal HN | 
Cw "Aregerk — Aneger} 4meerg ’ 
2x 10-°— 10-9 Vv 
Eo= TXSIEXBBXIO XO am S46 kV/m. 


In order to plot the graph, we shall use the obtained 
values of E,, Ey, and Eg and calculate the electric field 
strengths at points M and N lying on the surfaces of the 
spheres. For all the points inside the smaller sphere, we 


£, 104 N/m 





S® ~H WED 


2 486 8 Ry i2 47,10? M 





Fig. 123 
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have 
E, = E, =0. 


The field strength Ey for a point on the outer surface of 
the smaller sphere is 


——— q1 
z= 4ne eR? ° 
~ 2x 10-8 v_ 
Ei = TXSMXOES XO AXE XI m2 kV/m. 


The field strength for a point on the inner surface of the 
larger sphere is 

—_ 91 
E,= 4ne,eR2 ’ 


u 2x 10-8 Vv _ 
Es = TXSAIKOBS X10 XOT m = 8kV/m. 


The field strength for a point on the outer surface of the 
larger sphere is 


— m—|4%) 
aon 4neeR? ” 
~ 2x 10-8 —10-8 v_ 
El = TXSAXSESXIE MOT we = 9 kV/m. 


Using the obtained values, we plot the E vs r graph 
(Fig. 123). The figure shows that the E vs r dependence 
is quite complicated. For r< R,, the curve coincides 
with the abscissa axis (E = 0), forr = R, and r = Ry, 
the curve suffers discontinuities. 

379°. Two identical positive charges are separated by 
a distance of 20 cm. Determine a point on the straight 
line perpendicular to the line connecting the charges and 
passing through its midpoint at which the electric field 
strength has the maximum value. 


Given: q,=q,, !=20 cm=0.2 m. 


z—? 

Solution. We take an arbitrary point A on the X-axis, 
separated from point O by a distance x (Fig. 124). Accord- 
ing to the superposition principle, the electric field 
Strength at this point is 


E-E, + E,, (1) 
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where E, and E, are the field strengths produced at point A 
by the charges q, and gq, respectively. 
Projecting Eq. (1) onto the X-axis, we obtain 


E=E,cosa + £, cosa, (2) 
where @ is the angle between the vectors E, and E,. 


B32 





C44 
Fig. 124 


Since £, = E,, expression (2) can be written in the form 
E = 2E, cos a. (3) 
z 2z 
From AOAC, we find that COs ¢ = ay yi’ 
Considering that £, = q/(4ne,er?), where r= V 2?+4 [2/4= 
V 427+ 12/2, we write Eq. (3) as 
re 2q-22-4 
4nege (422+ It) V 429-4 12 


- 4qz 
— eee att OB (4) 


If the field strength at a given point has the maximum 
value, 





dE 
5-=0. (5) 


Substituting expression (4) into (5) and differentiating, 
we obtain 
d 4qz 
=| Mee (4x2 + 12)3/2 ] 
‘ = (422-4 1)3/22 2. Gt P3n 
Nee [(4z* + 1?)97)? 


’ 
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whence 


% (424 Bs S (422+ P92 =0, 


(42? + B)/2— 2 3 (4224 P)V24.22=0, 
(4x2 + 12)1/2 ((4224- 2) — 1227) =0, 422+ 2—1222=0, 
r=+ VPB=+ U(2V2), 
r= + 0.2/(2V2)m~+0.071m. 


380. A field is produced by an infinite vertical plane 
with a surface charge density of 4 nC/cm?. A ball of mass 
1 g bearing a charge of 1 nC is suspended on a string in the 
field. Determine the angle between the string and the 
plane. 

Given: o = 4nC/em?= 4x 105C/m?, m=1g=10' kg, 

g=1nC=10°C. 


a—? 
Solution. The charged ball suspended on the string in 
the electric field is acted upon by the force of gravity mg, 
the electric force F with which the field of the plane acts 
on the charged ball, and the tension 
T of the string (Fig. 125). Writing 
the equilibrium conditions for the 
ball in projections on the X- and 
Y-axes, we obtain 


F—Tsina=0, or F=T sina, 
—mg + Tcosa=0, 





or mg = T cos a. (1) 
Dividing Eqs. (1) termwise, we get Fig. 125 
tan a = F/(mg). (2) 


Considering that F = gE, E = o/(2e,e) and substituting 
these expressions into Eq. (2), we obtain tan « = 
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qgol(2e,emg), whence 





m qo 
a= arctan Zeemg ' 
10-* x 4x 10-5 
a= arctan S55 x1O- AO KO ~ arctan 0.23 
~ 0.225 rad. 


381. An electric field is produced by two infinite, 
parallel planes with surface charge densities of 2 and 


+O -o 
— —» —- 
E, E,|E 
———> —» 





Fig. 126 


—4 nC/m? (Fig. 126a). Determine the field strength be- 
tween the planes and beyond them. Plot the graphs of the 
electric field strengths for regions I-III. 
Given: 06,=2nC/m?= 2 x 10°°C/m’, o,= —4 nC/m? = 
—4 x 10-* C/m?. 
E,—? Eyy—? Eyyy—? 
Solution. Let us consider the regions J, IJ, and III of 
the field (see Fig. 126a). 
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Region J. According to the superposition principle, the 
field strength in this region is 


E, = E, + E,, (1) 
or in projections on the X-axis, 
E, = E, — £,, 


where E, = | 0,|/(2e,e) and E, =0,/(2e,e). Using these 
expressions, we write Eq. (1) in the form 


4x10-°—2x 10°? V 
Er= 7X6B5xIO OX mw ~ 113 Vim. 
Similarly, we determine the values of the field strength 
for the other regions. 


Region IJ: 
E, ,=E E. =1% O% — lol+o 
m=F,+ 1= “Fee + te =" dee? 
_ 4X10 42x10 VO 
Er = FXB85X108 XT mw 339 Vim. 
Region /I/: 
eS ey jes eee a BA? aol 
Ey, =E, E23 Zese = Baer ’ 
En = Sages 113 Vim. 


2X 8.85 x 10°"?§ x1 m 


Using the obtained values, we plot the graph of change 
of the field strength along the X-axis (Fig. 1260). 

382. As a result of a collision between an air molecule 
and a cosmic particle, an electron is formed in the vicin- 
ity of the negative plate of a parallel-plate capacitor. 
At what velocity will the electron reach the positive plate 
if the plate charge is 1 nC, the plate area is 60 cm’, and 
the separation between the plates is 5 mm? 

Given: g=1nC=10°C, S=60 cm?=6x10°3 m?, 

d=9 mm=0x 10? m. 


v—? 
16-0970 
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Solution. The electron formed as a result of the colli- 
sion starts to move in the uniform field of the parallel- 
plate capacitor with a constant acceleration at zero ini- 
tial velocity. From the equation d = at?/2 of a uniformly 
accelerated motion, we determine the time of motion of 
the electron from one plate to another: ¢ = V 2d/a. 
Substituting this expression into the formula v = at for 
velocity, we obtain 


v=aV 2dla=V 2ad. (4) 


According to Newton’s second law, the acceleration of the 


electron is 
a= Fim, 


where m is the electron mass, F =|e| E the electric force 
exerted on the electron by the capacitor field, e the 
electron charge, E = a/(e,e) the electric field strength 
within the capacitor, and o = q/S the surface charge 
density on the capacitor plates. Using these expressions 
in Eq. (1), we obtain 


— y/ Bie 
— Segem ' 
v= 2x 1.6 x 10719 x 10-® x 5 x 1075 nm 
= 6 x 10-3 x 8.85 x 10-39 x1 x 9.4 x 107-31 g 


~ 5.76 x 108 m/s. 


383. Explain why a light pith ball is first attracted to 
an electrostatically charged rod and is then repelled 
from it? 

Answer. When the charged rod is brought to the ball, 
charges of opposite signs are induced on the ball. A charge 
opposite to that on the rod is induced on the side facing 
the rod, while the charge induced on the opposite side of 
the ball is of the same sign as that on the rod. The force of 
attraction between unlike charges is stronger than the 
force of repulsion of like charges since the unlike charges 
on the ball and the rod are closer than the like charges. 
When the ball and the rod come in contact, the charge on 
the ball opposite to that on the rod is neutralized. The 
ball acquires a charge of the same sign as that on the rod 
and is repelled from it. 
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EXERCISES 


384. What charge must be impaited to two balls of mass 
1 g each for the force of mutual repulsion of the charges 
to balance the gravitational force of mutual attraction of 
the balls? The balls are in air. 

385. Two identically charged balls of mass 0.5 g each 
and suspended on strings of length 1 m are deflected 4 cm 
apart. Determine the charge of each ball. 

386. A steel ball of radius 0.5 cm is immersed in kero- 
sene and is in a uniform electri¢ held of strength 35 kV/cm, 
which is directed vertically upwards. Determine the 
charge on the ball if it is in equilibrium. 

387. A uniformly charged wire ring of radius 10 cm car- 
ries a charge of —5 nC. Determine the electric field 
strength on the axis of the ring at points separated from 
its centre by 0,5, 8,10, and 15cm. Plot the graph of 
dependence of the field strength on the distance from 
the centre of the ring. 

388. A small ball of mass 100 mg and charge 16.7 nC is 
suspended on a string. To what distance must an identical 
charge be brought to it from below for the tensile force 
to be reduced by half? 

389. What is the ratio of the gravitational force acting 
between two protons to the force of their Coulomb repul- 
sion? 

390. Three negative charges of 9 nC each are arranged 
at the vertices of an equilateral triangle. What charge 
must be placed at the centre of the triangle for the system 
to be in equilibrium? 

391. A ball having a mass of 0.4 g and a charge of 
4.9 nC is suspended on a string in the field of a parallel- 
plate air capacitor with a charge of 4.43 nC and a plate 
area of 50 cm”. By what angle will the string with the 
ball be deflected from the vertical? 

392: Two like-charged balls suspended on identical 
strings deflect through a certain angle. What is the densi- 
ty of the material of which the balls are made if the 
angle of deflection of the strings remains unchanged after 
their immersion in kerosene? 


16e 
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ELECTROSTATIC FIELD POTENTIAL. WORK DONE IN 
MOVING A CHARGE IN AN ELECTROSTATIC FIELD 


The electrostatic field potential is defined as 
9 = —A/q, 


where A is the work done by the field forces in moving 
a charge from infinity to a given point in the field. 

The potential of the field produced by a point charge 
or a charged sphere is 


@ = Q/(4necer). 


If a field is produced by several point charges, the po- 
tential of the field at a given point is equal to the al- 
gebraic sum of the potentials of the fields produced at 
this point by each charge separately: 


nr 
gr py Qi- 
a=1 


The relation between the strength EF of an electrostatic 
field and the potential difference U across the plates of 
a parallel-plate capacitor (uniform field) is as follows: 


where d is the separation between the plates of the paral- 
lel-plate capacitor. 

The work done by an electric force in moving a charge 
from one point of an electrostatic field to another is 


A = (9, — 92) = QU. 
a he 


393. A dust particle of mass 10-® g is suspended between 
the plates of a parailel-plate air capacitor to which a volt- 
age of 5kV is applied. The separation between the plates 
is 5 cm. What is the charge of the particle? 

Given: m=108 g=10%tkg, UG=5kV=5 x 108 V, 

d=5 x 10°? m. 


q-? 


Ch. 3. Electricity 245 





Solution. In the electrostatic field, the dust particle 
experiences the action of the force of gravity mg and the 
electric force F exerted by the field (Fig. 127). Writing 
the equilibrium condition for the particle in projectians 
on the Y-axis, we obtain 


F— mg =0, 
whence F = mg 
Considering that F = qE and E = Uld, we get qU/d = 
mg, whence 
mgd 


IFT ’ 


10-11 x 9.8 x5 x 107? 
5x18 C = 9.8 x 10-16 C. 

394. An electron flies into a parallel-plate air capacitor 
at a velocity of 6 x 107 m/s parallel to the plates. The 
separation between the plates is 1 cm and the potential 
difference is 600 V. Determine the deflection of the electron 
caused by the field of the capacitor if the length of its 
plate is 5 cm. 

Given: v=6 x 107 m/s, d=1cem=107? m, U =600 V, 

l=5 cm=5x 10°? m 


h—? 
Solution. The force exerted by the electric field on the 
electron is 
= |e|E, 
where E = U/d. 
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Since the electric field strength is directed upwards 
(Fig. 128), the force acting on the electron is directed 
downwards. We can represent the motion of the electron 
aS a superposition of two independent motions in the hori- 
zontal and vertical directions. In the horizontal direction, 
the electron, as before, will move uniformly since no force 
is acting on it in this direction. At the same time, it 
will be displaced with a uniform downward acceleration 
due to the electric force. The trajectory of its motion will 
be a parabola. The motion of the electron in the capacitor 
is similar to the motion of the body thrown along the 
horizontal. During the time of motion, the electron will 
traverse along the horizontal a distance 


l= vt, (1) 
and will be displaced along the vertical by a distance 
h = at*/2, (2) 


where a is the electron acceleration. 
Solving Eqs. (4) and (2) together, we find that 


h = al*/(2v*), (3) 


In order to calculate the acceleration, we apply Newton's 
second law. Since only one force F acts on the electron in 
the vertical direction (we neglect the force of gravity 
acting on the electron), we have F = ma, whence a = F/m, or 





a = |e |U/(dm). (4) 
Substituting expression (4) into (3), we obtain 
_ BPlelvU 
i= 2v3dm ’ 
x OX 107)? X 1.6 x 10-19 x 600_ 


~ 2 (6 x 1073 x 10-8 x 9.4 x 10-2! 
~& 3.65 x 10-$ m. 
395. Two balls bearing charges of 6.7 and 13.3 nC are at 


a distance of 40 cm from each other. What work should be 
done to bring the separation duwn to 25 cm? 
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Given: q,=6.7nC=6.7 x 10°C, g,=13.3 nC= 13.3 x 
10°C, r,=40 cm=0.4m, r,=25 cm=0.25 m. 


Agyt—? 

Solution. In this type of problems, it is convenient to 
assume that one ball is stationary and the other ball 
moves in the field produced by the first ball. Let the ball 
bearing the charge q, produce a field, while the ball 
bearing the charge g, move in the field from the point at 
a distance r, from the charge q, to the point at a distance r, 
from it. The work done by an external force is 


Aext = —A = 92 (G2 — 1), (1) 


where g, and @, are the potentials of the initial and 
final points of the field. Since the field is produced by 
a point charge, we can write 


=— eee: ee 
P1= Greer,’ %2 Gneger * (2) 





Substituting expressions (2) into (1), we obtain 
= MY) 9 (Ta — 2) 
Aext = % ( Aneger, — Amegery “ Gmegerirs 
y eee 6.7 x 10-® x 13.3 x 10-® x (0.40.25) 
ext 4X 3.14 x 8.85 x 1079 x 1 x 0.4 x 0.25 


396. A point charge of 10-° C is at a distance of 50 cm 
from the surface of a sphere of radius 9 cm, charged to 
a potential of 25 kV. What work must be done to decrease 
the separation between the sphere and the charge to 
20 cm? 

Given: 1, =50cm=0.5m, R=9 cm=0.09 m, gp, = 

25 kV=25x 10° V, g=10-8C, 1, =20cm=0.2 m. 
A—? 

Solution. Let the charge g move from point B to point C 
in the electrostatic field produced by the charged sphere 
(Fig. 129). The work done in moving the charge in the 
electrostatic field is 


Aa = 9 (Ps — Fc)- (1) 


’ 


Ju 1.2pl. 
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Considering that the potentials of the field produced by 
the charged sphere at points B and C are g, = 
epn/[4ce,e (R + 1,)] and Pc = Gepn/l4nege(R + 1,)], we 
write Eq. (1) in the form 


Aa~=4 [ Ysph = Jeph 
* Anege (R+1,)  — Amega (R+1,) 


= q9eph (ly— lt) (2) 
4ne,e (R-+1,)(R+4) * 


The potential of the field on the surface of the sphere is 


— _ Yeph 
Peph — 4neeR ’ 


whence the charge on the sphere is 
Jeph = Peph* 4NeeR. (3) 
Substituting Eq. (3) into (2), we find that 


Ag = 9Peph -AneeR (ty—13) 
1 “ntege (RA) (RFA) 





_ Loh 
= Teen TEFL (RFA 
Ag = 10-8 x 9 x 10°? x 25 x 10° x 


~ —39.5pJ. 


The minus sign indicates that the electric force prevents 
the charge from moving, i.e. is directed against the mo- 
tion. In order to displace the charge, an external force 
must be applied to it in the direction of motion. The work 


0.2—0.5 J 
(0.09-+0.5) (0.09-+ 0.2) 


A 


| 
C 8 


Fig. 129 Fig. 130 
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done by this force will be A = —A,). Consequently, 
A = 39.5 pJ. 

397, Determine the work done by electric forces in mov- 
ing a charge of 1 nC from point A to B and from point 
C to D ifr =6 cm, a = 8 cm, g, = 3.33 nC, and g, = 
—3.33 nC (Fig. 130). 

Given: g=1nC=10°C, r=6cem=6x10?%m, a= 

8cem=8x 107m, g,=3.33 nC = 3.33 x 10-°C, 
q. = — 3.33 nC = — 3.33 x 10°°C. 
A-—? 

Solution. 1. The work done by an electric force in mov- 

ing the charge g from point A to B is 

Aas = 4% (Pa — 9p): (1) 
Here Pa = GA, + Pa, = G/(4neper,) + J9/(4ne cers) 
and 9s = 9p, + Op, = %/(4mecer,) + 9,/(4neoer,) are 
the potentials of the field produced by the charges q, and g, 
at points A and B, where r, =r and r, = Yr? + a3. 
Substituting the expressions for @,4, Pg, 7, and r, into 
Eq. (1), we obtain 


Ans=4 Lai aera 


=| Anege eee + Freer aa )] 
— q (41— 4s) (Vr? a?—r) 
4neyer Vr? a3 
10-* x (3.33 x 10-* +. 3.33 x 107%) 
AB GX 9.14 X 8.85 X 10-9 x 1X Ox 10-7 
x LV (bx 10-3)? + (8 x 10-3)3— 6 x 10-) J 
V (6 x 10-)8+ (8 x 10-9)2 
~8x107J. 
2. The work done by an electric force in moving the 
charge qg from point C to D is 
Acp = 4 (Gc — @p)- (2) 
Here Pe = Pc, + Pc, = H/ (neers) + 9y/(4ne pers) 
and Pp = Ov, + Pv, = W/(Arecery) + J9/(4neer4) 


9 


A 
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are the potentials of the field produced by the charges q, and 
9, at points C and D, where r, = a/2 andr, = Vr?+a/4. 
Substituting the expressions for @c, Pp, rs, and r, into 
Eq. (2), we obtain 





Aco=9| (afta + ata) 


ae (oe | a Ce | 
( 4nege V r+ 09/4 + 4nege Vr? + 09/4 ) ] 


— 24 (91 +495) (Vri+at/4 r+ 03/4—a/2) 
4negea \/ 3? +-09/4 


Since g, = —g,, we have (g, + 4,) =0 and Acp = 0. 
398. What is the velocity of an electron that has crossed 

an accelerating potential difference of 200 V (Fig. 131)? 
Given: U=200V. 


v—? 
Solution. In the electric field, the electron experiences 
the action of the force F = | e | E which makes it fly with 


a 


——$—<— $< 
E 

i v 

——_—$—— 





Fig. 134 


a uniform acceleration against the electric field vector. 
The electric force does thereby a work on the electron, 
which is equal to the change in its kinetic energy: 

A = AW, = W,- W,.,: 


Considering that A = |e |U, Wy = mv'/2, and Wy, = 0, 
we obtain | e | U = mv/2, whence 


payf Sl 


(=f ae m 


aie ~ 8.4 x 10° m/s. 
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399. A ball of mass 1 g moves from point A whose po- 
tential is 600 V to point B whose potential is zero. 
Determine the velocity of the ball at point A if its velocity 
at point B is 20 cm/s. The charge of the ball is 10 nC. 

Given: m=1g=10% kg, g,=600 V, g,=0, v= 

20 cm/s=0.2 m/s, I= 10 nC=10° C. 
Uo—? 

Solution. The ball moves under the action of the electric 

force exerted by the field. The change in the kinetic energy 


of the ball is equal to the work done by the electric 
force: 


AW, =A. (1) 


Since AW, = mv?/2 — mv3/2 and A = ¢(q, — 9), Eq. (1) 
can be written in the form mv*/2 — mv3/2 = q (q, — 9.2); 
whence 


Vo = V v»* — 24 (q, — Gq)/m, 
= V0.22—2 x 10-8 x 600 x 105 m/s ~ 0.17 m/s. 


400. A ball of mass 40 mg, having a charge of 1 nC, 
moves from infinity at a velocity of 10 cm/s. To what 
minimum distance can the ball approach a point charge 
equal to 1.33 nC? 

Given: m=40mg=4x105kg, g,=1nC=10°C, v= 

10 cm/s=0.1m/s, g,=1.33 nC = 1.33 x 10-°C. 
r—? 

Solution. The charged ball experiences the action of the 

force exerted by the electric field. The work done by the 


force is equal to the change in the kinetic energy of the 
ball: 


AW, =A. 


Since AW, = Wy, — Wy, = 0 — mv/2 = —mv?/2, 
=% (Po — Gi) = % [0 = qa/(4neger)] = 
—19,/(4neyer), we have —mv*/2 = —q,q,/(4neger), 
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whence 


r= 11% 
10-° x 1.33 x 10-° 


a NE oe 2 
= FX KeS IO KE TO OAT SS Xx 10? m. 


401°. An electron moves in the field produced by a 
charged sphere of radius 10 cm along the radius connecting 
the points separated by 12 and 15 cm from the centre of 
the sphere. The velocity of the electron changes thereby 
from 2 x 105 to 2 x 10° m/s. Determine the surface 
charge density of the sphere. 

Given: R=10cm=0.1m, r,=12cm=0.12m, r= 

15 cm=0.15 m, v,=2x 10° m/s, v»=2 x 10° m/s. 


o—? 
Solution. During the motion of the electron, the elec- 
tric field does a work equal to the change in the electron 

kinetic energy: 


A=AW=W,—W, = Mh Bat 


=F i—-v). (1) 

On the other hand, the force exerted by the electric 
field on the moving electron is 
F= Je |£, 

where E = q/(4ne,er*) is the electric field strength pro- 

duced by the charged sphere. Hence it is clear that the elec- 

tric force depends on the distance r and varies during the 


motion of the electron in the field. Therefore, the work 
done by the force is 


A= [ Peosa dr, 


or, taking into account the expressions for F and E and 
considering that cos a = 1 and the charge on the sphere 
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is g = o4nR*, we have 


A= f o4nR* | e| dr 
_ 4neger? 
ry 
Taking the constant quantities outside the integral sign 
and integrating, we obtain 


Aa oR Le | (cord =A] 
88 TF ee ( r 
M1 Tr 
= oR® | e | (rs—r3) : (2) 
Om Le | 





Equating the right-hand sides of Eqs. (4) and (2), we 
find that 
m (vi—vi) _ OR? Je | (rs—11) 
2 Col als , 

whence 
o = Loeraram (v3—vi) 
2R¥ || (rs—ri) ’ 
= 
8.85 x 10-14 x 0.12 x 0.15 x 9.1 x 10-31 x [(2 x 10°%)3— (2 10)3] < 

2x 0.19 T.6 x 10-?* x (0.15—0.12) 

=~ 5.96 nC/m?2. 


402. Identical charges are imparted to two metal 
spheres of different radii. Will the charges flow from one 
sphere to another after their connection with a conductor? 

Answer. Since the potentials of the spheres are different 
(p = Q/(4ne,eR)), after the connection the charge will 
flow from the sphere with a higher potential (smaller 
radius) to the sphere with a lower potential (larger radius) 
until the potentials of the spheres assume the same value. 


EXERCISES 


403. Two parallel plane plates separated by 10 cm 
are charged to a potential difference of 1 kV. What force 
will act on a charge of 10-4 C placed between the plates? 
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404, Two charges of 1 C and of —6.67 nC are at a dis- 
tance of 10 cm from each other. What work should be 
done to transfer the second charge to a point separated 
from the first charge by 1 m? 

405. A point mass bearing a charge of 0.67 nC and mov- 
ing in an accelerating electric field acquires a kinetic 
energy of 107 eV. Determine the potential difference be- 
tween the initial and final points of the trajectory of the 
particle in the field if its initial kinetic energy is zero. 

406. As a result of a radioactive decay of a polonium 
atom, an alpha-particle is emitted at a velocity of 1.6 x 
10’? m/s. What potential difference should be applied to im- 
part Ahe same velocity to the alpha-particle? 

407. Determine the force of mutual repulsion between 
two balls in air if each ball is charged to a potential of 
600 V. The diameter of each ball is 1 cm and the distance 
between their centres is 20 cm. 

408. A field is produced by a thin rod which is bent to 
form a half-ring and is uniformly charged with a linear 
density of 20 nC/m. A point charge of —1 nC is placed 
at the centre of the half-ring. Determine the work that 
must be done to remove the charge from the centre of the 
half-ring to infinity. 

409. A small ball bearing a charge of 6.67 nC is at the 
centre of a hollow metal sphere of radius 1 m carrying 
a charge of 3.34 nC. Determine the potentials of the 
field at points separated from the centre of the sphere 
by 0.5, 1, and 10 m. ; 

410. Point charges of 1.33, —0.66, 0.99, and 
—1.32 nC are arranged at the vertices of a square. Deter- 
mine the potential of the field at the centre of the square 
if its diagonal is 20 cm. 

411. Determine the potential of the point of a field 
produced by a metal sphere with a surface charge density 
of 10-"! C/cm? and having a radius of 1 cm if the distance 
from this point to the surface of the sphere is 9 cm. 
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Capacitance. The Energy 
of a Charged Conductor, Capacitor, 
and of an Electrostatic Field 


The capacitance of a conductor is 
C = q/q. 
The capacitance of a sphere is 
C= 4nee,R, 
where A is the radius of the sphere. 
The capacitance of a parallel-plate capacitor is 
C = ee,S/d, 
where S is the area of acapacitor plate and d the separa- 
tion between the plates. 
The capacitance of a capacitor bank consisting of 
parallel-connected capacitors is 


and that of series-connected capacitors is 
1 ou4 
Cala 
where C, is the capacitance of a capacitor and n the num- 


ber of capacitors in a bank. 
The electric energy of a charged conductor is 


W = (1/2) qq = (1/2) Cq?. 
The electric energy of a charged capacitor is 
W = (1/2) qU = (4/2) CU?. 
The energy of a (uniform) electrostatic field is 
W = (1/2) egeE*V, 
where V is the volume occupied by the field. 
The volume energy density of a field is 
w = (1/2) egek?. 
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412. A metal sphere of radius 5 cm is charged to a po- 
tential of 150 V. Determine the potential and field 
strength at point A separated from the surface of the 
sphere by 10 cm. 

Given: R=5 cm=5x10? m, ppp =150 V, 

d=10 cm=0.1 m. 
g—? E—? 

Solution. The potential of the field produced by the 

charged sphere at point A (Fig. 132) is 


@ = g/(Anerer), (1) 


where g is the charge on the sphere and r = R +d the 
distance from the centre O of the sphere to point A. 





Fig. 132 


The capacitance of the sphere is 
Copn = 4neoeR. (2) 
On the other hand, Cyp, = 9/Pspn, Whence g = CapnPapns 
or, taking into account Eq. (2), 
q = Ane eRQepn- (3) 
Substituting expression (3) into (1), we find that 


o= 4neceRGPsph _ RPsph _ RPsph 
4neger r R+da’ 
— 5x10 x 150 yy 
P= Sx10Fpor V = SOV. 


The strength of the field produced by the charged sphere 
at point A is 
E = q/(4neger*), 
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or, taking into account Eq. (3), 
_ AneoeRPspn _ RGsph _ FPsph 
“~~ 4mteger? re (R+)? ' 
5x10-9 x 150) VO 
413. Two spheres of radius 5 and 8 cm are charged to 
a potential of 120 and 50 V respectively and connected 
by a wire. Determine the potentials of the spheres after 
they have been connected, and the charge that has passed 
from one sphere to the other. 
Given: R,=5cem=5x10?m, R,=8cm=8 x 10? m, 
,=120V, g,.=50 V. 


@—? Aq—? 


Solution. Knowing the radii of the spheres, we can write 
the expressions for their capacitances: C, =4ne eR, 
and C, = 4ne,eR,. Then the charge on each sphere before 
the connection is 


1 = Cig, =4megeRiG,, g2=CP.= 4neeR.g, (1) 
respectively. The total charge on the spheres before the 
connection is 

9, + G2 = 4megeRig, + 4negeRag, 
= A4neoe (Rig, + Rog). (2) 
After the connection, the charges on the spheres will be 
redistributed: a part of the charge from the sphere with 
a higher potential will pass to the sphere with a lower 
potential. As a result, the potentials of the spheres equal- 


ize and become equal to m. Consequently, expressions (1) 
and (2) after the connection become 


Gq, = 47e eR 9, 9,= 4neoeRag, 
Qq, +9, = 4 megehig + 4ne,eR,p 
= 4neoe (Ry + R2) 9. (3) 


However, the total charge on the spheres does not change 
as a result of the connection. Consequently, gq, +9, = 


17—0970 
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5; + ,, or, taking Eqs. (2) and (3) into account, 
4neoe (Rig, + Ro.) = 4nece (Ri + R2) g, 
whence 
— 91Fit Rs 
PRR 
120 x5 x 10*+50x8xi0? y 
$= —“Sxtorpexior — V&V. 
Knowing 9, we can determine the charge that has passed 
from one sphere to the other: 
Aq =q — q; = 4neneR Q, — 4ne,eRy@ 
= 4ne eR, (9, — 9), 
Aq = 4x3.14 <8.85 x 107!2 x1 «5 x 10>? x (120 —77) C 
= 2.4 x 10-% C. 


414. Three charged water drops of radius 1 mm each 
merge into one large drop. Determine the potential of the 
large drop if each small drop carries a charge of 10-19 C. 

Given: n=3, r=1mm=10-%m, g=10°°C. 

g—-? 
Solution. The potential of the large drop is 
= QIC, (1) 
where Q= ng and C= 4negeR. 


The radius R of the large drop can be determined from 
the mass conservation law: 


M= nm, (2) 


where m= pV = (4/3)pnr3 is the mass of a small 
drop and M= pV, = (4/3) pxR® the mass of the large 
drop. Using these expressions, we reduce Eq. (2) to the 
form R°=nr*, whence R=rj/n. Substituting the 
expressions for Q, C, and R into Eq. (1), we obtain 
one te 

4neger yn’ 


3 x 40-10 
= $V ~ 1.87 kV. 
Pe ox adA x 8.85 x 10-1#§ x 1x 10-3 /3 
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415. The area of a plate of a parallel-plate air capaci- 
tor is 60 cm’, the capacitor charge is 1 nC, and the poten- 
tial difference across its plates*is 90 V. Determine the 
distance between the capacitor plates. 

Given: S=60 cm? = 6 x 10-3 m’?, g=1nC = 10°C, 

U=90V. 
d—? 

Solution. The capacitance of a parallel-plate capacitor 

is 
C=e,eS/d, or C=q/U. 


Equating the right-hand sides of these expressions, 
we obtain e,eS/d= q/U, whence 


d= UStee : 
q 


\~3 12 
ae 90 x 6 x 10 eee ie x1 m ~ 4.8 x 10-3 m. 


416. The plates of a parallel-plate capacitor are insu- 
lated from each other by an insulator layer. The capacitor 
is charged to a potential difference of 1 kV and disconnect- 
ed from the voltage source. Determine the permittivity 
of the insulator if the potential difference across the capac- 
itor plates increases to 3 kV after its removal. 


Given: U,=1kV=10°V, U,=3kV=3 x 108 V. 
e—? 
Solution. Since the capacitor is disconnected from the 
voltage source, the charge on its plates will be the same 


in both cases: g,=q,. Considering that g,= U,C, and 
g= U,C,, we obtain U,C,= U,C,, whence 


U,/U, = CIC. (1) 


Using the expressions for the capacitance of a parallel- 
plate capacitor C, = e,e,S/d and C,= e,e,S/d, we get 


CC, = &,/e.. (2) 
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Comparing Eqs. (1) and (2), we find that U,/U, = e,/e,, 
whence 


alte 
1 U; 29 

3x 108 x 1 3 
17 403 = 


417. A parallel-plate air capacitor with a plate separa- 
tion of 5 cm is charged to 200 V and disconnected from 
a voltage source. What will be the voltage across the capa- 
citor after its plates have been moved apart to 10 cm? 

Given: d,=5cem=5 x10? m, U,=200V, 

d,=10 cm=0.1m. 


U,—? 
Solution. The capacitance of the capacitor and the 
voltage across it are 


C, = e,eS/d,, U, =Q/C, = Qd,/(e eS) : (1) 
before moving the plates apart and 
C, = eeS/d,, Uz, =Q/C, = Qd,/(eneS) (2) 


after that. 

We assume that the charge on the capacitor does not 
change as a result of moving the plates apart since the 
capacitor is disconnected from the voltage source. Divid- 
ing expressions (1) by (2) termwise, we obtain U,/U, = 
d,/d,, whence ; 


U,= ? 
0.1 x 200 
O.= ss V=400V. 


418. The distance between the plates of a parallel- 
plate air capacitor connected to a voltage source of emf 
180 V is 5 mm and the area of the plates is 175 cm. 
Determine the work done in moving the plates apart to 
12 mm if (1) the capacitor is disconnected from the voltage 
source; (2) the capacitor is connected to the voltage 
source all the time. 
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Given: 8 =180 V, d, = 5mm=5x 10-3 m, d, =12 mm= 
12x 10-3 m, S=175 cm? = 1.75 x 10-2 m?. 
A,—? A,—? 
Solution. 14. The work done in this case is measured by 
the change in the energy of the capacitor, i.e. 


A, = AW=W, —W,, (1) 


where W,= q?/(2C,) and C,= e,eS/d, are the energy 
and the capacitance of the capacitor before moving the 
plates apart, and W, = q?/(2C,) and C,= e,eS/d, the 
energy and the capacitance after moving the plates 
apart. If the capacitor is disconnected from the source, 
the charge q on the plates remains unchanged when they 
are placed apart, 


q= CU, = £ eS U,/d,, 
or, since U,;= 8 before moving the plates apart, 
q= &€58/d,. 
Using the expressions for W,, W,, C,, C,, and g, we write 
Eq. (4) as follows: 
As efe*S*S 2d, efe*S*S2d, 
i —_—_—_———— ———— 


2d%e,eS 2dregeS 
€ e562 
= “oat (22— 44), 
A, 885X101 x 1.75 x 1079 x 180? x (12 x 108-5 x 107%) | 
1~ — ax(exios)>t—<“‘i=“CSCS 
=705nJ. 


2. If the capacitor is connected to the source, the po- 
tential difference across its plates remains unchanged. 
The tota] work done in moving the plates apart is 


A= A,— A; (2) 


where A, is the work done by an external force and 
A,= 8Aqg= 8 (q, — 92) is the work done by the source 
on moving the charge Ag, where g, = C,g is the capacitor 
charge before moving the plates apart and g,=C,@ the 
charge after moving the plates apart. The work done by 
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the source A, is taken with the minus sign since the source 
does a negative work when a charge is moved from the 
positive to the negative plate. 

On the other hand, the total work is equal to the 
change in the energy of the capacitor: 


A = AW = W, — W,. (3) 
Equating expressions (2) and (3), we find that A, — A, = 
W, — W,, whence 

A,= W, — W, + Ag. (4) 
Here W, = C,8?/2 and W, = C,8?/2 is the energy of the 
capacitor before and after moving the plates apart. Sub- 


stituting the expressions for A,, W,, and W, into Eq. (4), 
we obtain 


A, =C,87/2 — C,87/2 + 8 (C,\8 — C,8) 
= (C, — C,) 87/2, 
or, considering that C,= e,eS/d, and C,= eeS/d,, 
_ 88 / egeS — egeS \ __ ee SS* (dy —d) 
Ae (eG) ae 


An x 8:85X 10-9 X1 1.75 x 10-19 x 1808 x (12 x 10-9 —5 x 10"9) 
2 2X5x 10-3 x 12 x 10-3 


? 


= 293 nJ. 


419. Three capacitors of capacitance 1, 2, and 3 pF are 
connected in series and to a voltage source with a poten- 
tial difference of 220 V. What are the charge and 
voltage of each capacitor? 

Given: Cj;=1pF =10°F, C,=2ypF=2x 10°F, 

Cy=3 pF =3 x 10°F, U=220V. 


9, —? Go—? gg—? U,—? U,—? Us—? 
Solution. We denote by 9, the potential of plate 7, g, 
the potentials of plates 2 and 3 (the potentials are equal 
since the plates are connected), @, the potentials of 
plates 4 and 5, and 9g, the potential of plate 6 (Fig. 133). 
Plate 7 receives a charge-+q from the source. The charge 
— qisinduced on plate 2 and the charge + ¢ on plate 3. 


Ch, 3. Electricity 263 


Similarly, the charge —q is induced on plate 4 and the 
charge + q on plate 5, and —g on plate 6. Therefore, the 


Cz. Oy Gy 


Beall 


—,l+ 


E 
Fig. 133 


charges on series-connected capacitors are equal. We 
denote these charges by q,= 9.=49,3= 49. By definition, 
i — B=g/C, = Uj, 
®, — Pg= Q/C, = U4, 
Ps — B= WC, = Uj. 
Summing up these equations termwise, we obtain 
1 — Pe = 9 (A/C, + A/C, + 1/C;). 


Considering that g, — @, = U is the voltage across the 
source, we find that 


U 
1= TC +110, +11C, ’ 


220 
I= Tio FUexwjpiexiey CH 12x 10°C 


Then the voltages across the capacitors are 


, 0, = PX va120V, 


_ 12x 10-8 
22x 10° 


12 x 10-8 
3=ax19¢7 V=40V. 


U, 


als Sls Ss 


= 


U, V=60V, 


= 


U; 


Thus, in series connection, the capacitors of different 
capacitances are under different voltages. The lower the 
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capacitance, the higher the voltage across the capacitor 
plates. 

420. Seven capacitors of capacitance 2 and 1 pF are 
connected between terminals A and 8 as shown in 
Fig. 134a. Calculate the capacitance of the system. 

Given: Cj=2pF =2x 10°F, C,=1pF =10°F. 


C—? 
Solution. Let us consider the subcircuit between points 
D and E (the right-hand side of Fig. 134a) separately. 


lho 


2 oe 
hed 
m yy 


7a 
JL, 


It consists of two parallel branches one of which includes 
a capacitor of capacitance C, and the other includes three 
capacitors of capacitance C,, connected in series. The 
capacitance of this subcircuit is Cpr =C, + C’, where 
C’ is determined from the condition 1/C’=1/C, + 
1/C, + 1/C, = 3/C,, whence C’ = C,/3. Then 


Cor =C, + C,/3= (8C, + C,)/3. (1) 


We replace the subcircuit between points D and E by an 
equivalent capacitance Cp, (Fig. 134b). The required capac- 
itance C is now the sum of the capacitances of two paral- 
lel branches one of which includes a capacitor of capaci- 
tance C, and the other consists of three series-connected 
capacitors of capacitance C,, Cp, and C,. Therefore, 
C=C, +C”, where C” can be determined from the 
condition 
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We transform expression (2) by using Eq. (1): 


BACHE A TREE 
whence C= SO 
Consequently, the total capacitance of the system is 
CaO 
C= 10 ea F=1.62 pF. 


421. A Leyden jar of capacitance 3.3 nF is charged to 
a potential difference of 20 kV. Assuming that 10% of the 
jar energy is dissipated during a discharge in the form of 
acoustic and electromagnetic waves, determine the 
amount of heat liberated during the discharge. 


Given: C=3.3 nF =3.3x 10° F, U=20kV=2x 10 V, 
W'=0.1W. 


Q-? 
Solution. The electric energy of the charged Leyden jar 


W = CU?/2. (1) 
The energy W’ = 0.1W is lost by radiation. Consequent- 
ly, the amount of liberated heat is 
Q@=W—-—d0AW =0.9W, 
or, taking into account Eq. (1), 


cu? 
e=0.9 , 


Qa BOX 8x10 KEXIO Jw 0.6 J. 


is 





422. A capacitor of capacitance 1 mF at a voltage of 
1200 V is used for a shot butt welding of copper wire. 
Determine the mean useful power of a discharge if its du- 
ration is 10-® s. The efficiency of the set-up is 4%. 

Given: C=1mF=10°F, U=1.2x10°V, t=10-8s, 

n= 0.04. 


(Ny) —? 
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Solution. The mean power of the discharge is 
(N) = Alt, 
where A= AW = W,, — Wy, = CU?/2 —0 =CU*/2. 


Consequently, 
(N) = CU?/(2t). 


The mean useful power is 
cu? 
N)=1M) =n =, 


_ 0.04 x 10-3 x (1.2 « 10°)? _ 
(N,) = aaa 577 | — eee lid 28.8 MW. 
423. A metal sphere of radius 3 cm bears a charge of 
2 X 10-®° C. The sphere is immersed in kerosene so that it 
does not touch the vessel walls. Determine the volume 
energy density of the field at points lying at 2 and 4 cm 
from the centre of the sphere. 
Given: R=3 cm=3 x10? m, g=2x 10°C, 
r,=2x10?% m, r,=4x107%7 m, e=2. 


Wy—? wWe—? 
Solution. The volume energy density is defined as 
w, = ee ?/2. 
A point lying at a distance r, from the centre of the 
charged sphere is inside the sphere where the electric 
field strength E, is zero. Therefore, w, = 0 at this point. 
For a point separated by r, from the centre of the sphere, 
the volume energy density is 


W, = e9eh3/2, 


where E, is the electric field strength at this point. Since 
E, = q/(4megerz), we have 


a a A oe 
= 9 ( 4negerd ) ~~ 32n%eger$ ’ 

(2x 40-9)2 J 
wv, = 


32 X 3.44? x 8.85 x 10718 X 2X (4x 10-2)* ms 
~ 0.056 J/m%. 
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424. The plates of a parallel-plate air capacitor are 
attracted to each other with a force F. Will this force 
change if an insulator plate is introduced into the air gap 
between the capacitor plates? 

Answer. Introducing the plate made of insulator, we 
reduce the electric field strength in the space occupied by 
the insulator but do not change the field strength in the 
gaps between the insulator and the capacitor plates. 
Therefore, the attractive force F between the plates 
remains unchanged. 


EXERCISES 


425. A capacitor consists of three tin foils of area 
10 cm? each, separated by mica layers of thickness 0.5 mm. 
The extreme foils are connected to each other. Determine 
the capacitance of the capacitor. 

426. An air capacitor consists of two circular plates of 
radius 10 cm. The separation between the plates is 1 cm 
and the potential difference is 120 V. Determine the 
charge on the capacitor. 

427. A capacitor charged to a voltage of 100 V is con- 
nected in parallel to a capacitor of the same capacitance, 
charged to a voltage of 200 V. What voltage will appear 
across the plates? 

428. Three capacitors of capacitance 2, 4, and 6 pF 
are connected in parallel and to a source of voltage of 
1 kV. Determine the charges on the capacitors. 

429. A bank consisting of two series-connected Leyden 
jars of capacitance 300 and 500 pF is charged to a voltage 
of 12 kV. Determine the voltage and the charge on the 
plates of the first and second jars. 

430. A sphere of radius 25 cm is charged to a potential 
of 600 V. What amount of heat will be liberated in 
a conductor connecting the sphere to the ground? 

431. Determine the volume energy density of the elec- 
trostatic field at a point located at 2 cm from the surface of 
a charged sphere of radius 1 cm. The surface charge den- 
sity of the sphere is 16.5 pC/m? and the permittivity 
of the medium is 2. 
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QUESTIONS FOR REVISION 


1. Formulate Coulomb's law. 2. Explain the physical meaning 
of relative permittivity. 3. Define electric field strength. 4. Write 
formulas for calculating the electric field strength produced by a 
Eom charge, charged sphere, infinitely charged plane, and a paral- 
el-plate capacitor. 5. Formulate the superposition principle 
for electric fields: 6. What is potential difference? 7. What-is the 
done in moving a cha in an electrostatic field equal to? 

8, Write formulas for calculating the potential of the field produced 
‘by a point charge and a charged sphere. 9. What is the relation 
[Petmeee the field strength and potential difference for a uniform 
electrostatic field? 10. Define capacitance. 11. Write formulas for 
calculating the capacitance of a sphere and a parallel-plate capac- 
itor. 12. Calculate the capacitance of a capacitor bank for series 
and parallel connection of capacitors in it. 13. Write formulas for 
calculating the energy of a charged capacitor. 14. Give an expres- 
sion for the volume energy density of an electrostatic field. 
15. Name the units of charge, electric field strength, and potential. 


3.2. Direct Current 
CURRENT IN METALS 


Current in metals is due to the motion of free electrons 
in a conductor. The amount of electricity (charge) g pass- 
ing through the cross-sectional area of the conductor per 
second is called the current: 


I= git. 
The current density is defined by 
j=I/8, 


where S is the cross-sectional area of a conductor, normal 
to the direction of the current. 
Ohm’s law for a conductor has the form 


I= UI/R, 


where U is the voltage across the conductor and A the 
resistance of the conductor. 
For a homogeneous conductor, 


R=ol/S, 
where p is the resistivity of the conducting material, / 


the conductor length, and S the cross-sectional area of the 
conductor. 
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The temperature dependence of the resistivity of a con- 
ducting material is given by 


P= p (1 + aAT), 


where fy is the resistivity of the material at 273 K, @ the 
temperature resistance coefficient, and AT=T — T, 
is the change in the temperature of the conductor. 

For series-connected conductors, the total resistance is 
equal to the sum of the resistances of individual conduc- 
tors; 


R=) R;. 
i=1 


For parallel-connected conductors, the reciprocal of the 
total resistance is equal to the sum of the reciprocals of 
the resistances of individual conductors: 


n 


4 4 
7 ie rae 
i=1 


where R; is the resistance of an individual conductor and 
n the number of conductors in a given subcircuit. 
Ohm’s law for a closed circuit is 


r= 8/(R +r), 


where @ is the electromotive force (emf) of the current 
source, R the resistance of the external subcircuit, and r 
the resistance of the internal subcircuit. 

The voltage U across a subcircuit containing an emf 
source is 


U=S2IRy, 


where R; is the total resistance of the subcircuit. The 
minus sign is taken when the current in the source is 
directed from the negative to the positive pole (Fig. 135a), 
while the plus sign is taken when the current in the source 
is directed from the positive to the negative pole 
(Fig. 135b). 

When several sources are connected in series, their total 
emf and the total internal resistance can be determined 
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from the following relations: 
n n 
g= » 6, r= >} ry. 
i=! i=i 


When the sources are connected in parallel, these 
quantities can be found from the relation 


n 
6 $i 
age cre 
i= 


where &; is the emf of an individual source and r; is the 
internal resistance of the source. 

For calculating branched circuits, Kirchhoff’s laws 
should be used. 


Ee on P gal 
43 TR MG fo a at. ¥1 
So oe) EET Keene 
(a) (6) 


Fig. 135 


Kirchhoff’s first law. The algebraic sum of the currents 
converging at a junction ts zero: 


>} I,=0, 
i=1 


where n is the number of currents. 

The directions of currents are chosen arbitrarily so that 
the algebraic sum contains both positive and negative 
currents. The current arriving at a junction is usually 
assumed to be positive and that flowing away from the 
junction is assumed to be negative. 

If a circuit diagram contains N junctions, using Kirch- 
hoff's first law, we can write V — 1 independent equations. 

Kirchhoff’s second law. Jn any arbitrarily chosen closed 
contour of a branched circuit, the algebraic sum of the voltage 
drops across individual elements of the contour is equal to 
the algebraic sum of the emf's encountered during the circum- 
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vention of the contour: 


Dy LRy= y 8. 


The direction of circumvention of the contour is chosen 
clockwise or counterclockwise. In this case, the product 
I,R, is assumed to be positive if the direction of the cur- 
rent J, coincides with the chosen direction of circumven- 
tion. An emf is assumed to be positive if it increases the 
potential in the direction of circumvention of the contour. 

According to Kirchhoff’s second law, we can writen — 
(N — 1) equations, where n is the number of unknown 
currents and N the number of junctions in the circuit 


diagram. 
ss & 


432. Determine the resistance between points A and D 
(Fig. 136a) if each of the three resistances is 1 2 (the 
resistance of the leads should be neglected). 

Given: R=12, n=3. 

Rap—? 


Solution. Since points A and C, as well as points B 
and D, are connected by conductors whose resistance is 


Ry 





(a) (b) 
Fig. 136 


disregarded, diagram (a) can be replaced by an equivalent 
diagram (b). It can be seen that the resistance between 
points A and D can be calculated from the formula for 
parallel connection of conductors: 


/Rap =1/R, + 41/R, + 1/R, =n/R, 


Rap = R/n, 
Rap = 1/3 2 ~ 0.33 Q. 


whence 
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433. Determine the total resistance of the electric cir- 
cuit (Fig. 137) if the internal resistance of the source is 
4 Q and the resistances of other resistors are 4, 3, 12, and 
6 Q respectively. \ 

Given: r=12, R,=42, R,=3Q2, Rze=12 Q, 

R,=6 Q. 


R-? 

Solution. In the circuit diagram (Fig. 137a), the resis- 
tors R, and R, are connected in parallel, and hence the 
diagram can be drawn in a different form by making 
points A and B coincide (Fig. 1376). It is now easier to 
calculate the total resistance of the circuit. Denoting the 
total resistance of the resistors R, and R, by R’, we can 
write 


1/R’ = 1/R, +1/Rg, 
whence 
R' = R,R,/(Ri+ Rs). 


The resistors R’ and R, are connected in series. Denoting 
their total resistance by R”, we can write 


R"= R'+ Ra=R,R,/(R, + Rs) + Re. (1) 


We can now determine the total resistance R” of the 
parallel subcircuits with resistances R’ and Ry: 1/R” = 


A,B 





Fig. 137 
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1/R"+4/R,, or, taking into account Eq. (1), r= 
4 1 

RATA) TR, +, * Whence 
R= Fg (Rifts+ Riks+ Paks) (2) 


RAR +R Ret Rhy t+ Ry Ay+ Rhy * 
Finally, the total resistance of the entire circuit is R = 
r+R”, or, taking into account Eq. (2), 
R=r+ Ry (Ri Ry + RiR,+ RRs) 
RAR + RsRyt+ Rik + Ri Ay+ RyRy ’ 
R=14 6x (4X 1244x343 x12) 
~ 4X 6+12*6+4x 1244x343 x12 


434. Determine the current obtained from a battery of 
emf 6 V if the resistances of different resistors are 2, 6, 3, 


B 


Q=4 0. 


Fig. 138 


and 1.5 Q respectively. The internal resistance of the 
battery should be neglected (Fig. 138). 
Given: 8=6 V, R,=22, R,=62, R,=3 Q, 
R,=1.5 Q. 
I-? 


Solution. The resistors R, and R, are connected in paral- 
lel. Denoting their total resistance by R, we obtain 


1/R = 1/R, + 4/Ro, 
R=R,R,/(R, + R)). (1) 


whence 


13-0970 
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The subcircuit ABC is connected in series with the resistor 
R,. Consequently, the total resistance of the subcircuit 
is R'= R + R,, or, taking into account Eq. (4), 


, PAR RyRy + Ry (Ri +- Ry) 
R=a ym, th=—"*“porn °C) 


The subcircuit ABCD is connected in parallel with the 
resistor R,. Denoting their total resistance by R”, we 
determine it from the condition URC SR 1/Ry, or, 
aot fol os aes i Rg 
taking into account Eq. (2), RRR, RERD) +t Fi; : 


whence 
R= Rs (RiRg+ AiR, + Rshy) (3) 
RyRy + RgRyt+ Rikyt+R Ri t+RRs © 
The current consumed from the battery can be determined 
from Ohm's law for a closed circuit: 


I= 8/R’, 
or, taking into account Eq. (3), 
Te 6 (Ri Ry+ ReRs+ RyRs+ RyRit Rohs) 
Ry (RyRy + RyRy + Rhy) ; 
pa BRAX3FEXI+2XK641.5X2415X6) yp _ gg 
~ 3X (2X 6+2x1.5-+6 x 1.5) = . 
This problem can be solved by using Kirchhoff’s laws. We 
leave it to the reader to verify this. 


435°. What must be a direct current for which a charge 
of 50 C passes through the cross section of a conductor 
during the time interval] from 5 to 10 s after the moment 
of switching on the current? What charge will pass 
through the cross section of the conductor during the 
same time if the current in the conductor changes with 
time according to the law J =6 + 32? 


Given: Aq=50C, tj=5s, t,=10s. 
I—? qo—? 
Solution. For a direct current, we can write 
I = Aq,/At, 
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where At =?t, — t,. Then 
50 

T=3=5 

If the current changes with time, the charge passing 


through the cross section of a conductor during this time 
interval is 


A=10 A. 





ts tg ta ts 
= \ Idt= \ (6 + 32) dt = \ 6dt+ y 3t dt 
th t, ti th 


= (0438) 


do= (6X 104-5 x 10-6 x5—J x 5%) C= 142.5 €. 





fa 3 ys 3 4 
= 6t+-7 64 — 2H, 


436. A current passes through a conductor having 
a cross-sectional area of 50 mm?. The mean drift velocity 


aaa 


Fig. 139 


of free electrons is 0.282 mm/s and the electron number 
density is 7.9 x 10°? m-’, Determine the current and the 
current density in the conductor. 


Given: S=50 mm?=5 x 10°§ m2, (v) = 0.282 mm/s= 
2.82 x 10° m/s, n=7.9 x 10?? m°3. 
I—? j-—? 
Solution. We isolate in the conductor a region of length 
Al and of cross-sectional area S (Fig. 139). The charge 


passing through the cross section of the conductor during 
the time interval At is 


Aq = ne AV, 


where nis the number density of free electrons, e the elec- 
tron charge, AV = SAl the volume of the isolated region 
18e 
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of the conductor. By definition, J = Agq/At, or, using the 
expressions for Ag and AV, we have 


IT=neS Al/At. (4) 
Noting that, by definition, Al/At =(v) is the mean 


drift velocity of free electrons, we can write Eq. (1) in 
the form 


T=neS (v), 
I=7.9 x 1077 X1.6 x 107° X5 x 40° X 2.82 x 10°4A 417.8 A. 
Then the current density is 

I 


j=y ’ 
. 17.8 A 
I= Sx10° ar = 3.56 x 105 A/m?, 


437. A circuit having a resistance of 100 2 is fed by 
ad.c. source. An ammeter having an internal resistance of 
4 Q and connected to the circuit indicated 5 A. What was 
the current in the circuit before the connection of the 
ammeter? 


Given: R=1002, Ry=1Q, J=S5A., 
Ip—? 


Solution. Before the connection of the ammeter, the cur- 
rent in a subcircuit was, according to Ohm’s law, 


Iy= UIR. (1) 
After the connection of the ammeter, the current becomes 
I= Ul(R + R)). (2) 


Solving Eqs. (4) and (2) together, we obtain 
I, =A+* 7, 





_ 10044)x5 4 
I = = A=5.05 A. 


438. A cell having an emf of 2.1 V-and an internal 
resistance of 0.2 Q is connected to a potentiometer. 
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Determine the current in the circuit and the resistance 
of the potentiometer if the voltage across the cel] termi- 
nals is 2 V. What must be the length of the iron wire 


E 


+],- 


Fig. 140 


used for preparing the potentiometer if its cross-sectional 
area is 0.75 mm?? 
Given: 6=2.1 V, r=0.2 Q, U=2V, S= 0.75 mm?= 
7.5 x 10°? m2, 
I—? R—? 1—? 
Solution. According to Ohm's law for a closed circuit, 


the current is 
I=6(R +7). (1) 


On the other hand, according to Ohm's law for a conduc- 
tor, viz. potentiometer (Fig. 140), the same current is 


given by 
I=UIR. (2) 
Solving Eqs. (1) and (2) together, we obtain 
Ur 
R= yor ~——T 
R= 2x02 Q=42 
0.4 _ i 
U 
I=3, 
T= A=05A. 
Since R= pl/S, the nen of the iron wire is 
RS 


{= 


l= 4X7.5x10-7 


foxior ™=25 m. 
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439. A galvanic cell of an emf 1.5 V and an internal 
resistance of 1 2 is connected to an external resistance of 
4Q. Determine the current in the circuit, the voltage drop 
in the internal subcircuit, and the voltage across the 
terminals of the cell. 


Given: 8=1.5 V, r=12, R=4Q. 


I—? U,—? U.—? 
Solution. The current can be determined from Ohm’s 
law for a closed circuit: : 


6 
(=F 
4.5 
I =~ "S41. A =0.3 A. 
The voltage drop in the internal subcircuit is 
U, => Tr, 


U,=0.3 x 1V =03V. 


The voltage across the terminals of the cell is smaller 
than the emf by the voltage drop in the internal subcir- 
cuit. Therefore, 


U, = & — Ir, 
U,= (4.5 — 0.3) V= 1.2 V. 
440. The internal resistance r of a cell is smaller by 
a factor of k than the external resistance R by which the 
cell of emf @ is closed. Determine the ratio of the volt- 
age U across the terminals of the cell to the emf @. 
Given: Rir=k, 8. 
UI8—? 
Solution. According to Ohm’s law for a closed circuit, 
T=8(R +7). (4) 
Since the voltage across the terminals of the cell is smaller 
than the emf by the magnitude of the voltage drop in the 


internal subcircuit, U= @— Ir, or, taking into ac- 
count Eq. (1), 


6r R _ 
O=8— aay = 8 Rar = Te: (2) 
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By hypothesis, R/r=k, or r/R = 1/k. Then Eq. (2) can 
be reduced to the form U= &/(4 + 41/k)= k@&/(k + 4), 


whence 
U/E = ki(k + 1). 


Equation (2) shows that if the external resistance is large 
in comparison with the internal resistance, the ratio r/R 
becomes small in comparison 
with unity, and the value of 
the voltage approaches the 
value of the emf. 

441. A potentiometer made 
of an iron wire, a milliam- 
meter, and an emf source are 
connected in series. At 0 °C, 
the resistance of the poten- 
tiometer is 200 2 and the re- 
sistance of the milliammeter is 209. The milliammeter 
indicates 30 mA. What will be the reading of the milli- 
ammeter when the potentiometer is heated to 50 °C? The 
internal resistance of the source should be neglected 
(Fig. 4141). 

Given: T,=273 K, R,=2002, R,=202, 

I,=30 mA=3x 107A, 7=323 K. 
I—? 

Solution. According to Ohm’s law for a closed circuit, 

before the heating of the potentiometer, the current was 





Fig. 144 


I,=6/(Ry + R,)- (1) 
After the heating, the current becomes 
I= 8/(R + R,). (2) 


Here R= AR, (i +a@AT), AT = T— Ty), where g is the 
temperature resistance coefficient of the iron. The change 
in the resistance of the milliammeter is neglected. Solving 
Eqs. (1) and (2) together, we obtain 


Pas Ty (Ro+ Ra) 
Ryolita(T—T)]+R, ’ 
[= ——_3 X10 X (200420) 2.36 1077 A. 


= "200 x [1-6 x 10-9 x (303 —273)] + 20 
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442. Calculate the emf and the internal resistance of 
a battery consisting of three emf sources (Fig. 142) if the 
emf’s of the sources are 10, 20, and 30 V and their internal 
resistances are 1 9 each. 
Given: 8,=10 V, @,=20V, @,=30V, rj=r,= 
rg=r=12. 
é—? r—? 
Solution. The emf sources are connected in the circuit 
in series and in parallel. If we assume that the emf's &, 


&,,r 


- |) + é,,r 
8 C x= 
A k-2 D 


Er 
Fig. 142 


and @, are positive, the emf &, will be negative. Let us 
determine the total resistance r’ and the total emf for 
the subcircuit BC consisting of parallel-connected 
sources 8, and 8,: 

A/r’ = 1/r, + A/r, = 2/r, 

8'/r’ = 8,/r, + 8,/r, = (8; + 83)/r, 
whence 


, r 
r=%" 
r 


g'= "(6:+8) _ 6:+8s 
r 2 s 


Let us now calculate the total emf § and the total resist- 
ance r of the entire battery connected between points A 
and D: 


$= 8' +8,—- Eth + g,, 
g=—St” +30 V=35 V, 


rear dtnaptneptrasn 
r=1.59 Q. 
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443. Determine the emf and the internal resistance 
of a current source shunted by a resistance of 6 Q if the 
emf of the source without a shunt is 12 V and its internal 
resistance is 3 Q. 

Given: R=6Q, 86=12V, r=32Q. 


&'—? r’—? 

Solution. Considering the shunt as a source whose in- 
ternal resistance is R and the emf is zero, we obtain 
a battery consisting of two parallel-connected sources. 
Then the internal resistance r’ and the emf &’ of such 
a battery can be found from the relations 

1/r’ =1/r+4/R, 8'/r'= Bir + O/R, 
whence r’=rR/(r+R) and 8’=r’S/r. This gives 
1_ 3X6 9g | 1 2X12 y_ 
r=356 Q=202, & == V=8 V. 


444. A voltmeter with an internal resistance of 2500 Q 
indicates a voltage of 125 V in the circuit. What is the se- 
ries resistance to be connected to the voltmeter so that it 


Rs 





z= 
E 
Fig. 143 


indicates 100 V (Fig. 143)? 
Given: R=2.5x10°Q, U,=125 V, U,=100 V. 


R,—? 

Solution. The voltage across the series resistance is 
U, — U,. Using Ohm’s law for an element of the circuit, 
we can write 

Re= (U, — U,)/I. (1) 


282 Selected Problems on Physics 


With a series connection, the current in different elements 
of a circuit is the same. Therefore, knowing the internal 
resistance R of the voltmeter and the voltage drop U, 
across it, we have from Ohm’s law for this element of the 
circuit 
I= U,SR. (2) 
Substituting expression (2) into (1), we find that | 
_ (y—U)R , 
R= U, : 
R, a—(t25— 100) x 2.5 x 109 
8” 100 


445. A milliammeter is intended for measuring cur- 
rents below 10 mA. What should be done to use this 


Q = 625 Q. 





Fig. 144 


instrument for measuring current up to 1 A if its internal 
resistance is 9.9 2? 


Given: Ih=10 mA=:107? A, Ay=9.92, F=1 A. 
Ra—? 

Solution. The milliammeter is connected in series to 
a circuit. If the current J in it is stronger than the maxi- 
mum rated value J, of the instrument, a resistor AR,» 
known as a shunt should be connected in parallel to it 
(Fig. 144). It is chosen so that the current through the 
instrument is below Ip. 

Applying Kirchhoff’s first law to the junction A, we 
obtain 

I-I,—In = 0. (1) 


Choosing the direction of circumvention of the closed 
contour ABCD A clockwise and applying Kirchhoff's second 
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law to the contour, we get 


ToRo — InRen = 0. (2) 
Solving Eqs. (4) and (2) together, we obtain 
rf 
Ren ars =o ’ 
10-2 x9. 
Ryn = 8S Q=0.1 2. 


446. Four resistors of 1 k& each and two current 
sources of emf 1.5 and 1.8 V are connected to form an 





Fig. 145 


electric circuit. Determine the current in all the resistors, 
neglecting the internal resistances of the sources 
(Fig. 145). 

Given: R=1kQ=10° 2, 8,=1.5V, 8, =1.8 V. 


Ih, Jo, I3, E-? 

Solution. It can be seen from the figure that the resistor 
R, is short-circuited by the conductor ABC whose resist- 
ance is neglected. Consequently, the current does not 
flow through R,, i.e. J, = 0. The remaining part of the 
circuit contains two junctions at points O and B and three 
closed contours. Consequently, we can write one equation 
by using Kirchhoff’s first law and two equations by using 
Kirchhoff’s second law. Applying Kirchhoff’s first law to 
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the junction B, we find that 

f, + I, — I; — 0. 
Applying Kirchhoff’s second law to the contour AOBA 
(circumvented counterclockwise), we obtain 

AR+ 7,8 = 6. <7 
Similarly, applying Kirchhoff’s second law to the con- 
tour OCBO (circumvented counterclockwise), we get 


I,R + 1,R = 8. 


Solving the obtained system of equations, we determine 
the required currents: 


I= +h AH1d mA, 

[ya et 

I= tote ete A=0.7 mA, 
het. 


I,=(1.4 x 10-°3—0.7 x 10-3) A=0.4 mA. 


447. Two cells of emf 1.9 and 1.1 V having internal 
resistances of 0.8 and 0.1 Q are connected in parallel to an 
external resistance of 10 2 (Fig. 146). Determine the cur- 
rent in the external circuit. 

Given: 8,=1.9 V, 8,=1.1 V, 7,=0.8 Q, r,=0.1 Q, 

R=10 Q. 
I—? 

Solution. The electric circuit contains two junctions 
at points K and C and three unknown currents. Conse- 
quently, we can write one equation by using Kirchhoff's 
first law and two equations by using Kirchhoff's second 
law. Applying Kirchhoff’s first law to the junction XK, 
we obtain 

+/,—l=0. 
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Applying Kirchhoff's second law to the contour ABDKA 
(circumvented counterclockwise), we find that 


Tyr, + IR = 6. 


Similarly, applying Kirchhoff’s second law to the contour 
ABCKA (circumvented counterclockwise), we obtain 


Tyr, — Iyryg = 8, — 63. 
Solving the obtained system of equations, we get 


{= Sirat Sari 
R(rtra)+rirs ’ 
pa A KO-A+14X0.8 
= 0x (0.80.1) +0.8x04 


448. The resistances of elements AB, BC, and AD of 
a circuit are 1000, 500, and 200 2 respectively. A galvan- 
ic cell whose poles are connected to points A and C 
has an emf of 1.8 V. A galvanometer detects a current of 
0.5 mA in the direction indicated by the arrow. Determine 
the emf of the other galvanic cell, neglecting the internal 
resistances of the cells and of the galvanometer (Fig. 147). 
Given: R,=10° 2, R,-=5x10?2Q2, Ry=2x 1 Q, 
6,=1.8V, 1,=0.5 mA=5~x 10% A. 
$,.—? 
Solution. The electric circuit has two junctions at 


points A and B and three unknown currents. Consequently, 
we can write one equation by using Kirchhoff’s first law 


A~0.12 A. 
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and two equations by using Kirchhoff’s second law. Apply- 
ing Kirchhoff’s first law to the junction B, we obtain 
I, —I,—I1, = 0. 
Applying Kirchhoff’s second law to the contour ABC8,A 
(circumvented counterclockwise), we find that 
LR, + 1,R, = &. 
Similarly, applying Kirchhoff’s second law to the contour 
AB8,DA (circumvented clockwise), we obtain 
rR, + IRs = 8. 
Solving the obtained system of equations, we get 


$= 6:Ri +1, (RiRs+RiRs+ RyRs) : 
R,+R, 
8.= 
1.8 x 108-5 x 10-* x (109 5x 109+ 108 x 2x 103 -+ 5x 102 x 2x 108) 
108+ 5 x 103 


= 1.47 V. 


449. A wire and a sliding contact are connected to 
point A of a homogeneous wire ring and to a diametrically 
opposite point B respectively. What will be the change 
in the readings of a voltmeter during the motion of the 
sliding contact (Fig. 148)? 

Answer. The subcircuit between points A and B can be 
regarded as a parallel connection of two conductors of the 
same resistance. Wher the sliding contact moves upwards 
or downwards, the resistance of one of these conductors 





Fig. 149 
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will decrease. This leads to a decrease in the resistance of 
the subcircuit AB since the resistance A of a subcircuit 
consisting of two parallel-connected conductors of resist- 
ances A, and R, is always smaller than the resistance R, 
if R, < R,. Therefore, the voltage drop across AB, and 
hence the readings of the voltmeter, will decrease. 

450. Why is the voltage across the terminals of a cur- 
rent source close to zero during short-circuiting, although 
the current in the circuit has the maximum value? 

Answer. During short-circuiting, the resistance of the 
external subcircuit is small in comparison with the 
internal resistance of the source. Therefore, although the 
current in the circuit is large, the voltage drop in the ex- 
ternal subcircuit, which is equal to the voltage across the 
terminals of the source, is small. 


EXERCISES 


451. Calculate the total resistance of a subcircuit if the 
resistance of each side and a diagonal of a square is 8 Q. 
The resistance of the leads should be neglected (Fig. 149). 

452. Eight conductors of resistance 20 & each are con- 
nected pairwise into four parallel branches. Determine 
the total resistance of the circuit. 

453. A copper and an iron wires of the same length are 
connected in parallel to form a circuit. The diameter of 
the iron wire is twice that of the copper wire. The current 
in the copper wire is 60 mA. What is the current in the 
iron wire? 

454. The resistance of the filament of a vacuum tube is 
40 2, the resistance of the engaged part of a potentiom- 
eter is 20 2, and the current in the circuit is 0.2 A. 
When the same cell is connected to a resistance of 10 2, 
the current is 0.1 A. Determine the emf of the cell and 
its internal resistance. 

455. When a cell is connected to a resistance of 4.5 Q, 
the current in the circuit is 0.2 A. When the same cell is 
connected to a resistance of 10 2, the current is 0.1 A. 
Determine the emf of the cell and its internal resistance. 

456. A cell is first connected to an external resistance 
of 5 Q and produces a current of 0.25 A. Then it is connect- 
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ed to an external resistance of 9 &, which produces 
a current of 0.145 A. Determine the current through the 
cell during short-circuiting. 

457. Two cells of emf's 1.8 and 2 V and internal resist- 
ances 0.3 and 0.2 Q are connected in a battery so that 
a current of 4 A flows in an external circuit of resistance 
0.2 2. How are the cells connected? 

458. Six cells having an emf of 1.5 V and an internal 
resistance of 0.4 2 each are connected in a battery so 
that a current of 6 A flows in an external circuit of resist- 
ance 0.2 2. How are the cells connected? 

459. The resistance of a voltmeter is 200 2. A conductor 
of resistance 1 kQ is connected in series to it. By what 
factor is the value of the division of the instrument 
changed? 

460. Determine the resistance of ashunt of a galvanom- 
eter rated for 1A if the internal resistance of the galva- 
nometer is 20 22 and the full scale corresponds to a current 
of 5 mA. 

461. Determine the change in the temperature of a cop- 
per conductor whose resistance has increased twofold. 

462. The external resistance of a circuit is 1.4 2, the 
emf’s of the sources are 2 V each, and their internal resist- 
ances are 1 and 1.5 2. Determine the currents in each 
source and in the entire circuit (Fig. 150). 

463. Determine the current indicated by an ammeter 
if the voltage across the terminals of a source is 2.1 V 
and the resistances are 5.6 and 3 22. The resistance of the 
ammeter and the internal resistance of the source should 
be neglected (Fig. 1951). 

464. Determine the current through a resistor R, and 
the voltage drop in it if the resistances of the circuit 
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Fig. 152 


elements are R, = R, = 40 2, R, = 80 Q, and R, = 
34 2, and the emf of the generator is 100 V. The internal 
resistance of the generator should be neglected (Fig. 152). 


WORK AND POWER OF CURRENT. 
THERMAL EFFECT OF CURRENT 


The work done by an electric field in moving a charge 

q over a subcircuit is 
A =qU = I1Ut, 

where J is the current in the subcircuit, U the voltage 
across the subcircuit, and t the time during which the 
current flows in it. 

According to the energy conservation law, 

A = AW, 


where AW is the change in the energy of a conductor and 
surrounding bodies. 

The power developed by a current passing through 
a conductor of resistance R is given by 


N = AW/t = A/t = IU = FPR. 


The amount of heat liberated upon the passage of a cur- 
rent through a conductor is determined by Joule’s law: 


Q@ = PRt. 
The efficiency is the quantity defined as 


=F 100%, n= 100%, n= it 100%, 





19-~0970 
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where A , (W,, N,) is the useful work (energy, power) and 
Aqg(W,, N,) the work done (spent energy, liberated 


power). 
** *& 


465. Determine the emf and the internal resistance of 
an accumulator supplying a power of 9.5 W to an external 
surface at a current of 5 A and 14.4 W at 8A. 

Given: 1,=5 A, N,=9.5 W, I,=8 A, N,=14.4 W. 


é—? r—? 
Solution. According to Ohm's law for a closed circuit, 
1,=6(R, +1), I, = 6(R, +1). (1) 


The resistances R, and R, can be determined from the 
relations VN, = JiR, and N, = /?R,, whence 


R, =N,/I?, R, = N,/I2. (2) 
Substituting expressions (2) into (1), we obtain 
TL=6U(N/R+r), 1,=8/(N,/I +r). (3) 
Solving Eqs. (3) together, we find that 
_ _Nii— Nal pe Nil —Nal 
Nl, Ia—Th) ? Wy (Ia—J)) * 


Then 
9.5 X 82—14.4X 58 yy 
o=—syaxe—h SOY: 


9.5x8—14.4x5 
T=—Sx8x(6—5) Q ~ 0.03 Q. 


466. In an electric circuit, the same power is developed 
at external resistances of 2 and 0.1 2. Determine the 
internal resistance of the source. 

Given: Ryx=2Q, R,=0.1Q, N= Ny. 

r—? 

Solution. According to Ohm's law for a closed circuit, 

for two values of the external resistance we have 
I, = €(R, +7), IT, = 8(R, +r), (4) 
€é=1,(R, +17), &=1,(R, +7). 
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The current is connected to power through the relation 
N = I°R, whence J = Y N/R. Substituting, = VY N/R, 
and I, = V N/R, into Eqs. (1), we obtain 


8=VNIR (AR, +r), S=VN/R(Ag+r). (2) 
Equating the right-hand sides of expressions (2) and trans- 
forming the obtained equality, we can determine r: 


VIR, (R, +r) =V N/R, (Re +r), 
VRo(R, +r) =VR,(R+7), 
VRR+V Rr =VRR+VR, 
r(VR,—-V Ay) =VR, R,— VR, RP, 
=VR,R,(VR,—-VR)), 
r=V R,R,, 


r=V2x0.1 2~0.45 Q. 


467. A battery is formed by a few parallel-connected 
cells. When the current in an external circuit is 2 A, the 
useful power is 7 W. Determine the number of cells in 
the battery if the emf of a cell is 5.5 V and the internal 
resistance is 5 2. 


Given: J=2 A, N=7W, 6=5.5 V, r=5 2. 


n—? 
Solution. The useful power developed in the resist- 
ance FR is 
N= FPR. (1) 
According to Ohm’s law for a closed circuit, we can 
write for the current J = &,/(R + r,), whence R= 
(,—Jr,)/J, where , = 6 is the emf of the battery 
consisting of n identical parallel-connected cells, and 
rp =r/n is the internal resistance of the battery. Substi- 
tuting the expressions for ry, 8,, and A into Eq. (1), we 
obtain 4 = I(§ — Ir/n), whence 
_ ir 
"= §I-N ’ 
23x5 
M=S5xa-7 
19@ 
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468. A cell having an internal resistance of 4 2 and an 
emf of 12 V is closed by a conductor of resistance 8 Q. 
What amount of heat will be liberated in the external 
circuit per second? 

Given: r=42, @=12V, R=8Q, t=1s. 


Qlt—? 
Solution. The amount of heat liberated in the external 
circuit per second is 


Q/lt = PIR. (1) 
According to Ohm’s law for a closed circuit, we have 
I=6/(R +1). (2) 
Substituting expression (2) into (1), we obtain 
Q_ _3R 
tt (R+r)? ! 
Q@_ 12x8 J 
t+ @6+a> a = 8 J/s. 


469. A kettle filled with 11 of water at 16 °C is put on 
a hot plate of power 0.5 kW. The water in the kettle boils 
in 20 min after switching on the hot plate. What amount 
of heat is lost for heating the kettle and for radiation? 


Given: N=5x 10? W, V=1 1=10°3 m3, 7, = 289 K, 
t, = 20 min=1.2 x 103 s. 
w'—? 
Solution. The total energy spent for heating water and 
the kettle and for radiation is 
W, = Nt. 
The useful energy required to heat water is 
W, = AU =cm (T, — 1)). 


Here AU is the change in the internal energy of water as 
a result of heating, c the specific heat for water, and 

= pV is the mass of water, where p is its density. 
Then the energy losses for heating the kettle, for radiation, 
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etc. are 
W = W, — W, = Nt — epV (T, — T,), 
Ww’ = 15 x 10? x 1.2 x 108 — 4.19 x 108 
x 108 x 10-* x (373—289)] J ~ 250 kJ. 
470. A homogeneous iron conductor of length 100 m 
is connected to a d.c. source of 100 V for 10 s. What will] be 


the change in the conductor temperature? The change in 
the conductor resistance upon heating should be neglected. 


Given: l=10? m, U=10? V, t=10s. 


AT—? 
Solution. The amount of heat required for heating the 
iron conductor is 


Q, = AU =cm AT. (1) 


Here m = DS1 is the conductor mass, S the cross-section- 
al area, c the specific heat for iron, and D the density 
of iron. 

According to Joule’s Jaw, the total amount of heat 
liberated in the conductor is 


Qe = U*t/R. (2) 


Here R = pl/S, where p is the resistivity of iron. Neglect- 
ing heat losses, we can assume that Q, = Q,, or, taking 
into account expressions (1) and (2), cDSIAT = 
U*St/(pl), whence 


U%t 
AT =— pnp’ 
AT a eK 08 SK: 


0.46 x 10° x 7.8 x 108 x (108)? x1.2x 10-7 


471, Determine the resistance of the leads to a source of 
voltage 120 V if fuses made of a Jead wire, having a cross- 
sectiona] area of 1 mm? and a length of 2 cm, melt during 
Short-circuiting in 0.03 s. The initial temperature of 
a fuse is 27 °C. 

Given: U=120 V, S=1mm?=10°° m2, 1=2 cm= 

2x10 m, t=3x107%s, T=300 K. 


R-? 
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Solution. The amount of heat required for heating the 
lead to the melting point and its fusion at this tempera- 


ture is 
Q; = AU, + AU,. 
Since AU, = cm AT, AU, = Am, m = DIS, and AT = 
Tm — IT, we have 
Q, = DIS le (Tm — T) + Al, (1) 

where D is the density of lead, c the specific heat for lead, 
and 7, its melting point. 

During short-circuiting, the resistance of the circuit 


is R + R;, where R; = pl/S is the resistance of the fuse. 
The short-circuit current is 


I= UMR +R). 
According to Joule’s law, the amount of heat liberated in 
the fuse during a time ¢ is Q, = J?A;yt. Therefore, 


_ Ut 

Oo= TRF IST'S * (2) 

Assuming that the entire amount of heat liberated in the 

fuse is spent for its heating and melting, we can write 
Q, = Q,, or, taking into account Eqs. (1) and (2), 


DIS [¢ (Tm —T) +M =a 


(R+plsys ’ 
whence 
me ae | ae 

R=s {Uy Dle('m—T)+4l et}, 

1 
R=aa [ 120 

2.1 x 10-7 x 3 x 1073 
 ( FESSOR TOTS IO 0 — 300) FOIE K TOT 


—24x107x2x 102)" Q~ 0.34 Q. 


472. Air contained in a closed vessel of volume 1 1 
under normal conditions is heated by an electric heater 
rated for a current of 0.2 A and a voltage of 10 V. In what 
time will the pressure in the vessel rise to 1 MPa? The 
efficiency of the heater is 50%. 
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Given: V=11=10°3 m3’, J=0.2 A, U=10 V, 
P2=1 MPa=10° Pa, 7=50%=0.5. 


t—? 
Solution. The amount of heat liberated by the current 
during a time ¢ can be determined from Joule’s law: 


Q, = PRt = 1Ut. (1) 


The amount of heat required to heat the air from 7, = 
273 K to a temperature 7, is 


Q. = cm (T, — 1)), (2) 


where c is the specific heat for air and m its mass. By 
hypothesis, Q, = 0.5Q,, or, taking into account expres- 
sions (1) and (2), cm (T, — T,) = 0.5IUT, whence 


t = cm (T, — T,)/(0.51U). (3) 


Here m = pV, where p is the density of air. 

Since the volume V occupied by the gas does not change 
upon heating, by applying Gay-Lussac’s law p,/T, = 
po/T., we can determine the final temperature of the gas: 
T, = T,p,/p,. Substituting the expressions for m and T, 
into Eq. (3), we obtain 


f= epV (T1Po/Pi—T1) __ opVTs (Ps/P1—1) 


0.51U 0.51U i 
pee 1.005 x 108 x 1.29 x 10-8 x 10-3 x 273 x [10°/(1.04 x 10%) — 1] ‘ 
a 0.5 X 0.2 x 10 
~ 3.18 x 105 s. 


473. Determine the efficiency of a current source with 
an internal resistance of 0.1 @& loaded by a resistance 
of 1.5 Q. 


Given: r=0.1Q2, R=1.5Q. 
i? 
Solution. By definition, the efficiency is 


N, 
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where NN, is the useful power liberated in the external 
subcircuit and NV, isthe power liberated in the entire 
closed circuit. The powers NV, and N, can be determined 
from the relations VN, = /?R and N,=/°(R +r). 
This gives 


_ F4R-100% __ 
aeRO =a 100%, 


474°, The useful power liberated in an external subcir- 
cuit attains its maximum value of 5 W at a current of 5 A. 
Determine the internal resistance and the emf of the cur- 
rent source. 


Given: Nuax=5 W, Imas=5 A. 
r—? 6—? 


Solution. According to Joule’s law, the useful power 
liberated in the external subcircuit of resistance F is 


N=FPR. (4) 
According to Ohm’s law for a closed circuit, 
P=6KR +1). 
Therefore (see Eq. (1)), we can write 
= @R/(R + r)*. (2) 


The power liberated in the external subcircuit has the 
maximum value (V = Nyagx) when the following condi- 
tion is satisfied: 
dN 
“an =? (3) 
Differentiating Eq. (3) with respect to A, we can find the 
external resistance Rmax at which the power has the 
maximum value: 
az $*R__] _ 6*(R+r)*—OR-2(R+r) _ 
ape |= ee 
(R+r)?—2R(R+r)=0, (R+r)(R+r—2R)=0, 
R+r—2R=0, R=Raax=r. 
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Substituting Ry,.x into Eqs. (1) and (2), we obtain 
Nmax = Iinaxr, Whence 


r = Nmax!Iinax, 
r = (5/57) Q = 0.2Q. 
Therefore, Nmax = 8r/(4r?) = 8?/(4r), whence 


8 =V Naa = amet = 2 Amor, 


Imax Imax 
$=22 V=2V. 


475. Is the work done by a current source in the inter- 
nal subcircuit a constant quantity for a given source? 

Answer. No, it is not. 

476, Why is the filament of a bulb strongly heated, 
while the leads remain cold? 

Answer. The amount of heat liberated in conductors 
connected in series is directly proportional to their resist- 
ance (Joule’s law). The resistance of the filament is very 
high, while the resistance of the leads is very low, and 
hence the filament is heated strongly, while the leads 
are heated only slightly. 


EXERCISES 


477. Three conductors of resistance 3, 6, and 8 {2 re- 
spectively are connected in parallel. The amount of heat 
liberated in the first conductor is 21 kJ. Determine the 
amount of heat liberated in the second and third con- 
ductors during the same time. 

478. Two conductors of resistance 10 and 6 2 are con- 
nected first in series and then in parallel between two 
points with a potential difference of 20 V. Determine the 
amount of heat liberated in each conductor per second. 

479. A current flows through a copper conductor of length 
2m and a cross-sectional area of 0.4mm?. The amount 
of heat liberated per second is 0.35 J. How many electrons 
pass through the cross section of the conductor per second? 

480. What is the length of a Nichrome conductor of 
diameter 0.5 mm used for making an electric heater oper- 
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ating at a voltage of 120 V and producing 1 MJ of heat 
per hour? 

481. Two conductors of the same resistance R are con- 
nected to a circuit at a voltage U first in parallel and 
then in series. In which case is the power consumed from 
the circuit higher? 

482. A pot containing 1 | of water and 0.5 kg of ice at 
0 °C is put on a hot plate of power 600 W. In what time 
will the temperature of the water in the pot rise to 60 °C 
if the efficiency of the hot plate is 80%? 

483. A potential difference of 10 V is applied at the 
ends of a lead wire of length 1 m. What time will elapse 
from the beginning of the passage of current to the mo- 
ment at which the lead starts melting? The initial tem- 
perature of the lead is 27 °C. 

484. Two identical refractory vessels containing tin and 
lead respectively are heated on a hot plate. The masses of 
the tin and the lead are equal, and their initial tempera- 
ture is 20 °C. What will be the ratio of the durations of 
melting of the metals? 

485. Determine the current in a circuit of a lead accu- 
mulator if its emf is 2.2 V, the external resistance is 0.5 2, 
and the efficiency is 65%. 


CURRENT IN ELECTROLYTES AND GASES 


Solutions conducting electric current are known as 
electrolytes. The current in them is due to the motion of 
positive and negative ions. The passage of the current 
through an electrolyte is accompanied by the deposition 
of the constituents of the dissolved material (electrolysis). 

The mass of a substance deposited during an electroly- 
sis can be calculated by using Faraday’s generalized law 
of electrolysis: 


m = AIt/(Fn), 


where mm is the mass of the deposited substance, A its mo- 
lar mass, J the current through the electrolyte, ¢ the time 
during which the current flows, F the Faraday constant, 
and n the valence. 

Gases become conductors when they are ionized, i.e. 
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contain free electrons and positive and negative ions. 

Extrinsic conduction is due to the ionization of a gas 
caused by an external effect (flame, ultraviolet or X-radi- 
ation, etc.). 

Intrinsic conduction is due to charged particles accel- 
erated by an electric field and ionizing neutral molecules 
as a result of collisions. 

The minimum potential difference required to ionize 
an atom or a molecule of a substance by an electron 
accelerated by the potential is known as the ionization 
potential U, for the given atom or molecule. 

The energy acquired by an electron having passed through 
this potential difference is called the ionization energy: 

W, = eU,, 


where e is the electron charge. 

The glow discharge, the are discharge, the spark dis- 
charge, and the corona discharge are different types of 
self-sustained gas discharge. 


se % 


486. During nickel plating of a plate, its surface is 
covered by a nickel layer of thickness 0.05 mm. Determine 
the mean current density if the nickel plating lasts for 
2.5 h. 

Given: h=0.05 mm =5 x 103m, t=2.5h=9 x 108s. 

j-? 

Solution. The current density is defined as 

j=I/s, 


where S is the cross-sectional area of the conducting part 
of the electrolyte, equal to the area of the plate. 

In order to determine the current, we shall apply 
Faraday's generalized law 


m = Alt/(Fn). (1) 
Here 
m = pV = phS, (2) 


where p is the density of nickel. 
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Substituting Eq. (2) into (4), we obtain the current: 
I = phSFni(At). 
Then the current density is 
= phSFn phFn 
i=—a51- = ar? 
8.8 x 10? «5 x 10-5 x 9.65 x 104 « 2 a 2 
= SET KIOK 9X40" mr = 160 Alm’. 
487. During an electrolysis of silver nitrate solution 
lasting for an hour, 9.4 g of silver are deposited at the 
cathode. Determine the emf of polarization if the voltage 
across the bath terminals is 4.2 V and the resistance 
of the solution is 1.5 Q. 
Given: t=1 h=3.6 x 103 s, m=9.4 g=9.4 x 10°3 kg, 
U=4.2 V, R=1.5 Q. 


Solution. During the electrolysis of silver nitrate solu- 
tion, the symmetry of the electrodes made of the same 
material is violated, and electrodes are polarized. In this 
case, the emf of polarization appears, and Ohm’s law for 
a subcircuit containing an emf of polarization becomes 
U =IR + 6), whence 


6) = U—IR. (1) 


Since J] = q/t, and according to Faraday’s law, gq = 
mFn/A, Eq. (4) can be transformed as follows: 
mFnR 
& =U— At 9 
1 9.4 « 10-3 x 9.65 « 104 x4 «41.5 
8p 4.2 — 107.9 x 10-3 x 3.6 x 108 V~0.7 V. 


488. How many atoms of a bivalent metal will be de- 
posited on a square centimetre of the electrode surface in 
5 min at a current density of 0.1 A/dm?? 


Given: S=1cm?=10% m?, t=5 min=300 s, 
j=0.1 A/dm?=10 A/m2, n=2. 


n— 
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Solution. According to Faraday’s law, we have 
m = Alt/(Fn), 


or, considering that J = jS and m = AjSt/(Fn), we ob- 
tain 

m/lA = jSt/(Fn). (1) 
Here m/A is the number of moles. Multiplying this quan- 
tity by Avogadro’s constant, we obtain the number n, of 
atoms deposited on the electrode surface: 





n= mN ,/A. 
Using Eq. (1), we get 
Stn 
y= J 7a ’ 
10 x 10-4 x 300 x 6.02 x 1039 
Oi Baad a 


489. A copper plate containing 12% of impurities is the 
anode in a copper sulphate solution. During an electroly- 
sis, copper is dissolved and deposited in pure form at the 
cathode. What is the cost of the refining of 1 kg of such 
a copper if the voltage across a bath is maintained at 6 V, 
and the cost of 1 kWh of energy is 4 kopecks? 


Given: M=1kg, UV=6V. 
zI—? 


Solution. The mass of the pure copper deposited at 
the cathode is 


m= M — 0.12M = 0.88M. 
According to Faraday’s law, 
m = AIt/(Fn) = Agq/(Fn), 


q = mnF/A = 0.88MnF/A. (1) 
The energy spent during the electrolysis is W = qU, or, 
taking into account expression (1), 
w= a ; 
0.88x1x2x9.65 x 104 x6 
a oZ | J=4.5 kWh. 


whence 
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Consequently, the cost of the refining of 1 kg of such 
a copper is z = 18 kop. 

490°. Determine the mass of copper deposited at the 
cathode as a result of the passage of a current which 
uniformly increases from 0 to 4 A through a copper sul- 
phate solution for 10 s. 


Given: t,=0, t,=108, J,;=0, J,=4A. 
m—? 


Solution. According to Faraday’s law, the mass of the 
substance deposited at the cathode is 


m = Aq/(Fn), (1) 


where the charge passing through the copper sulphate 
solution during the time ¢, is 
ts 
q= \ I dt. (2) 
0 
By hypothesis, 

I = kt, (3) 
where k is the proportionality factor. For the instant of 
time ¢,, J, = kt,, whence k = J,/t,. This gives 

I= I,t/t,. (4) 


Substituting Eq. (4) into (2) and integrating, we obtain 





te te 
oe ee Pay ee _ is @ its 
q= \ et de = | ede=—t =e (5) 
0 0 
Using expression (5) in (1), we get 
_ Alets 
“ 2Fn * 


_ B4x10*xX4x10 , 

491. Determine the mass of oxygen evolved as a result 
of the passage of a charge of 16 C through an aqueous 
solution of sulphuric acid. The mass of an oxygen atom 
is 2.6 x 10-%* kg. 
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Given: g=16C, m=2.6 x 10° kg. 


M—? 
Solution. The molecules of sulphuric acid H,SO, disso- 
ciate in water into positive (H+) and negative (SO,) 
ions. This reaction can be written in the form 


H,SO, + 2H*+ + SO--. 


The group SO; deposited at the anode enters into the 
reaction with water: 


SO, + H,O = H,S0, + 0. 


As a result, gaseous oxygen is evolved at the anode. The 
last equation shows that as a group SO,” bearing a charge 
of 2e passes through the solution, an oxygen atom is 
evolved at the anode. Consequently, when a charge g 
passes through the solution, g/(2e) atoms of oxygen will 
be evolved at the anode. Denoting by m the mass of an 
oxygen atom, we find that the mass of the evolved oxygen is 
2 
=e. 
2.6 x 1073° x 16 
M= 6x0 


492. Undiluted sulphuric acid is stored in iron contain- 
ers, while diluted acid is stored in glass vessels. Why? 

Answer. Undiluted sulphuric acid is not an electrolyte, 
while diluted acid is. If diluted acid were stored in an iron 
container, an electrolysis would take place. 

493. The direction of current in modern galvanic baths 
is being altered. Why? 

Answer. A metal is deposited at an article during 
a passage of the forward current. During a passage of 
a short-time reverse current, the deposited metal is partial- 
ly dissolved (mainly at microscopic projections of the 
cathode). This improves the quality of plating. 

494. Determine the ionization energy for a helium 
atom if its ionization potential is 24.5 V. 


Given: U,= 24.5 V. 
Wi.-? 


kg = 1.3 x 10°* kg. 
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Solution. By definition, the ionization energy is 
W,= eU;, 
where e is the electron charge. Therefore, 
W,= 1.6 x 10- x 24.5 J = 39.2 x 10° J. 


495. What must be the minimum velocity required for 
an electron to ionize hydrogen atoms? The ionization po- 
tential for a hydrogen atom is 13.5 V. 

Given: U,=13.5 V. 


v—? 


Solution. In order to ionize a hydrogen atom, the elec- 
tron must have a kinetic energy equal to the ionization 
energy: 


W,=W,, or = mv*/2 = eU,, 


where e and m are the electron charge and mass. Then 


7 
v= —— 
m 


= 21.6 x 10-9 x 13.5 m _ 6 


496. Determine the saturation current density in 
a gas-discharge tube with an interelectrode distance of 
10 cm if 10 pairs of monovalent ions are formed in a cubic 
centimetre of the tube per second under the action of 
cosmic radiation. 


Given: l=10 cm=0.1 m, np,=10 cm 3.s t= 


10’ m-3-s"!, 
i—? 
Solution. The saturation current density is 
ji, = 1,/S, (1) 


where J, is the saturation current and S the cross-sec- 
tional area of the tube. 

Considering that J, = q/t, g = enV, and V = IS, where 
q is the charge passing through the tube during a time 
t, e the charge of a monovalent ion, V the volume of the 
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tube, and n = 2n, is the ion concentration (n, the num- 
ber of ion pairs), and using these expressions in Eq. (1), 


we obtain 
je = 2en,lS/(tS) = 2enyl/t. (2) 


Denoting by n,/t = n,, the number of ion pairs formed in 
a cubic metre of the tube per second, we can write expres- 
sion (2) in the form 
je = 2enp,l, 
jg = 2 X 1.6 x 107% x 107 x 0.4 A/m? 
= 3.2 x 10-™ A/m?. 

497. Determine the mean velocity of the directional 
motion of monovalent ions in an ionization chamber if 
their concentration is 10° cm~* and the saturation current 
density is 10-1 A/m?. 

Given: n=108 cm =10° m3, j, = 107! A/m?. 

{v)—? 

Solution. By definition, 

(v) = Ut, (4) 
where / is the length of the chamber. : 

Using the solution of Problem 496, we can write 

ja = 2enp,l = enjl, (2) 
where n, is the number of ions formed in a cubic metre per 


second. It follows from expression (2) that / = j,/(en,), 
or since n, = nit, 
l = jgt/(en). (3) 
Substituting expression (3) into (1), we obtain 
ae | eee 
(yy = ent en 
40-13 
) = TEx x 10" 
498. Why does a charged electroscope always get 
discharged under the room conditions? 
Answer. The electric field produced between the 
charged leaves of the electroscope always contains a 


20—0970 


= =6.2 x 1673 m/s. 
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certain number of ions formed as a result of action of 
external ionizers (like cosmic rays). These ions move to 
the electroscope leaves and neutralize their charge. 

499. Why are high-tension transmission linés always 
supplied with two additional wires which are not in- 
sulated from the steel supports and are arranged above 
the main wires? 

Answer. These additional wires are intended for 
protecting high-tension transmission lines from lightning 
discharges. 


EXERCISES 


500. The amount of copper deposited at the cathode 
per hour during an electrolysis of copper sulphate is 
0.5kg. The surface area of the electrodes immersed in the 
electrolyte is 7.5 m?. Determine the current density. 

501. What amount of electric energy should be supplied 
for depositing 500 mg of silver during an electrolysis 
of a silver nitrate solution? The potential difference be- 
tween the electrodes is 4 V 

502. The amount of a bivalent metal deposited at the 
cathode in an electrolytic bath during 10 min at a cur- 
rent of 5 A is 1.017 g. Determine the atomic mass of the 
metal. 

503. Determine the thickness of the copper layer depos- 
ited at the cathode during a 5-h electrolysis of copper sul- 
phate if the current density is 0.8 A/dm?. 

504. What amount of copper will be deposited at the 
cathode during an electrolysis if the amount of supplied 
electric energy is 5 kWh? The voltage across the bath ter- 
minals is 10 V and the efficiency of the set-up is 75%. 

905. A power of 37 kW is supplied during an electroly- 
sis of a sulphuric acid solution. Determine the resistance 
of the electrolyte if 0.3 g of hydrogen are evolved at the 
cathode during 50 min. 

506. Determine the mass of chlorine evolved as a result 
of the passage of a charge of 16 C through a hydrochloric 
acid solution. 

507. An electron flying at a velocity of 2.2 x 10° m/s 
ionizes a gas. Determine the ionization potential for the 
gas. 
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508. Determine the saturation current in an ionization 
chamber with a surface area of the electrodes of 100 cm? 
and an interelectrode separation of 6.2 cm. An ionizer ge- 
nerates 10° monovalent ions of each sign in a_ cubic 
centimetre of the chamber per second. 


QUESTIONS FOR REVISION 


1. What is electric current? 2. Define current and current density, 
name their units. 3. What is the resistance of a conductor? How 
does it depend on the geometrical size, material, and temperature 
of the conductor? 4. Define voltage, emf, and potential difference. 
What is the relation between them? 5. Formulate Ohm’s law for 
a homogeneous and a heterogeneous conductor and for a closed 
circuit. 6. Write expressions for the resistance of a subcircuit con- 
taining series- and parallel-connected conductors. 7. What are the 
duties of a shunt and a series resistance? What are the ways of their 
connection to measuring instruments? 8. Formulate Kirchhofi’s 
laws. 9. Write formulas for calculating the work and the power of 
a current. 10. Formulate Joule’s law. 11. What process is called 
electrolysis? 12. Formulate Faraday’s laws of electrolysis. 13. Ex- 
plain the physical meaning of electrochemical and chemical equiv- 
alents. 14. What is the physical meaning of the Faraday constant? 
15. What is gas discharge? 16. Name the types of gas discharge. 
17. Define ionization potential. 


3.3. Electromagnetism 


MAGNETIC FIELD OF A CURRENT. FORCES ACTING 
IN A MAGNETIC FIELD ON A CURRENT-CARRYING 
CONDUCTOR, A MOVING ELECTRIC CHARGE, 
AND A CURRENT LOOP 


Magnetic induction is a vector physical quantity whose 
Magnitude is given by 
B= ppol/(2nr) 
for an infinitely long straight conductor, 
B= ppol/(2R) 
at the centre of a circular loop, and 
B= ppoln 


on the axis of a solenoid (inside it), where r is the shortest 
distance from the conductor to a point where the induction 


208 
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is determined, A the radius of the loop, and n the number 
of turns per unit length of the solenoid. In all cases, the 
direction of the vector B is determined by the right-hand 
screw rule. 

If a magnetic field is produced by several currents, the 
magnetic induction at a given point is the vector sum of 
the magnetic inductions B, of the fields produced at the 
point by each current separately (the principle of super- 
position of magnetic fields): 


n 
B = > B,. 
a= 


Magnetic induction and magnetic field strength are 
connected through the relation 


B= ppoH, 


where H is the magnetic field strength, » the permeability 
of a medium, and p, the magnetic constant. 

A current-carrying conductor in a uniform magnetic 
field is acted upon by the Ampére force 


F=I/1B sina, 
where J is the current in the conductor, / its length, and a 
the angle between the directions of the magnetic induction 
vector and the current. The direction of the Ampére force 
can be determined by the left-hand rule. 


If a magnetic field is nonuniform, the Ampére force 
acting on an element of length dl of the conductor is 


dF =JB sina dl. 


The force acting in this case on the entire conductor is 


F= \ TBsin cdl. 


t 


An electric charge moving in a magnetic field experi- 
ences the action of the Lorentz force 


F=qBsina, 


where q is the charge, v the velocity of its motion, and a 
the angle between the directions of the magnetic induc- 


Ch. 3. Electricity 309 


tion and the velocity vectors. The direction of the Lo- 
rentz force can be determined by the left-hand rule (for a 
positive charge). 

A current loop in a magnetic field is under the action of 
a force couple with a torque 


M = p,B sina, 


where p,,=J/S is the magnetic moment of the current 
loop, S its area, and a the angle between the directions of 
the magnetic induction vector and the normal to the 
plane of the loop. 


** & 
509. The currents J, =J, and J, =J, +1, pass through 


three long straight conductors arranged in the same 
plane parallel to one another at a distance of 3 cm 





Fig. 153 


(Fig. 153). Determine the position of a straight line such 
that the magneticinduction of the field produced by the 
currents is zero at each of its points. 


Given: r=3cm=3x10?m, I,=/],, I,;=1,+],. 
z—? 


Solution. Let us suppose that the currents /,, J,, and 
I, flow in the plane perpendicular to the plane of the 
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figure away from us (the directions of the currents are in- 
dicated by crosses). The magnetic induction vectors pro- 
duced by the currents are directed, according to the right- 
hand screw rule, along the tangent at any point of the 
magnetic field line (the field lines are indicated by dashed 
circles). 

The sought straight line on which the magnetic induc- 
tion vector is zero can be arranged between the currents 
T, and J, at a distance z from J,. Indeed, the induction 
vectors B, and B, of the fields produced by the currents 
I, and J, at point O are directed downwards, while the 
induction vector B, of the field produced by the current 
I, at this point is directed upwards. According to the su- 
perposition principle, we can write 


B, + B, + B, =0, 
or in projections on the Y-axis, 
B, + B, — B, =0. (1) 
The magnetic induction of the field produced by an infi- 
nitely long straight current-carrying conductor is 
B= ppol/(2nr). 


This gives 
B, = —bbela 
1~"On(r+z)’ 
I 
B, = Hels (2) 


LPo Uit/s) 
2n(r—z) ° 


Substituting expressions (2) into (1), we obtain 


Biel 4 HHtels Hye a + Je) =0 
2n (r+ 2) 2nz 2n (r—2z) . 

or after the transformation 47? + rz —r?=0, we get 

—r+Vriti6rs = —3x 10-94 12.4x 103 

a aa a aa | Sa 

Consequently, z, ~~ 1.2 x 10-? m. The second root of 

the quadratic equation, xz, = —1.9 x 10m, corre- 


B, 


I= 
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sponds to a point lying between the currents J, and J,, 
which is also possible. Therefore, the problem has two 
solutions, 

510. Currents of 10 A flow in the same direction along 
two long straight conductors separated by 5cm. Determine 
the magnetic induction at a point lying at a distance 
of 3 cm from each conductor. 

Given: l=5 cem=5 x10? m, I,==/,=/=10 A, 

r=3 cm=3x 10? m. 
B—? 

Solution. The magnetic induction vector B of the field 
at point A is the vector sum of the magnetic inductions 
B, and B, of the fields produced by each current separately 
at this point (Fig. 154). The directions of the vectors B, 
and B, can be determined from the right-hand screw rule. 





Fig. 154 


The numerical value of the magnetic induction at point 
A can be found by using the cosine law: 


B=V B+ B+ 2B,B, cosa. (4) 
The magnetic inductions of the fields produced by each 
current at point A are 
By = ppl /(2xr,), By = pptol/(2z7,). 
Since r; =r, =r and B,= B,, we have (see Eq. (1)) 


B= V 28+ 2B cosa = B, V2+2cosa. (2) 
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Applying the cosine law to A ADC, we find that 
P= r? + rf — 2r,r, cosa, whence cosa = (ri + r} —I*)/ 
(27,72) = (2r? — 1*)/(2r?). Substituting the expressions 
for B, and cos @ into Eq. (2), we obtain 


I 2(2ra— 23) 
paige // 24 FEED — Weel VE 
B= eT Ex (8x 10%*—(0x 10%) T 


~ 66.6 pT. 


511. A current of 10 A passes through a ring made of a 
copper wire and having a cross-sectional area of 1 mm’. 
A potential difference of 0.15 V is applied across the ends 
of the ring. Determine the magnetic induction of the field 
at the centre of the ring. 


Given: S=1 mm?=10* m2, J=10A, U=0.15 V. 
B—? 
Solution. The magnetic induction of the field at the cen- 
tre of a circular current is 
B= pptol/ (27), (1) 


where r is the radius of the ring. According to Ohm’s law 
for a conductor, the potential difference across the ends 
of the ring is 

U=IR. (2) 
Considering that R= pl/S and 1=2nr, where Ris the 
resistance of the ring and | its length, we write Eq. (2) 
as U= Ip2znr/S, whence 


r= US/(I2np). (3) 
Substituting expression (3) into (1), we obtain 


_ PHonpl? 
B= —"'0s 
4X 3.14 x 107? x 1X 3.44 x 0.17 x 10-7 x 102 

0.15 x 10-* 


512. Identical currents of 2 A flow in two identical cir- 
cular loops of radius 5 cm whose planes are mutually per- 


B= T=44 pT. 
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pendicular and whose centres coincide. Determine the 
magnetic induction of the field at the centre of the loops. 
Given: R=5 cm=5x10?% m, J=2A4. 


B-—? 
Solution. The magnetic induction of the field produced 
by each circular current at the centre of the corresponding 


loop is 
B, = By = ppol/(2R). (1) 


According to the right-hand screw rule for the chosen di- 
rections of the currents in the loops, the vector B, is di- 
rected away from us and the vector B, to the right 
(Fig. 155). According to the superposition principle, the 
induction of the resultant magnetic field is 


B =B, + B,. 


Since B, and B, are mutually perpendicular, we can apply 
the Pythagorean theorem to the corresponding right tri- 
angle and find a 


=VBi+Bi=B8, V2. (2) 


Substituting my (1) into Coe we es abiln 


Ban teV 2 
AX BMX 10-7 X12 1d 





Fig. 155 


513. A solenoid of length 20cm and diameter 5 cm should 
produce a magnetic induction of 1.26 mT on its axis. 


314 Selected Problems on Physics 


Determine the potential difference that must be applied 
across the ends of the solenoid winding if a copper wire of 
diameter 0.5 mm is used for it. 


Given: L= 20 cm =0.2 m, D=5cm=5x107? m, 
B=1.26 mT =1.26x10°T, d=0.5 mm= 
5x 10-4 m. 
U—? 
Solution. The potential difference across the ends of the 
solenoid winding is 


U=IR. (1) 


Using the expression B= ppoIn, we can determine the 
current through the solenoid: 


I = Bi(ppon), (2) 


where n = N/L is the number of turns per unit length of 
the solenoid. Since the total number of turns is N = L/d, 
expression (2) can be written in the form 


I = Bd/(ppoL). (3) 
The resistance of the winding is 
R=pl/S. 


Since p is the resistivity of copper, != nDN = xDLid, 
and S = md*/4, we have 


R =4pDLid. (4) 
Transforming Eq. (1) by (3) and (4), we obtain 
__ 4pBLD 
i Hyd?” 


40.47 10-7 «4.26 x 10-8 X 0.2 x5 1078 
U = I xe CN 2.7 Vz 


514. Two parallel conductors carrying the same cur- 
rent are separated by a distance of 8.7 cm and attract each 
other with a force of 2.5 x 10-7.N. Determine the current 
in the conductors if the length of each conductor is 320 cm 
and the currents in them have the same direction. 
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Given: r= 8.7 em =8.7x10?% m, F=2.5x107 N, 
1=320 cm=3.2 m. 
I-—? 

Solution. Since, by hypothesis, r <1, we can assume 


that the wires are infinitely long. Therefore, the magnetic 
induction of the field produced by the conductor J, 


(Fig. 156) is 
B, => PHol,/(2str). (4) 


According to Ampére’s law, the force acting on the con- 
ductor J, is Fy = /,B,l, or, taking into account Eq. (1), 
F, = Fattiolal (xr). Since J, =J,=I], we have 


F, = ppol®l/(2xr), whence 
2urF, 
l=y ——, 
V HHol 
Ja / EXSHXETXIARE SHIT 9 5g 4, 


4X3.14 x 10-7 X 3.2 


515°. A metal rod of length 15 cm is perpendicular to 
an infinitely long straight wire carrying a current of 2 A. 
Determine the force exerted by the magnetic field pro- 
duced by the wire on the rod if the current in the rod is 
0.5 A and the distance between the wire and the nearest 
end of the rod is 5 cm. 

Given: l=15 cm=15x 10? m, J,=2 A, r=5cm= 

5x4107%m, /,=0.5 A. 


P,-—? 

Solution. We divide the rod CD into small elements of 
length dz and consider such an element at an arbitrary 
distance z from the vertical wire (Fig. 157). According to 
Ampére’s law, the force acting on each element dz is 
equal to 


and is directed vertically upwards, in accordance with 
ue left-hand rule for the chosen directions of the currents. 
ere 


By = pple! p/(2nz) (t) 
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I Ip 
h dF; 
B, | Bz 
©|@ & J; 
fe dz D 
B, 
Fig. 156 Fig. 157 


is the magnetic induction of the field produced by the cur- 
rent J, at a point lying at the distance z from the verti- 
cal wire. Since the forces acting on other elements of the 
rod are also directed vertically upwards, the total force 
acting on the rod is 


rt+l r+l 
F,= ( dF, = ( I,B, dz. (2) 


Substituting Eq. (1) into (2) and integrating the obtained 
expression, we find that 


r+l r+l 
F.= \ Biol sl, dz = Poll y dz 
1 2nz on z 

r Tr. 


= piglets In 2 |t*! 


_— ppol els r+l 
~~ Ox In r 
4X 3.14% 10-7 1% 20.5 
_ 23.44 
5 x 10-24-45 « 10-2 
In oxo N 
~2.8x107 N. 


516°. Two long straight parallel conductors are separat- 
ed by a distance of 5 cm and carry currents of 10 and 


F, 
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20 A. What work per unit length of a conductor must be 
done to increase the separation between the conductors to 
40 cm if the currents flow in the same direction? 
Given: r,=5 cm=5x10%m, J,=10 A, /,=20A, 
r,==10 cm=10 x 10°? m. 


A/l—? 

Solution. For the sake of definiteness, we assume that 
the conductor carrying the current /, is stationary, and 
the distance r changes due to the displacement of the con- 
ductor carrying the current J,. The second conductor is 
in the magnetic field B, produced by the conductor with 
the current J,. Therefore, it is acted upon by the Ampére 
force 

F,= I,Bl (sin Ze= 1), (4) 


which is directed, according to the left-hand rule, towards 
the first conductor (Fig. 158). This force cannot increase 
the distance between the conductors. Therefore, in order 
to displace the second conductor, we must apply to it an 
external force F.,y, equal in magnitude and opposite to 
the force F,, i.e. Fex,y = —Fsy, or, in scalar form, Fey, = 
F,. Since we assume that the first conductor is long, the 
magnetic induction of the field produced by it is 


By = ppol,/(2nr). (2) 


pune Eq. (2) into account, we can write Eq. (4) in the 
orm 
F ex, = Ppol I] gl/(2xr). 


Then the external force per unit length of the second con- 


ductor is 
fext= Fext/l = ppol J, /(2n7). (3) 
Hence it follows that the force decreases with the dis- 
placement of the conductor, and the work done by such a 
varying force is 
a_' 
or ae \ fext dr. 
ry 
Substituting Eq. (3) into the integrand and integrating, 
we obtain 


318 Selected Problems on Physics 





Fig. 158 Fig. 159 


r r 
A =| puolit, dr ppolals ( dr 
l on ro r 


Lal rT, 
= bolts In , 
14 ry 


_ 4X3.44x 10-7 x 10x 20, 10% 10-2 
=e gg s/s 


= 27.6 pJ/m. 


517. A straight conductor of mass 2 kg, carrying a cur- 
rent of 4A, moves vertically upwardsin a uniform mag- 
netic field of induction 2 T directed at an angle of 
30° to the vertical. Three seconds after the beginning of 
motion, the velocity of the conductor is 10 m/s. Determine 
the conductor length. 


Given: B=2T, a=30°2 0.52 rad, m=2 kg, 
I=4A, t=3s, v=10 m/s. 


l—? 


~|> 


Solution. The conductor CD moving in the magnetic 
field is acted upon by the force of gravity mg and the Am- 
pére force F (Fig. 159). Since the conductor moves at an 
angle a to the direction of B, the Ampére force is 


F=I/B,l, 
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where B,= B sin @ is the z-component of the vector 
B. Consequently, 
F = /Bi sine. (1) 


Since the motion of the conductor is uniformly accelerat- 
ed, we can write Newton's second law in projections of 
forces and accelerations on the Z-axis: 


F — mg= ma, 
or, taking into account expression (1), 
IBl sin a — mg= ma. (2) 


Using the formula v= at, we find that a = v/t and write 
Eq. (2) in the form 
IBl sina — mg = mvit, 


whence 
7 m (g+v/t) 
IBsina ’ 
_ 2X (9.8+ 10/3) a 
=o m ~ 6.57 m. 


518. A cyclotron is intended for accelerating protons 
to an energy of 5 MeV. Determine the maximum radius of 
the proton orbit if the magnetic induction of the field is 
1 T. 

Given: W, =5 MeV=8x10'3 J, B=1T. 


R—? 

Solution. The proton moves in the cyclotron in a heli- 
cal orbit consisting of semicircles with gradually increas- 
ing radii. The Lorentz force F = qvB is acting on the 
proton. Writing Newton’s second law for this particle 
in projections on the Y-axis directed to the centre of the 
circle, we get 

F=ma,, (1) 
where a,=a,=v?/R. Then Eq. (1) can be written in 
the form qvB = mv?/R, whence 

R= mv/(gB). (2) 
Transforming expression (2), we obtain 


mu =YV 2m V mv?/2 = V 2mW,, (3) 
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where W, is the kinetic energy of the proton. 
Substituting Eq. (3) into (2), we get 


V 2mWx 
Ra, 
V2x1.67x10" x8xi08 
R= Texte xd = 0.32 m. 


519. An electron accelerated by a potential difference 
of 300 V moves parallel to a straight conductor at a dis- 
tance of 4 mm from it (Fig. 160). What force will act 
on the electron if a current of 5 A is passed through the 
conductor? 


Given: r=4 mm=4x103m, J=5A, U=300 V. 
F—? 


Solution. When the current is passed through the con- 
ductor, the electron is acted upon by the Lorentz force 


F = eBv. (1) 
Since the electron has been preliminarily accelerated in 
an electric field, we can write A= AW,, or eU= mv?/2, 

where m is the electron mass. Therefore, 
v=V 2eU/m. (2) 
The magnetic induction of the field produced by a long 

straight current-carrying conductor is 
B= pol /(2xr). (3) 
Substituting expressions (2) and (3) into (1), we obtain 
I f 2 
P= pie tar Vom? 


F= 4X3.14 X 10-7 K 1X 1.6 x 10719 x 5 
= 23.4144 x 10-3 


2x 1.6 x 10-1 x 300 ‘ 
yee a NB 4x10 N, 


520. An electron moves in a magnetic field of induction 
2 mT in a helix of radius 2 cm and pitch 5 cm. Determine 
the electron velocity. 


Ch. 3. Electricity 321 


Given: R=2 cm=2x10?m, h=5 cm=5~x 107 m, 
B=2 mT=2x 108 T. 
v—? 


Solution. The motion of the electron in a helix can be 
represented as a motion in a circle at a velocity v, under 





Fig. 160 Fig. 164 


the action of the Lorentz force in a plane perpendicular 
to the magnetic induction, and a uniform motion along 
the field at a velocity v, (Fig. 164). Then the resultant ve- 
locity of the electron is 


v=V vi + vj. (1) 
Let us determine v, and v, separately. Writing Newton's 
second law for the electron in projections on the Y-axis, 
we obtain 
F= may, 
where F = eBv, and a, = vj/R. Then eBu, = muj/R, 
whence 


v, = eBR/m. (2) 

The velocity v, can be determined from the relation 
h =0,T: 

vb. = h/ T, (3) 

where T is the time during which the electron is translat- 


ed in the horizontal direction by a pitch of the helix. On 
the other hand, 7 is equal to the time during which the 


21-0970 
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electron traverses (at a velocity v,) the distance equal to 
the length of the circumference, i.e. T = 27xR/v,, or, 
taking into account Eq. (2), 


T = 2nRm/(eBR) = 2nm/(eB). (4) 
Using relations (3) and (4), we get 
v, = h/T = heBl(2xm). (5) 


Substituting Eqs. (2) and (5) into (1), we obtain 
“hie3B? | e*BAR? B apa 
va eet + ER = VT, 
4.6 4079 x 2 x 10-8 
V= 3X34 x94 X10-F 


x VOx10 AA SAE x (2X10) m/s 
~7.6 ~ 10° m/s. 


521. An electron beam is directed into a space contain- 
ing a uniform electric field of strength 1 kV/m and a 
uniform magnetic field of induction 1 mT, which is _per- 
pendicular to the electric field. The velocity of the elec- 
trons is constant and directed at right angles to vectors 
E and B (Fig. 162a). Determine this velocity. What will 





E Yt 
F, 
0 
Vv 0 
B 

Fe 

(a) (d) 
Fig. 162 


be the motion of the electrons in the absence of an electric 
field? What will be the radius of curvature of the trajec- 
tory of the electrons in this case? 
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Given: E=10 Vim, B=1 mT =10° T. 


v—? R—? 
Solution. The forces acting on an electron in the elec- 
tric and magnetic fields are 


Since the electron moves uniformly in a straight line, the 
electric and magnetic forces are mutually balanced. Writ- 
ing the equilibrium condition for the electron in projec- 
tions on the Y-axis (Fig. 1626), we obtain 


Fy — Fe, = 0, 


or, taking into account expressions (1), eprB — eE = 0, 
whence 


v= E/B,  v = (108/10-%) m/s = 108 m/s, 


If we switch off the electric field, the electron will be 
acted upon only by the magnetic field exerting on it the 


force 
Fo = Fy = evB. 


Since the electron velocity is perpendicular to the Lorentz 
force, the electron will move in a circle. According to 
Newton's second law, 


Fy = mMa.,. 


Taking into account expression (1) and the fact that 
a, = v/R, we obtain evB = mv*/R, whence 
mov 
R=—F 
Ra 2:1 X10 x 408 
~~ 4.6 x 10-28 x 10-8 


522. Explain why two conductors carrying currents in 
the same direction attract each other. 

Answer. The first conductor produces in the surrounding 
space a magnetic field whose direction can be determined 
by the right-hand screw rule (Fig. 163). The second conduc- 
tor will be in this field. Since it carries a current, it is 
acted upon by the Ampére force F, whose direction can be 
determined by the left-hand rule. Similarly, we can show 


2ie 


m=9.7 x 10-3 m. 
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Fig. 163 Fig. 164 


that the first conductor is acted upon by the Ampére 
force F, equal to Fy. 

523. What will be the behaviour of two current-carrying 
conductors arranged at right angles (Fig. 164)? 

Answer. A conductor carrying a current J, produces in 
the surrounding space a magnetic field of induction B,. 
According to the left-hand rule, the Ampére force F, 
acting on the segment AO of the second conductor is di- 
rected downwards, and the Ampére force F, acting on the 
segment OC is directed upwards. This couple of forces 
rotates the conductor AC about point O counterclockwise. 
Similarly, we can show that at the same time the first 
conductor starts to rotate about point O clockwise. 


EXERCISES 


524. Determine the magnetic induction of the field 
produced by an infinitely long straight wire carrying a 
current of 5 A’ at‘a point lying at 2 cm from it. 

525. Determine the magnetic induction of the field at 
the centre of a circular wire loop of radius 1 cm, carrying 
a current of 4 A. 

526. Assuming that the electron in a hydrogen atom 
moves in a circular orbit of radius 0.53 x 10-® cm, de- 
termine the magnetic induction of the field at the centre 
of the orbit. Consider that a circular current equivalent 
to the moving electron is 0.01 mA. 

527. Calculate the magnetic induction in a sotenoid 
with an iron core if 400 turns of wire are wound over 40 cm 
of its length. The current in the solenoid is 8 A and the 
permeability of iron is 183. 

528. Currents of 30 A flow in opposite directions 
through two long parallel wires separated by a distance of 
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16 cm. Determine the magnetic induction of the field at 
a point located at 10 cm from each wire. 

529. A force of 0.15 N is acting on a straight conductor 
of length 0.5 m which is normal to lines of a magnetic field 
of induction 2 x 10-2 T. Determine the current through 
the conductor. 

930. An electron is directed into a uniform magnetic 
field whose induction is 20 mT at right angles to the field 
lines at a velocity of 10° cm/s. Calculate the radius of the 
circle in which the electron will move. 

531. A proton moves at a velocity of 10° cm/s at right 
angles to a uniform magnetic field of induction 1 T. De- 
termine the force acting on the proton and the radius of 
the circle in which it moves. 

532. An electron describes a circle of radius 4 mm in a 
magnetic field. The electron velocity is 3.6 x 10° m/s. 
Determine the magnetic induction of the field. 

533. What is the direction of the force exerted by the 
magnetic field of the Earth on a horizontal current-car- 
rying conductor in the northern hemisphere if the conduc- 
tor lies in the magnetic meridian plane and the current 
flows through it from north to south? 


WORK DONE IN MOVING A CURRENT-CARRYING 
CONDUCTOR IN A MAGNETIC FIELD. 
ELECTROMAGNETIC INDUCTION. 
MAGNETIC FIELD ENERGY 


The magnetic flux through a plane surface of area S 
in a uniform magnetic field of induction B is 


® = BS cos a, 


where @ is the angle between the directions of the magnet- 
ic induction vector B and the normal n to the plane sur- 
face S. 

The elementary work done in moving a current-carrying 
conductor in a magnetic field is 


dA = /d9®, 


where J is the current in the conductor and d® the change 
in the magnetic flux. 
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The total work done in moving a current-carrying con- 
ductor is 
Os 
Am y 1d®=1(0,—,) =/ AO. 


O1 


The emf induced in a solenoid is connected with the 
rate of change of the magnetic flux through the relation 


A® 
sae 


where N is the number of turns in the solenoid, AD = 
@, — @, the change in the magnetic flux, and At = 
t, — t, the time during which this change occurs. 

The direction of the current induced in a closed conduc- 
tor can be determined by using Lenz’s law. The emf induced 
in a solenoid as a result of change of its own magnetic 
flux is 

Ar 
ab 
where L is the inductance of thesolenoid, AJ = J, — J, 
the change in the current in the solenoid, and At = 
t, — t, the time during which this change takes place. 
The inductance of a solenoid is given by 


L = ppyon’ls, 


where » is the permeability of the solenoid core, po 
the magnetic constant, n = N/Il the number of turns 
per unit length of the solenoid, N the total number of 
turns in it, | the solenoid length, and S the cross-sectional 
area of the solenoid. 

The energy of the magnetic field of a solenoid is 


W = LP/2. / 
ees 


534°. A straight conductor having a length of 20 cm 
and carrying a current of 2A moves uniformly in a uniform 
magnetic field of induction 1 T. The velocity of the conduc- 
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tor is 15 cm/s and perpendicular to the magnetic induc- 
tion vector. Determine the work done in moving the con- 
ductor for 5 s. 


Given: B=1T, 1=20cm=0.2m, J=2A4, 
v=15 cm/s=0.15 m/s, t=5s. 
A—? 
Solution. By definition, the total work done in moving a 
conductor in a magnetic field is 
Ds 
A=| 140, (1) 
M1 
where d® = BdS is the magnetic flux through the sur- 
face element dS swept by the conductor during its motion 
for a time interval dt (Fig. 165). 
It can be seen from the figure that dS is the area of the 
parallelogram abb’a’ with sides ab = 1 and aa’ = v dt. 
Consequently, dS = ludt, which gives 


a = Blv dt. (2) 





Fig. 165 Fig. 166 


Substituting expression (2) into the integrand of (1) and 
integrating, we obtain 


t t 
A= \ IBw dt = 1BW | dt=IBlvt, 
0 0 
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A=2x1x0.2 x 0.15x5 J=0.3 J. 


535. A flat coil having a radius of 25 cm and formed by 
75 turns is in a uniform magnetic field of induction 
0.25 T. The plane of the coil forms an angle of 60° with 
the direction of the magnetic induction vector. Deter- 
mine the torque acting on the coil in the magnetic field if 
the current through the coi] is 3 A. What work must be 
done to remove the coil from the magnetic field? 


Given: B=0.25T, R=25cm=0.25m, N= 7, 
p=60°=n/3 rad, 1=3 A. 
M—? Agt—? 


Solution. The magnetic field exerts on the coi] contain- 
ing N turns a torque 


M = Np, B sin a. (1) 
Considering that pn = 7S, S = nA’, and a = n/2 — @ 
(Fig. 166), we transform Eq. (1) as follows: 
M = NInR?B sin (n/2— —) = NInR?B cos g, 
M=75 x 3x 3.14 x 0.25? cos (n/3) =5.5 N-m. 
The work done by the magnetic field on the removal of 
the coil from it is 
A=I1(@®, — ®,). 


On the other hand, in order to remove the coil from the 
field, we must apply to it an external (say, mechanical) 
force which will do the work 


Aer=—-A=I (®, — ®,). (2) 
Here ®, = NBS cosa and M, = 0 since B, = 0. Syb- 
stituting these expressions into Eq. (2) and considering 
that S = 2R?, we obtain 
Aext = INBnR? cos (n/2— —) — INBnR? sin g, 
Aext =3 X 75 X 0.25 x 3.14 x 0.25? sin (n/3) = 8.6 J. 


536. A circular loop having a radius of 5 cm and car- 
rying a current of 1 A is in a uniform magnetic field of 
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induction 4 x 10-2 T. The loop is arranged so that its 
plane is perpendicular to the magnetic induction. What 
work must be done to turn the loop through 90° about an 
axis coinciding with its diameter (Fig. 167)? 
Given: R=5cm=5x10?%?m, J=1A, p=90°= 
n/2 rad, B=4x10? T. 


Agyy—? 

Solution. The initial position of a current loop is the 
position of stable equilibrium since the torque in this 
case is zero. Therefore, the magnetic field does a negative 
work during the rotation of the loop, while the work done 
by an external force is positive. By definition, the work 
done by the magnetic field to rotate the loop is 


A=1I1(®, — ), (1) 


where ®, = BS cosa, and ®, = BS cosa, are the mag- 
netic fluxes through the plane of the loop in the initial 
and final positions and S = 1A? is the area of the surface 
bounded by the current loop. Since a, = 0 and a, = 
n/2, we can write 


®, = BxR* cosa, OD, = BrR? cos ay. 
Then expression (1) assumes the form 


A = IBxR? (cos a, — cos a,). 





Fig. 167 


330 Selected Problems on Physics 


Since A.x, = —A, the work done by the external force 
rotating the current loop is 


Aext = IBxR? (cos a, — cos a), 
Acxt = 1X4 x 107 x 3.14 x (5x 107%)? (1 — 0) J 
= 3.14 x 10-4 J. 


537. A straight conductor having a length of 1.5 m 
and moving with a uniform acceleration of 10 m/s? in 
a uniform magnetic field at an initial velocity of 3 m/s 
covers a distance of 0.5 m. Determine the mean emf induced 
in the conductor. The magnetic induction of the field 
is equal to 0.2 T and perpendicular to the velocity of the 
conductor. Determine the instantaneous value of the emf 
induced in the conductor at the end of the path. 


Given: l=1.5 m, v)=3 m/s, a=10 m/s’, Ar=0.5m, 
B=0.2T. 


(8)—? 8—? 


Solution. According to Faraday’s law, the emf induced 
in the conductor moving at acertain velocity in a magnet- 
ic field is 

A® 

he a. (1) 
where AD = B AS is the magnetic flux crossed by the 
conductor during its motion in the magnetic field for a 
time interval At (Fig. 168). The figure shows that the area 
AS pierced by the magnetic flux A® can be determined as 
the area of the rectangle Oabc, i.e. AS = 1 Ax. Then 
A® = Bl Az and (see Eq. (1)) 

Bl Az 

=> = AP — Blv. (2) 

If the motion of the conductor is nonuniform in the mag- 
netic field, taking the mean velocity of the conductor for 
the velocity v and using Eq. (2), we calculate the mean 
value of the induced emf: 


(8) = —Blyv). 
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The mean velocity of a uniformly accelerated motion is 
defined as 


{v) = (vp + v)/2, v? — v} = 2a Az, 


whence v = V v’ + 2a Az is the final velocity of such a 
motion. Consequently,’ (v) = (v9 + Yui + 2a Az)/2. 
Therefore, 


_ pp Mot Vg +2 bz 
($= —B 2, 


(8) = —0.2 x 1,5 SEV PEEXMXOS y_ _o.99 v, 


Similarly, if v is the instantaneous velocity of the conduc- 
tor, the instantaneous induced emf is 


6 = —Blv, (3) 


where v = Vv? + 2a Ar is the instantaneous velocity at 
the end of the path. Then Eq. (3) becomes 


€=—Bl V vi+ 2a Az, 
= —0.2x1.5 x VWR42x 10x 0.5V= —1.08V. 


538°. A current loop rotates uniformly in a uniform 
magnetic field of induction 4 mT at a frequency of 20 s-!. 
The area of the loop is 20 cm’. The rotational axis of the 
loop lies in its plane and is perpendicular to the magnetic 
induction vector. Determine the maximum magnetic flux 
through the plane of the loop and the emf induced in 
the loop during its rotation. Plot the graphs for the time 
dependences of the magnetic flux and the induced emf. 

Given: B=4mT=4x10°T, v=20s7!, §S=20 cm?= 

2 x 10-§ m2. 


Onaxr—? €max—? 
Solution. The magnetic flux through the plane of the 
loop is 
® = BS cos a, 


where a is the angle between the normal to the plane of 
the loop and the direction of the magnetic induction vec- 
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tor. If the loop rotates uniformly, the angle a changes 
with time according to the law a = wt. Therefore, 


® = BS cos ot. (1) 


According to Faraday’s law of electromagnetic induction, 
the induced emf is 
a® 
= — Fr: 
or, taking into account Eq. (1), 
$= — -£ (BS cosut) = BSw sin at. (2) 


Expression (1) shows that the magnetic flux through the 
rotating loop has the maximum value when cos wi = 1. 
In this case, 


® = Drax = BS, 
Omax = 4 X 10-3 x 2 x 10° Wb = 8 pWb. 
Similarly, from expression (2) we can determine the max- 


imum emf induced in the loop: $n,., = BSw or, since 
w = 2nv, 


$ max — BS2nv, 
8 max = 4 X 10-§ x 2 x 10-8 x 2 x 3.14 x 20 V 
~1mvV. 


Using Eqs. (1) and (2), we can plot the graphs for the 
time dependences of ® and @ (Fig. 169). Since w = 2x/T, 
it is convenient toconsider the instants of time ¢ corre- 
sponding to (1/4)7, (4/2)T, (3/4)T, and T. 

539°. A rectangular coil of area 500 cm’, consisting of 
200 turns of a wire, rotates uniformly in a uniform magnet- 
ic field about an axis passing through its centre and paral- 
lel to one of the sides (Fig. 170) at a frequency of 10 s-?. 
The maximum value of the emf induced in the coil is 
150 V. Determine the magnetic induction of the field. 


Given: S=500 cm?=5 x 10 m?, N=200,v=10 s°!, 
8 max = 150 V. 


B-? 
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\ 
sits ana aasd 





Fig. 169 


Solution. According to Faraday’s law, the emf induced 
in a coil consisting of V turns and rotating in a magnetic 
field is 


d® 
é=—N-7, (1) 


where © = BS cos wt and w = 2xv. Substituting these 
expressions into Eq. (1) and differentiating, we obtain 


f= —N — (BS cos 2xv) = NBS 2xv sin 2nvt. 


{5 
t+] 


Fig. 170 
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The induced emf assumes the maximum value at the mo- 
ments of time when sin 2nxvt = 1: 


& = 8 max = NBS2xv, 





whence 
$ 
B= ony 
B= geist a= EP Sa T~0.24T. 


= 200 x5 X 10"? x 29.44 X 10 


540. An aluminium ring is placed in a uniform magnet- 
ic field so that its plane is perpendicular to the magnetic 
induction vector. The diameter of thering is 25cm and 
the thickness of the wire of which it is made is 2 mm. De- 
termine the rate of change of the magnetic induction of 
the field if the current induced in the ring is 12 A. 


Given: D=25 cm=0.25 m, d=2 mm=2x 103m, 


T=12 A. 
AB/At—? 
Solution. According to Faraday’'s law, 
A® 


Here ® = BS is the magnetic flux through the surface 
bounded by the ring. Since the area S of the surface is 
constant, we can write 


A®=A(BS)=S AB, 6=—S%. (1) 


whence | AB/At | = @/S. The surface bounded by the 
ring is a circle, and hence its area is 


S = 2D?/4. (2) 
According to Ohm’s law for a closed circuit, 
= IR, 


where R = pl/S,, is the resistance of the ring. Since the 
length of the ring is 1 = nD and the cross-sectional area 
of the wire is S, = xd*/4, the expression for the ring 
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resistance can be written in the form R = 4pD/d*. There- 
fore, 


6 = 49DI/d. (3) 
Substituting expressions (2) and (3) into (1), we obtain 
AB | 16Ip 
“At |= mDa?’ 
AB | 16x 12x 0.26 x 10-7 T ., 
erg = Fi xowsxaxionr —@ 16 Tis. 


541. A solenoid consisting of 80 turns and having a diam- 
eter of 8 cm is in a uniform magnetic field of induction 
60.3 mT. The solenoid is rotated through an angle of 180° 
for 0.2 s. Determine the mean value of the emf induced in 
the solenoid if its axis is directed along the field before 
and after the rotation. 

Given: N=80, d= 8 cm=8 x10? m, a,=0 rad, 

a, = 180° ~ 3.14 rad, At=-0 2s, 
B= 60.3 mT =6.3 x 10°T. 


o—? 
Solution. The emf induced in the solenoid is 
‘ A® 


where AD = O, — ®, = BS (cos a, — cosa,) is the 
change in the magnetic flux piercing the solenoid during 
its rotation through an angle of 180°. Since S = nd?/4, 


cos a, = —1, and cos a, = +1, we have 
A® = —2Bnd*/4 = —Bnd?/2. (2) 
Substituting Eq. (2) into (1), we find that 
NBzxd? 
=r 
g= 80 x 60.3 x 10-3 x 3.14 x (8 x 1073)3 V ~0.24V. 


2x 0.2 


542. A coil having a negligibly low resistance and an 
inductance of 3 H is connected to a current source with an 
emf of 15 V and a negligibly low internal resistance. In 
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value of 50 A? 
Given: 8,=15V, [=50 A, L=3H. 
t—? 
Solution. According to Ohm's law for a closed circuit, 


€é=7(R+nr), 


where & is the total emf in the circuit, which in the case 
under consideration is the sum of the emf 8, of the source 
and the emf 6, of self-induction emerging in the coil 
after its connection to the source. Consequently, 


8 =8, +8, =8,—LE=1(R+7), (1) 
where 8, = —Lt is the emf of self-induction. 


By hypothesis, the resistances R and r are negligibly 
low, and hence Eq. (1) can be written in the form @, — 


Ly =~ 0, whence the rate of change of the current is 





AI &, 
on * (2) 
Since the rate of change of the current is constant, 
r=, whence t=, or, taking into account 
Kq. (2), 
IL 
t=, 
_ 0x3. 
t= is s=10s. 


543. A solenoid of length 60 cm and diameter 10 cm 
contains 1000 turns. The current in it increases uniformly 
by 0.2 A per second. A ring made of copper wire of cross- 
sectional area 2 mm? is put on the solenoid. Determine the 
current induced in the ring. 
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Given: 1=60 cem=0.6 m, D=10 cm=0.1m, N=103, 
AI/At =0.2 A/s, Sy = 2mm? = 2 x 10° m?. 
I,—? 
Solution. The change in the current through the sole- 
noid leads to the emergence of an emf of self-induction 
Al 
aa Vi 
where L = pipion7lS is the inductance of the solenoid. 
Since n = N/l and S = nD*/4, the inductance of the so- 
lenoid is 
L = pponD?*N?/(4l). 
Therefore, 


4l At ° 


The emf 8, induced in the ring is smaller than the ob- 

tained value of the emf of self-induction in the solenoid con- 
sisting of N turns by a factor of N, i.e. 
_§ ___pyonDW AT 

8, = NN 4l At ° (1) 


According to Ohm's law for a closed circuit, the current 
induced in the ring is 


Ty = |8, | /Re, 
where R, = el,/Sy is the resistance of the ring. Since 
l, = nD, we have R, = pxD/S,,. Therefore, 

I, = |é; | S,/(npD), 
and using expression (1), we obtain 
1, = Lie DS AL 
r Zip At’ 
—_ 4x 3.14 x 10-7 x 108 x 0.4 x 2 x 1078 
rs 4x 0.6 x 1.7 x 10-8 


544. A solenoid of length 50 cm and diameter 0.8 cm 
consists of 20 000 turns of copper wire and is under a 
constant voltage. Determine the time during which the 
amount of heat liberated in the solenoid winding is equal 
to the magnetic field energy of the solenoid. 


22-0970 


pp otD3N® AT 


X0.2A 1.23 mA. 
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Given: 1=50 cem=0.5 m, D=0.8 cm=0.8 y 107 m, 
N=2 >» 104. 


t—? 


Solution. According to Joule’s law, the amount of heat 
liberated in the solenoid winding carrying a direct cur- 
rent during a time ¢ is 

Q =lTRt, 
where R = pl/S,, is the resistance of the copper wire used 
for the winding. The length of the wire wound on the 
solenoid is equal to the product of the length of a turn by 
the number of turns in the solenoid: 1 = nDN. The cross- 
sectional area of the wire is S,, = md?,/4. Since the turns 


are wound without gaps, the diameter of the wire is 
dy, = UN. Then Sy = xl?/(4N*) and R = 40DN°/I*. 


Consequently, 
Q@ = 4I’*pDN3t/I?, (1) 
The magnetic field energy of the solenoid is 
W = LP/2, (2) 


where L = ppon?lS is the inductance of the solenoid. 

Since the number of turns per unit length and the cross- 
sectional area of the solenoid are nm = N/l and S = 
nD?/4, the inductance of the solenoid is 


L = pponD?N?/(4l). (3) 
Using Eq. (3), we can write Eq. (2) as follows: 
W = pp nD?N7I?/(81). (4) 


Equating expressions (1) and (4) by hypothesis, we obtain 
P4pDN°t/l? = pponD?N?*I?/(8l), whence 


Bho DE 
32pN’ 
_ 4X 3.14 x 10-7 x 1 x 3.14 x 0.8 x 103 x 0.5 é 
a 32 x 1.7 x 107° x 2x 104 
=145x 10° s. 


545. In what direction will the current flow through an 


t= 


t 
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ammeter (Fig. 171) at the moment of disconnection of the 
circuit by the key K? 

Answer. Before the circuit is disconnected, the currents 
I, and J, flow through the solenoid and the ammeter re- 





co i ; 
Fig. 174 


spectively. After the disconnection, the emf of self-induc- 
tion will appear in the solenoid and will tend to main- 
tain the current in the solenoid at the previous level. This 
induced current will pass through the ammeter, and the 
pointer will be diflected in the derection opposite to the 
initial direction. 

EXERCISES 


546. What work must be done to move by 25 cm a con- 
ductor having a length of 40 cm and carrying a current 
of 21 A in a uniform magnetic field of induction 1.2 T? 

547. A rectangular coil of area 40 cm? is in a uniform 
magnetic field of induction 0.06 T. The coil consists of 
200 turns and can be rotated about an axis perpendicular 
to the magnetic field lines. When a current of 0.5 A is 
passed through the coil, it is turned so that its plane be- 
comes perpendicular to the magnetic field lines. What 
work must be done to rotate the coil from this position by 
1/4 of a turn; by 1/2 of a turn; by a complete turn? 

548. A flat loop of area 10 cm? is in a uniform magnetic 
field perpendicular to its plane. Determine the current in 
the loop if the field decreases at a constant rate of 0.1 T/s 
and the resistance of the loop is 10 Q. 

549. The current in a coil having a length of 50 cm, a 
diameter of 10 cm, and consisting of 1000 turns increases 


229 
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uniformly by 0.1 A per second. A ring made of copper wire 
of cross-sectional area 2 mm? is put on the coil. Deter- 
mine the current in the ring, assuming that the magnetic 
flux through the solenoid and the ring is the same. 

550. A square loop made of copper wire and having an 
area of 25 cm? is placed in a magnetic field of induction 
0.4 T. The normal to the loop is parallel to the magnetic 
induction vector. The cross-sectional area of the wire is 
1 mm?. What charge will pass through the loop after 
switching off the field? 

551. A coil having 30 turns rotates about a horizontal 
axis lying in its plane and perpendicular to the magnetic 
meridian plane at a frequency of 10 s-'. The magnetic 
field strength of the Earth is 40 A/m. The maximum emf 
induced in the coil is 0.001 V. Determine the area of the 
coil. 

552. A field of induction 0.7 T is produced between the 
poles of a dynamo (d.c. generator). The armature of the 
generator consists of 100 turns having an area of 500 cm? 
each. Determine the rotational frequency of the armature 
if the maximum emf induced in it is 200 V. 

553. A current of 2 A is passed through a 20-cm long 
coil having a diameter of 3 cm and consisting of 400 
turns. Determine the inductance of the coil and the mag- 
netic flux piercing it. 

554. If a current passing through a solenoid changes by 
50 A per second, an emf of self-induction of 0.08 V appears 
across the ends of the winding. Determine the inductance 
of the solenoid. 

595. A coil consisting of 100 turns is short-circuited and 
placed in a magnetic field of strength 9.6 kA/m. The area 
of a turn is 5 cm? and the planes of the turns are perpen- 
dicular to the magnetic field lines in the coil. What charge 
will pass through the coil as a result of its removal 
from the field? The coil resistance is 2 2. 

556. The winding of an electromagnet has an inductance 
of 0.5 H, a resistance of 15 , and is under a constant 
voltage. Determine the time during which the amount of 
heat liberated in the winding is equal to the magnetic field 
energy of the core of the electromagnet. 

557. A closed solenoid with an iron core of length 
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150 cm and cross-sectional area 20 cm? contains 1200 
turns. Determine the magnetic field energy of the solenoid 
if the current through it is 1 A and the permeability of 
iron is 1400. 


QUESTIONS FOR REVISION 


1, What is magnetic induction vector? 2. What is the relation be- 
tween magnetic field strength and magnetic induction? 3. What 
is the permeability of a substance? 4. Name the units of magnetic 
field strength and magnetic induction. 5, What is the magnitude 
of the Ampére force acting on a current-carrying conductor in a 
magnetic field? What is the direction of the force? 6. What is the 
value of the Lorentz force acting on a charge moving in a magnetic 
field? What is the direction of the force? 7, Write an expression for 
the torque acting on a current loop in a magnetic field. 8. Define 
the magnetic flux through a surface element. What is the unit of 
measurement for magnetic flux? 9. Write a formula for calculating 
the work done in moving a current enue conductor in a magnetic 
field. 10. Characterize the phenomenon o electromagnetic induc- 
tion. 11. Formulate Lenz's law. 12. Formulate Faraday’s law of elec- 
tromagnetic induction. 13. What is self-induction? 44. Write an 
expression for the emf of the self-induction. 15. Define inductance. 
16. Write an expression for the inductance of a solenoid. 17. In 
what units is inductance measured? 18. What is the magnetic field 
energy of a solenoid? 


Chapter 4 
OPTICS 


4.1. Basic Quantities 
and Laws in Photometry 


Luminous flux is defined as the radiant energy W emit- 
ted by a point source per unit time: 


® = Wit. 


Luminous intensity is defined as the luminous flux ® 
emitted per unit solid angle » by a point source in a given 
direction: 

I = D/o. 


Solid angle is a spatial angle bounded by a conical sur- 
face whose vertex coincides with a point source and the 
area S of the base is a part of a spherical surface of radius 
R: 


o = S/R. 


Illuminance is defined as a luminous flux incident on a 
given surface S per unit area of the surface: 


E = @,,/S. 


The illuminance produced by a point source at a dis- 
tance r from it is 
E =I cos a/r’, 


where a is the angle between the incident ray and the nor- 
mal to the surface at the point of incidence. 

Luminous emittance of a source is defined as the lumi- 
nous flux ® emitted by a bright surface S per unit area 
of the surface: 

R=0O/S. 


Luminance (brightness) of a source in a certain direc- 
tion @ is defined as the luminous intensity J of the source 
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in this direction per unit area of the surface S of the 
source: 
B =II(S cos g), 


where 9 is the angle between the normal! to the surface and 
the direction of observation. 

The luminous emittance and the luminance of a source 
are connected through the relation 


R=nB. 
“em 


558. Calculate the luminous flux incident on an area 
element of 10 cm’ placed at a distance of 2 m from a 
source of luminous intensity 200 cd. 


Given S=10 cm?=10°? m2, r=2 m, J=2x 10 ed. 
*O-—? 

Solution. We assume that the source is at the centre of 

the sphere of radius r. The area element S is a part of the 


spherical surface. Then the illuminance of the area ele- 
ment is 


E=TI/r (1) 
since @ = 0. On the other hand, 
E=O/S. (2) 


Equating the right-hand sides of relations (1) and (2), 
we obtain J/r? = @/S, whence 


Is 
o=> ’ 


2 xX 10% x 1073 

o=——> 

559. Two electric lamps placed close to each other illu- 

minate a screen located at a distance of 1 m from the 

lamps. One of the lamps is switched off. To what dis- 

tance should the other lamp be brought closer to the screen 
for its illuminance to remain unchanged? 

Given: r,=1m. 


Ar—? 


Im = 0.05 1m. 
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Solution. The illuminance of the screen produced by 
the two lamps is 


E, = £, + E, = 2i/ri, 
where £, and £, are the illuminances of the screen due to 
each lamp separately. 


After one lamp has been switched off and the other has 
been brought closer to the screen, its illuminance becomes 


E,, = Tiri, 
where r, is a new distance from the lamp to the screen. 
By hypothesis, E, = E,,, and hence 2//ri = I/r3, 
from which we get r, = Vri/2 = r,/Y 2. Consequently, 
Ar =n — rp = —7/V2=7, (4 —1/V 2), 
Ar = 1 (1 — 1/1.41) m ~ 0.3 m. 


560. A screen and a plane mirror whose surfaces are par- 
allel are placed at the same distance of 1 m on both 


Screen 





Fig. 172 


sides of a point source of 2cd (Fig. 172). What is the illu- 
minance at the centre of the screen? 


Given: r=1m, I =2cd. 


E-—? 

Solution. The illuminance of the screen is produced by 
the rays directly emitted by the source S (e.g. ray 1) 
and the rays incident on the screen after the reflection by 
the mirror (e.g. ray 2). The rays incident on the screen 
after the reflection by the mirror can be regarded as the 
Tays emitted by a source S’, viz. the virtual image of the 
source S formed by the mirror and located at a distance r 
behind it. Since the solid angle in which the rays propa- 
gate does not change as a result of reflection by a plane 
mirror, the luminous intensity of the source S’ is the same 
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as that of the source S. Then the illuminance of the 
screen is 


E=E£,+ £, = Ilr? + Iiri, 


where r, = r and r, = 3r. Consequently, 





I I 107 
B= t+an= or 
_ 10X2,. 
E= re Ix ~ 2.2 Ix. 


561. Through what angle should an area element be 
turned for its illuminance to decrease by half in compari- 
son with the value corresponding to the normal incidence 
of the rays? 


Given: E,=0.5£,. 
a—? 
Solution. The illuminance of the area element for the 
normal incidence of the rays is 
E, = Tir*. (1) 


The illuminance of the same area element for an oblique 
incidence of the rays is 


E, = I cos alr’, (2) 


By hypothesis, E, = 0.5£,. Using expressions (1) and 
(2), we find that J cos a/r? = 0.5//r?, whence 


cos a = 0.5, a =~ 1.05 rad. 


562. A lamp suspended at a height of 5 m illuminates 
an area element on the ground. At what distance from the 
centre of the area element is the illuminance of the ground 
surface smaller than that at the centre by a factor of two 
(Fig. 173)? 

Given: h=5m, Ey=2E, 

l—? 


Solution. The illuminance of the ground surface at the 
centre of the area element is 


E, = Uh. 
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The illuminance of the ground surface at a distance / 
from the centre of the area element is 


E = 1 cos alr’. 


The figure shows that cos a = A/r and r = Vh? + 2. 
Then E = Ihi(Vh? +13. Considering that E, = 2, 
we obtain I/h? = 2Ih/( VY h? + 1?)8, whence 


1=nV Ya—1, 


1=5V 74—1m23.83m. 


563. A dome in the form of a hemisphere of radius 1 m 
is illuminated by two identical lamps suspended at a 
height of 2 m above the ground and separated from each 
other by the same distance (Fig. 174). Determine the illu- 
minance at the points of the hemisphere located at the 
minimum distance from the sources if the total luminous 
flux produced by each lamp is 10° lm. 

Given: R=1m, h=2m, l=2m, D=10°9 lm. 

E—? 
Solution. Point C lying on the straight line connecting 


a source A with the centre O of the hemisphere is at the 
minimum distance from the source A (see Fig. 174). The 
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illuminance at point C is produced by the sources located 
at points A and B and separated from it by the distances 
|}AC|=r, and |BC | =r,. Consequently, the illu- 
minance at point C is 


E =I cosa,/ri + I cos a,/ri, (1) 

where 
I = 0/(4n), a, = 0 (2) 
since the ray AC propagates along the radius of the hemi- 
sphere and coincides with the normal to its surface at the 


point of incidence. The angle a, can be determined from 
QABC by using the cosine law: 


It follows from the figure that 
r, = | AO0|—|0C |, (4) 


where | OC | = R. From AAOD, we find that 
| AO |=V{AD?+| OD P= VP4A+h. 
Since, by hypothesis, 
l=h=2R, (5) 


we have | AO | = RV 5 = 2.24R. Substituting the ex- 
pressions for |AO|and | OC | into Eq. (4), we obtain 


r, = 2.24R — R ~ 1.24R. (6) 
Applying the cosine law to AABC, we find that 
ro=ri t+ & — aril cos B. (7) 


The value of cos f can be determined from AAOD by con- 
sidering that | AD | = 1/2 = R. This gives 


cos Bp = | AD |/| AO | = RI(2.24R) ~ 0.45. (8) 
Substituting expressions (6), (5), and (8) into (7), we ob- 
tain 

2 = (1.24R)* + 4R? —4 x 1.24R% x 0.45 ~ 3R%, 
whence 
r,; © 1.73R. (9) 
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Substituting expressions (5), (6), and (9) into (3), we get 
(1.24R)3-+ (1.73R)3—4R3 
2X 1.24R x 1.73R ~ 0.12. (10) 


Substituting expressions (2), (6), (9), and (10) into (1), 
we ped obtain 


cos a, = 


0.42 0.69 
> [omar re aR + 73R (1.73R)3 |~ aaRe ~ ~ 0. 055 Fr RR 


E= oss Ix =55 lx. 

564. Determine the illuminance of the Earth's surface 
produced by solar rays incident along the normal to the 
surface. The Sun's luminance is 1.2 x 10®cd/m?. The dis- 
tance between the Earth and the Sunis 1.5 x 10®kmand 
the Sun’s radius is 7 x 10° km. 

Given: B=1.2x10° cd/m?, r=1.5 x 10%km = 

1.5 104m, R=7>x 10km=7 x 10°m 


E—? 

Solution. Since the distance from the Earth to the Sun 
is very long, we assume that the rays emitted by the Sun 
are incident on the Earth in a parallel beam. Assuming 
that the Sun is a plane luminous disc, we find that its 
luminance is 

B=21/S, 
where S = nR?. The coefficient 2 is introduced since the 


flat disc emits in two directions. Then B = 2//(nR?), 
whence 


I = nBR*/2. (1) 


By hypothesis, cos a = 1. Then the illuminance of the 
Earth's surface is 


E = Iir’, (2) 
Substituting expression (1) into (2), we obtain 
E= aBR* 
=r) 


Fe 34 X 1.2 x 10° X (7 x 109)! 


2X (4.5 x 1021)8 Ix ~ 8 x 106 Ix. 
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565. An electric bulb whose luminous intensity is 
100 cd is enclosed in a frosted spherical dome of diame- 
ter 5 cm. Determine the luminous emittance and the lu- 
minance of the bulb, neglecting the light absorption by the 
glass of which the dome is made. 

Given: 1=100 cd, D=5 cm=5x 107? m. 

R—? B-? 

Solution. The luminous emittance of a source is defined 

as 
R=0O0/S, 


where ® = Jw is the emitted luminous flux, w = 4n 
the total solid angle, and S = nD?. Therefore, 


4nI 4I 
mD® D3? 


4x10? Im 
R=—yoear mi = 16 x 105 lm/m?, 


R= 





The luminance of the bulb is 


R 
B=, 





1.6108 cd . 
B= 3.44 mr o-t x 106 cd/m. 

566. A lamp of luminous intensity 60 cd is used for 
printing photographs. If the lamp is placed at a distance 
of 1.5 m from a photograph, the exposure time is 2.5 s. 
Determine the exposure time for a lamp of luminous inten- 
sity 40 cd located at a distance of 2 m from the photo- 
graph. 

Given: 1,=60 cd, r,=1.5 m, t;=2.5 3, [,=40 cd, 

2 = 2 m. 
Solution. The radiant energy received by a photograph- 


ic paper illuminated for the time ¢ is equal to the prod- 
uct of the luminous flux @ and the exposure time ¢: 


W = Of = ESt. 
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Consequently, for the two cases we can write 
WwW, = E,St,, W, = E,St,. (1) 


The quality of the photographs is the same if the same ra- 
diant energy W, = W, falls on the photographic paper, 
or, taking into account Eq. (1), £,St, = E,St,, whence 


t, = E,t,/E,. 


According to the law of illuminance, E, = J,/ri and 
E, =I,/r2. Therefore, 


i= Tyrity 
2 req, $ 
2 
t, = -OXBxeS 56.648. 


567. Why is it difficult to see in the daytime the inte- 
rior of a room through a window glass from outside 
without approaching the face close to the glass? 

Answer. Two luminous fluxes propagate from the win- 
dow outside: the first is produced by the rays reflected by 
the window glass and the second by the rays passing 
through the window from the room. Since the second flux is 
produced by the rays multiply reflected by the room walls, 
its intensity is much lower than that of the first flux due 
to absorption and scattering of light upon reflection. For 
this reason, the observer sees the glittering glass rather 
than the interior of the room. 

568. The snow on the sloping surfaces of roofs usually 
melts sooner than on the ground. Why? 

Answer. In medium latitudes, the Sun at noon is not at 
the zenith, and hence thesolar rays are incident on a hor- 
izontal surface at a certain angle. If a roof has a slope, 
the angle of incidence of the rays on it is smaller than the 
angle of incidence on the horizontal surface of the ground. 
Since the illuminance of a surface is defined as E = 
I cos a/r?, the illuminance of the roof is larger than that 
of the ground, which causes a rapid melting of snow on the 
roofs. 
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EXERCISES 


569. A lamp of luminous intensity 400 cd is suspended 
on a pole of height 6 m. Calculate the illuminance of the 
ground at 8 m from the foot of the pole. 

570. A source of light should be placed between two 
screens so that the left screen must be illuminated twice 
stronger than the right screen. At what distance from the 
left screen must the source of light be placed if the sep- 
aration between the screens is 100 cm? 

571. The light from an electric bulb of luminous inten- 
sity 200 cd is incident on a small horizontal area ele- 
ment at an angle of 45°, producing an illuminance of 141 Ix. 
Determine the distance r between the lamp and 
the area element and the height h at which the lamp is sus- 
pended (see Fig. 173). 

572. Two lamps of luminous intensity 200 cd each are 
suspended on a pole at 3 and 4 m above the ground. De- 
termine the illuminance of the ground at 2 m from the 
foot of the pole. 

573. A lamp is suspended from the ceiling and is be- 
tween a vertical picture and a plane mirror. Determine the 
luminous flux incident on the picture of area 0.5 m? if the 
distance from the lamp to the picture and to the mirror is 
4 and 2 m respectively. The luminous intensity of the 
lamp is 96 cd. 

574. Two point sources are 2 m apart. A small area ele- 
ment is arranged at an angle a on the perpendicular pass- 
ing through the midpoint of the line segment connecting 
the sources at 1 m from the line. At an angle a = 15°, 
the illuminance of both sides of the area element is the 
same and equal to 20 lx. Determine the luminous inten- 
sities of the sources. 

575. A lamp in which light is emitted by an incandes- 
cent sphere of diameter 3 mm has a luminous intensity 
of 85 cd. Determine the luminance of the lamp if its spher- 
ical bulb of diameter 6 cm is made of a transparent glass. 

576. Determine the illuminance of the edge of a round 
table of diameter 1 mifitis illuminated by a lamp sus- 
pended at a height of 1 m from the centre of the table. The 
total luminous flux of the lamp is 600 Ix. 
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577. A lamp of luminous intensity 1000 cd is suspended 
at 8 m from the surface of the ground. Determine the area 
of the surface whose illuminance is not lower than 1 Ix. 


QUESTIONS FOR REVISION 


1. What is luminous flux? In what units is it measured? 2. What 
is luminous intensity? In what units is it measured? 3. Define 
solid angle. 4. What is illuminance? 5. Write a formula for cal- 
culating the illuminance produced by a point source. 6. Define lu- 
minous emittance. In what units is it expressed? 7. What is the 
luminance of a source? In what units is it measured? 8. Write a 
formula connecting the luminous emittance and the luminance of 
a source. 


4.2. Geometrical Optics 
REFLECTION OF LIGHT, MIRRORS 


The reflection of light at the interface between two me- 
dia obeys the following law: 

The incident ray AQ, the reflected ray OB, and the nor- 
mal OC to the reflecting surface at the point of incidence 
of the ray lie in the same plane. The angle of incidence i 
is equal to the angle of reflection i, (Fig. 175). 

If the rays incident on the interface between two media 
are parallel, they remain parallel after reflection. In 





Fig. 175 
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this case, we have a specular reflection, and the reflecting 
surface is a plane mirror. 

When constructing the image of an object formed by a 
plane mirror, one should remember that all rays emerging 
from a point of the object (say, point A in Fig. 176), prop- 
agate after reflection so that their continuations will 
intersect behind the mirror at point A’ which is a virtu- 
al image of point A. Similarly, we construct an image 





Fig. 177 


B’ of point B. Therefore, the image of the object is erect, 
virtual, and equal in size to the object which is symmetri- 
cal to it about the plane of the mirror. 

If a reflecting surface is spherical, we have a spherical 
mirror. The centre of the spherical surface (point C) 
is the optical centre of the mirror (Fig. 177). The vertex O 
of the spherical segment is known as the pole of the mir- 
ror. The straight line passing through the optical centre 
and the pole of the mirror is the principal optical axis of 
the mirror. Any straight line passing through the optical 
centre of the mirror is called an auxiliary optical axis. 
Spherical mirrors can be concave or convex. 

A parallel bundle of rays incident on a concave mir- 
ror converges at a single point, viz. the focus of the mir- 
ror, after reflection. The focus F lying on the principal op- 
tical axis is called the principal focus of the mirror 
(Fig. 178a). The geometrical locus of all foci forms a focal 
plane. 

A parallel bundle of rays is reflected by a convex mir- 
ror so that the continuations of the reflected rays intersect 
behind the mirror at a single point F known as the virtu- 
al focus of the mirror (Fig. 1780). 


23-0970 
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Fos 





(b) 
Fig. 178 


While constructing images formed by spherical mirrors, 
it is convenient to make use of the following rays inci- 
dent on a mirror: 

(a) a ray parallel to the principal optical axis of the 
mirror, which after reflection passes through the princi- 
pal focus; 

(b) a ray passing through the principal focus, which 
after reflection propagates parallel to the principal opti- 
cal axis: 

(c) a ray passing through the optical centre of the mir- 
ror, which after reflection propagates along the same line 
in the backward direction. 

The focal length | OF | = F (focus) of a mirror having 
a radius R of curvature is 


F = R/2. 


If an object is at adistance d from the mirror and its 
image is at a distance f from it, we have 


t1/d + t/f = +1/F. 


In this formula, the distances from the mirror to real 
points are taken with the plus sign and the distances from 
the mirror to virtual points with the minus sign. 

The ratio of the linear size A’B’ of the image to the lin- 
ear size AB of an object is called the magnification of a 
mirror: 


T =|A’B' |/| AB| = fia. 
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578. A plane mirror AB can rotate about a horizontal 
axis O. A light ray is incident on the mirror at an angle 
a. By what angle will the reflected ray be rotated upon 
the rotation of the mirror through an angle f (Fig. 179a)? 

Given: a, B. 

y-? 

Solution. As the mirror is rotated through the angle 

B, the normal to the mirror will also be rotated through 





Fig. 180 


the angle 6, and hence after the rotation of the mirror, 
the angle of incidence is @ + f, while the angle between 
the incident and reflected rays is 2 (2 + B). Before the 
rotation of the mirror, the angle between the incident and 
reflected rays was 2a. Consequently, the reflected ray 
will be rotated through the angle (Fig. 179b) 


y = 2 (a + B) — 2a = 2p. 


579. A light ray propagating along the horizontal is 
incident on a vertical screen. If a plane mirror is placed 


23% 
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on the path of the ray, the light spot on the screen is dis- 
placed upwards by 3.5 cm (Fig. 180). Determine the an- 
gle of incidence of the ray on the mirror if the distance 
between the mirror and the screen is 50 cm. 


Given: h=3.5cem=3.5 x10?%m, 1=50cm = 0.5m. 
i—? 

Solution. Let us consider the path of the ray SO inci- 
dent at point O of the plane mirror MN. According to the 
construction, DO isthe perpendicular dropped on the 
mirror, CO the perpendicular to the horizontal line SA, 
and OB the reflected ray. The figure shows that 2 DOC = 
n/2—i, ZCOB = n/2—a, and ZDOB=i. Then 
(x/2 — i) + (x/2 — a) = i, whence 


i= (n —a)/2. (1) 
On the other hand, we can write 
tana =|AB|/|OA| =hi/l xa. (2) 
Substituting expression (2) into (1), we find that 
_ a—hll 
= 
= 3.14—3.5 x 10-2/0.5 = 41.535 rad. 


2 


580. How many images are formed of a bright point Jo- 
cated between two plane mirrors arranged at 45° to each 
other? 


Given: a = 45° ~ 0.785 rad. 
n—? 


Solution. If the bright point A, is placed between mir- 
rors J and 2 (Fig. 181), the rays emerging from it will be 
incident on the mirrors and after undergoing multiple 
reflection will form virtual images of the sources on their 
continuations. Constructing consecutively the images of 
point A, formed by mirrors J and 2, we find that A, is 
the image of point A, formed by mirror J, A, and A, 
are the images of points A, and A, formed by mirror 2, 
A, and A, are the images of points A, and A, formed by 
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mirror J, and finally, A; and A, are the images of points 
A, and A, formed by mirror 2. All the subsequent images 
will coincide with the ones obtained earlier. Thus, seven 
images will be formed by the mirrors arranged at 45°. 

581. The radius of curvature of a concave mirror is 
80 cm. At what distance from the mirror must an object 
be placed for its real image to be twice as large as the ob- 
ject? 

Given: R= 80cm=0.8m, | A’B’ | =2| ABI. 


d—? 

Solution. We place the object AB between the focus 
and the optical centre of the mirror and construct its 
image (Fig. 182). For this purpose, we consider the rays 
emerging from point A of the object AB. Of all these 
rays, incident on the mirror, we choose the ray parallel to 
the principal optical axis. After reflection by the mirror, 
it will pass through the principal focus F. For the second 
ray, we take the one propagating from point A through 
the focus F. After reflection, the ray will propagate paral- 
lel to the principal optical axis. The point A’ of intersec- 
tion of the reflected rays will be a real image of point A. 
The images of all other points of the object AB will lie 
on the perpendicular dropped from point A’ onto the 
principal optical axis. Consequently, A’B’ will be a 
real, magnified, and inverted image of the object AB. 





Fig. 182 
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In order to determine the distance from the object to 
the mirror, we can use the formula for a concave mirror: 


4/d + 4/f = A/F. 


Considering that F = R/2 and |A’B' |/|AB|= 
fld = 2, i.e. f = 2d, we find that 1/d + 1/(2d) = 2/R, 
whence 

d = 3R/4, 

d = (3 x 0.8)/4 m = 0.6 m. 


582. Determine the principal focal length of a mirror 
if a bright spot and its image lie on the principal optical 
axis of the concave mirror at 16 and 100 cm respectively 
from the principal focus. 

Given: a=16cm=0.16m, b=100cm=1m. 


F-? 

Solution. Let us construct the image of the bright spot 
S lying between the centre of the mirror and its principal 
focus. For this purpose, we consider two rays, viz. the 
ray SO propagating along the principal optical axis and 
an arbitrary ray SA (Fig. 183). After reflection by the mir- 
ror, the ray SO will propagate in the opposite direction 
along the principal optical axis. In order to find the path 
of the ray SA after reflection by the mirror, we draw the 
focal plane MN and an auxiliary optical axis CD paral- 
lel to the ray SA, which will intersect the focal plane at 





Fig. 183 
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point B. The ray SA must pass through this point after 
reflection by the mirror (according to the property of the 
bundle of rays parallel to an auxiliary optical axis). 
The image S’ of the bright spot S will lie on the principal 
optical axis at the point of intersection of the continua- 
tions of the reflected rays. 

In order to determine the principal focal length F, we 
can use the formula for a concave mirror: 


1/d + 41/f =1/F, 
where d = |OF| + |FS| = F +a, andf =|OF| + 
| FS' | = F + 0b. This gives 
1/(F + a) + 41/(F + 6) =1/F, 
whence 
FaVa, 
F=V0.16x1m=0.4 m. 


We leave it to the reader to prove independently that the answer 
will be the same if the bright spot lies between the pole and the 
principal focus of the mirror. 


583. A concave mirror is placed on the path of a 
converging bundle of rays so that the point of intersection 
of the rays is behind the mirror at 20 cm from its pole 
(Fig. 184). The rays reflected by the mirror converge at a 
point at a distance equal to half the focal length of the 
mirror, Determine the radius of curvature of the mirror. 


Given: | AO | =20cm =0.2m, | OA,| = F/5. 
R-? 
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Solution. If we place a point source of light at point 
A,, its virtual image will be at point A (according to the 
principle of reversibility of paths). Consequently, if we 
assume that point A, is an image, point A will be the vir- 
tual source corresponding to the image. In this case, the 
formula for a concave mirror has the form 


—1/d + 1/f =1/F, 
where d= |AO|,f =|A,O0|= F/5, and F = R/2. 
Therefore, 
—1/d + 41NR/(5 x 2)) = 1/(R/2), 
whence 
R = 8d, 
R=8x02m=1.6m. 


584. A screen MN is placed in front of a convex mirror 
at 5 cm from its pole (Fig. 185). An object AB of height 





Fig. 185 


3 cm is situated at 5 cm from the screen. At what posi- 
tions of the eye will an observer see the image of the entire 
object? What is the maximum size of the object (for a 
given arrangement of the object, mirror, and screen) for 
which the mirror will form the image of the entire object? 
The diameter of the mirror is 10 cm. 
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Given: b=5cem=5x10?%m, a=Sem=5~ 10? m, 
| AB|=3cm=3 x 107m, D=10cm=0.1m. 
| AK |—? 

Solution. Let A,B, be the virtual image of the object 
AB. Obviously, B, will be the point of intersection of the 
continuations of the rays reflected by the mirror and lying 
within the cone CB,G. Similarly, A, will be the point of 
intersection of the continuations of the rays reflected by 
the mirror and contained in the cone AA,£. In order to 
see the image of the entire object AB, the observer's eye 
must be in the space in front of the mirror between the rays 
EC and A,£. The maximum size of the object is deter- 
mined from the similarity of triangles LON and NAK 
(the curvature of the segment OL can be neglected): 
| AK |/| LO | = a/b, whence 

a a D 
|AK|=4 |Loj=42, 

5 x 10-2 x 0.4 
|AK| = —Sxa 


585. At what distance from a convex spherical mirror 
must an object be located for its image to be closer to the 
mirror than the object by a factor of 1.5? The radius of 
curvature of the mirror is 1.6 m. Construct the image of 
the object. 


Given: f=d/1.5, R=1.6m. 
d—? 


Solution. Using the formula for a convex mirror, we 
obtain 


m=5>x 107m. 


1/d —A/f = —1/F. 
Considering that f = d/1.5 and F = R/2, we find that 
1/d — 1/(d/1.5) = —1/(R/2), 
d = 0.5R/2, 
d = (0.5 X 1.6)/2m =0.4m. 


In order to construct the image of point B, we shall use 
two rays (Fig. 186): the ray propagating along an auxilia- 


whence 
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ry optical axis BC, which after reflection will pass in the 
direction of point B, and the ray propagating parallel to 
the principal optical axis, which after reflection will pass 





Fig. 186 


so that its continuation behind the mirror will pass through 
the principal focus F. The point of intersection of the 
continuations of the reflected rays will give the image B, 
of point B. Dropping a perpendicular from point B, 
onto the principal optical axis, we obtain the image 
A,B, of the object AB. The obtained image is diminished, 
virtual, and erect. 

586. A bright point S is on the principal optical axis 
of a concave mirror of radius 40cm at 30cm from its 
pole (Fig. 187). At what distance in front of the concave 
mirror should a plane mirror be placed for the rays re- 
flected by the mirrors to return to point S? 
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Given: R=40cm=0.4m, d=30cm=0.3m. 
z—? 

. Solution. In the absence of the plane mirror, point S, 
would be the image of the bright point S formed by the 
concave mirror (a similar construction of the image was 
carried out in Problem 582). If the plane mirror is placed 
on the path of the rays reflected by the concave mirror 
and propagating to point S,, the rays will be incident on it 
in a converging bundle and after reflection will form the 
final image at point S,. Point S, can be regarded as a vir- 
tual source for the plane mirror (see Problem 583). The 
image S, of the virtual source formed by this mirror will 
be real and symmetric to the source S, about the plane of 
the mirror. 

Since the plane mirror divides the distance between the 
source S, and its image S, by half, and, by hypothesis, 
point S, must coincide with point S, the plane mirror 
must be placed at equal distances from points S and 8S). 
Let us determine the distance from the concave mirror to 
the image of the bright point formed by it using the for- 
mula for a concave mirror: 


1/d + A1/f = A/F. 


Considering that F = R/2, we find that 1/d + 1/f = 2R, 
whence 


f = Rd/(2d — R). (4) 


The figure shows that the distance between the plane and 
concave mirrors is 





zr=d+(f—d/2= ¢@+f/2. (2) 
Substituting expression (1) into (2), we obtain 
a? 
oe dR 
0.32 
t= 3x03—04 m = 0.45 m. 


587. Two identical concave mirrors are arranged oppo- 
site to each other so that their foci coincide. A point source 
of light is placed at 50 cm from the first mirror on the 
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Fig. 188 


common axis of the mirrors (Fig. 188). Where will the 
image be formed after the reflection of the rays by the 
mirrors? The radius of curvature of each mirror is 80 cm. 


Given: d,=50cm=0.5m, R=80cm=0.8m. 


z—? 

Solution. In the absence of the second mirror, point 
S, would be the image of a bright point S formed by the 
first mirror. If we place the second mirror on the path of 
the rays reflected by the first mirror, the rays will be in- 
cident on it in a converging bundle and after reflection 
will form the fina] image at point S,. Point S, can be re- 
garded as a virtual source for the second mirror. The 
image S, of the virtual source formed by the second mirror 
is real and is at a distance x from the second mirror. Ap- 
plying the formula for a concave mirror to the first mir- 
ror, we can determine the position of point S;,: 


4/d, + A/f, = 1/F, or 1/d, + 4/f, = 2/R, 
whence 
h = Rd,/(2d, =r R). (1) 


Similarly, applying the same formula to the second mir- 
ror, we can find the position of point S,: 
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or, considering that F = R/2, and f, = z, we obtain 
—i/d, + 1/2 = 2/R, whence 


z = Rd,/(2d, + R). (2) 


The figure shows that d, = /, —2F. Therefore (see 
Eq. (1)), 
Rd 2R R(R—d 

1 oe . (3) 
Using Eq. (3), we can reduce Eq. (2) to the form 
— R4 (R—4d))/(2d, — R) =R—d 
~ 2R(R—d;)/(2d,—R)+R a 
z=(0.8—0.5) m=0.3 m. 


It follows from the solution that the positions of points 
S and S, coincide. 

588. A point source of light of luminous intensity 
75 cd lies on the principal optical axis of a concave mir- 
ror of radius 50 cm at 35 cm from its pole. Determine the 
maximum illuminance of a screen placed at 2.5 m from 
the mirror and perpendicular to the principal optical 
axis. 

Given: R=50 cm=0.5 m, d= 35cm = 0.35 m, 

I=75ed, D=2.5m. 


E-—? 

Solution. The illuminance is maximum at the centre of 
the screen and equal to the sum of the illuminances from 
the sources S and S’ (its image formed by the concave mir- 
ror, Fig. 189): 


Ey = E+E, = Ilr? + Lr, (1) 


where r = L —d is the distance from the source S, 
r, = L — f the distance from the source S’ to the screen, 
I the luminous intensity of the source S, and J, the lumi- 
nous intensity of the source S’. In contrast to Problem 560, 
the luminous intensity of the source S’ is not equal 
to that of the source S§ since the solid angle in which the 
rays reflected by the concave mirror propagate is not equal 
to the solid angle for the rays incident on the mirror. In 
order to calculate the luminous intensity of the source 


x 


366 Selected Problems on Physics 


Screen 


Da ais 










f= 


4 


Fig. 189 


S’, let us consider the luminous flux ® = Jo incident 
on the mirror from the source. If we neglect the energy 
losses during reflection, the same flux will propagate within 
the solid angle w,: ® = J,@,. On the other hand, 
wd? = w,f? (see Fig. 189). From these relations, we ob- 


tain 
I, =I (fld)?. (2) 
Substituting expression (2) into (1) and taking into ac- 
count the expressions for r and r,, we obtain 
1 f \2 1 
Eo=1 [rar + (2) aa]: (®) 
The distance from the image S’ of the source to the mirror 


is 


where F = R/2. Therefore, 
__Ra 
i= 2d—R’ 


0.5 x 0.35 
f=z 035-05 ™ 05 m = 0.875 m. 
Finally, we can write 


0.875 
E,=75 [ (2.5— “STB +(-Ga5- 0.35 )’ (2.5— TEL 


589. At what angle must a ray be incident on a plane 
mirror for the reflected ray to be perpendicular to the in- 
cident ray? 


] Ix ~ 194 1x. 
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Answer. The ray must be incident at an angle of x/4 rad. 
In this case, according to the law of reflection, the 
angle of reflection is 7/4 rad, and hence the angle between 
the incident and reflected rays is 1/2 rad, i.e. the rays 
are moutually perpendicular. 

590. If the surface of water vibrates, the images of ob- 
jects acquire intricate forms. Why? 

Answer. The vibrating surface of water can be regarded 
as a combination of concave and convex mirrors of differ- 
ent radii, which form different images. 


EXERCISES 


591. A person stands in front of a plane mirror and then 
moves away from it by 1 m. What is the increase in the 
distance between the person and his image? 

592. An object is between two parallel plane mirrors. 
How many images of the object are formed? 

593. A light ray reflected by the mirror of a galvanome- 
ter is incident on the centraldivision of the scale separat- 
ed by 1.5 m from the mirror and perpendicular to the 
incident ray. When acurrent is passed through the galva- 
nometer, the mirror turns so that the light spot on the 
scale is displaced by 2 m. Determine the angle of rotation 
of the mirror. 

594. A concave mirror forms a 3 x inverted image of 
an object. The distance from the object to its image is 
28 cm. Determine the principal focal length of the 
mirror. 

595. The image formed by a concave mirror is smaller 
than the object by a factor of four. If the object is moved 
closer to the mirror by 5 cm, its image wil] have a size half 
that of the object. Determine the principal focal length 
of the mirror. 

596. The focal length of a concave spherical mirror is 
{ m. At what distance from the mirror must a point source 
of light be placed for its image to coincide with the 
source? 

597. At what distance from the face should a convex 
woirror of diameter 5 cm be held to see the face completely 
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if the focal length of the mirror is 7.5 cm and the length 
of the face is 20 cm? 

598. A bright spot is at 1 m from the pole of a convex 
mirror, and its image bisects the segment of the optical 
axis between the pole of the mirror and its focus. Deter- 
mine the radius of curvature of the mirror. 

599. Concave and convex spherical mirrors of the same 
radius of curvature equal to 60 cm are arranged so that 
their principal optical axes coincide. Where should an 
object be placed at right angles to the principal optical 
axis for its images in the mirrors to be identical? The 
distance between the poles of the mirrors is 150 cm. 

600. Construct the image of an object formed by a con- 
vex mirror. Does the type of the image depend on the 
distance from the object to the mirror? 

601. Construct the image of an object formed by a con- 
cave mirror if the object is (1) behind the optical centre of 
the mirror; (2) between the focus and the optical centre; 
(3) between the focus and the pole of the mirror. 


REFRACTION OF LIGHT. 
THIN LENSES. OPTICAL INSTRUMENTS 


The refraction of light at the interface between two me- 
dia obeys the following law: 

The incident ray AO, the refracted ray OB, and the 
normal OC to the refracting surface at the point of inci- 
dence of the ray lie in the same plane (Fig. 190). The ratio 
of the sine of the angle of incidence # to the sine of the an- 
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gle of refraction r is a constant equal to the relative index 
of the second medium with respect to the first: 


sin i/sin r = nq. 


The relative refractive index n,, is connected with 
absolute refractive indices n, and n, and with the veloci- 
ties v, and v, of propagation of light in two contacting me- 
dia through the following relations: 


No, = N2/ny = Yy/V9. 


The velocity of propagation of light in vacuum is 
¢ = 3 X 10° m/s. The velocity of propagation of light in 
air is v we. 

The total reflection of light is observed when light prop- 
agates from an optically more dense medium to an opti- 

cally less dense medium and con- 
sists in the complete reflection of 
light from the interface between 
two media if the angle of inci- 
dence of all the rays is larger 
than the critical angle. 

Fig. 192 _ The critical angle ip Fig. 191) 
is the angle of incidence for which 
the refracted ray passes along the 

interface between two media. The value of the angle can 
be found from the relation 


sin ip = n,/n,. 


a 

When light passes through a prism, it is deflected to- 
wards its base (Fig. 192). The angle y is known as the 
prism angle and 6 the angle of deflection between the in- 
cident ray and the ray emerging from the prism. In order 
to rotate a ray through m/2 and x rad, a right-angle 
isosceles prism known as a totally reflecting prism is used. 

A transparent body bounded by two spherical surfaces 
or a spherical surface and a plane is called a lens. The 
point through which any ray propagates without changing 
its direction is called the principal optical centre O of a 
lens (Fig. 193). The straight line FF passing through the 
vertices O, and O, of the spherical surfaces is known as the 
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Fig. 193 


principal optical axis of a lens. Any straight line AB 
passing through the opticalcentre of a lens is called an 
auxiliary optical axis. 

Lenses converting a parallel bundle of rays incident on 
them into a converging bundle of rays are called con- 
verging lenses. 

Lenses converting a parallel bundle of rays incident on 
them into a diverging bundle of rays are known as di- 
verging lenses. 

Schematic diagrams of converging and diverging lenses 
are presented in Fig. 1930. 

A bundle of rays parallel to the principal optical axis 
converges at the principal focus F after refraction. For a 
converging lens, the principal focus is real, while for a 
diverging lens, it is virtual. Each lens has two foci, viz. 
front and rear foci. The plane MN drawn through the 
principal focus at right angles to the principal optical 
axis is called the focal plane (see Fig. 193a). Each ray par- 
allel to the optical axis and refracted by the lens passes 
ue the same point lying in the focal plane of the 
ens. 

In order to construct images formed by lenses, it is con- 
venient to use the following rays from the entire bundle 
incident on a lens: 

(a) a ray parallel to the principal optical axis of the 
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lens, which after refraction passes through the principal 
focus; 

(b) a ray passing through the principal focus, which af- 
ter refraction propagates parallel to the principal optical 
axis; 

(c) a ray passing through the optical centre of the lens, 
which after refraction does not change its direction. 

The formula for a lens and the sign convention are the 
same as those for spherical mirrors, i.e. 


t1/d + 1/f = +1/F. 


The focal length F of a lens, the radii A, and R, of 
curvature of the spherical surfaces, and the absolute re- 
fractive indices n, and n, of the substance of the lens and 
of the surrounding medium are connected through the 
following relation: 


4 ny 4 4 
7 =(Z-')(+%+3;) 
where the signs in front of the terms containing R, and 
R, are positive for convex surfaces and negative for con- 
cave surfaces. 
The quantity reciprocal to the focal length is known as 
the focal (lens) power: 


D =1/F. 


The focal power of a system of lenses in contact with 
one another is equal to the sum of the focal powers of the 
lenses constituting the system: 


D=D,+D,+D,+.... 


The linear magnification of a lens is the ratio of the 
linear size A,B, of the image to the linear size AB of an 
object: 

T = | A,B, |/| AB| = fid. 
The total magnification of an optical system of lenses 


is equal to the product of the magnifications produced by 
each lens separately: 


jean vl 0 yee 
240 
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602. A light ray is incident on a glass plate whose re- 
fractive index is1.5. Determine the angle of incidence of 
the ray if the angle between the reflected and refracted 
rays is 90° (Fig. 194). 

Given: n=1.5, y= 90° ~ 1.57 rad. 

i—? 

Solution. It can be seen from the figure that i + y + 
r= x, whence r = x — y — i. Substituting the value 
of y, we obtain 

r= 0/2 —i. (1) 


On the other hand, according to Snell’s law, 
sin i/sin r = n. (2) 


From expression (1), we find that sin r = sin (x/2 — i) = 
cos i. Then Eq. (2) can be written in the form sin i/cosi = 
tan i = n. whence 


t = arctan n, 
i = arctan 1.5 ~ 0.98 rad. 


603. The absolute refractive indices of diamond and 
glass are 2.42 and 1.5. What is the ratio of the thicknesses 
of these materials if the time of propagation of light in 
them is the same? 

Given: n= 2.42, n, =1.5. 

L,/l, —? 

Solution. The absolute refractive indices n, and n, of 
diamond and glass are connected with the velocities v, 
and v, of propagation of light in them through the fol- 
lowing relation: 

n/n, = v,/v,. (1) 
Since light propagates in a homogeneous medium at a 
constant velocity, we can write 


v, = L/t, vg = L/t, (2) 
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Fig. 194 Fig. 195 


where t is the time of propagation of light through a sub- 
stance, and 1, and I, are the thicknesses of the diamond 
and glass. 

Dividing expressions (2) termwise, we obtain 

v,/v, = L,/1,. (3) 
Comparing Eqs. (1) and (3), we find that 
L/l, = 2.42/4.5 = 1.64. 

604. Determine the critical angle of incidence of a ray 
on the interface between glass and water (Fig. 195). 

Given: n= 1.5, n, = 1.33. 

ip—? 

Solution. The critical angle of incidence at which total 
internal reflection is observed can be determined from the 
condition sin ip) = n,/n,, whence 

io = arcsin (n,/n,), 
io = arcsin (1.33/4.5) ~ 1.08 rad. 
605. Light rays emerge from turpentine into air. The 


critical angle for these rays is 42°53’. Determine the ve- 
locity of propagation of light in the turpentine. 


Given: ip=42°53’ ~ 0.64 rad. 
v—? 
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Solution. The refractive indices n, and n, of turpentine 
and air are connected with the velocities of propagation 
of light in these media through the relation 


n/n, = vie. (4) 


On the other hand, the critical angle of incidence at which 
total internal reflection is observed can be found from the 
condition 

sin bo = no/n,. (2) 


Comparing Eqs. (1) and (2), we find that sin i, = v/c, 
whence 

v = Cc Sin io, 

v= 3 x 10° x 0.68 m/s ~ 2.04 x 10° m/s. 


606. A scratch is made on the lower face of a plane- 
parallel glass plate. An observer looking from above sees 
the scratch at 4 cm from the upper face of the plate. What 
is the thickness of the plate? 


Given: h=4 cm=4~x 10°? m. 


H—? 

Solution. Let the scratch be at point A on the lower sur- 
face of the glass plate. We construct the image of point A 
which is seen by the observer (Fig. 196). For this purpose, 
we consider two rays, viz. the ray AC incident at right 
angles on the upper surface of the plate and the ray AD 
incident on the upper surface at a small angle i. The fig- 
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ure shows that point B is a virtual image of point A. In 
order to determine the thickness H of the plate, we con- 
sider AACD: | AC | = | CD |/tan i, or, since | AC | = 
Hand |CD|=d, 
H = d/tan i. 
The segment d can be found from ABCD: | CD |= 
| CB | tan r, or, considering that | CD | = dand|CB|=h, 
we obtain d=h tan r. Then H =h tan r/tan i. 
Since the angles r and i are small, we can replace 
the ratio of their tangents by the ratio of their sines, i.e. 
tan r/tan i ~ sin r/sin i. Consequently, 
H = h sin r/sin i. 

But according to the law of refraction, sin r/sin i = 
Ng/Nayr = Ng Since ngjy = 1. Therefore, 

H = hn,, 

H=4 x 107? xX 1.5m =6 x 10°? m. 

607. Determine the angle of deflection of a ray by a glass 
prism with a prism angle of 3° if the angle of incidence of 
the ray on the front face of the prism is zero. 

Given: y= 3° ~ 0.052 rad, i, =0. 

6—? 

Solution. Figure 197 shows that 2 AKM=Z BCD = 

2 NKE=y. We denote 2NKF =a and ZEKF = 6. 


Then 
6=a—y. (1) 


C 
oS 





Fig. 197 
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According to the law of refraction, for the face CD we 
have sin y/sin @ = 1/n. Since the angles a and y are small, 
we can write sin y/sin a ~ y/a. Then y/a = 1/n, whence 
a= yn. (2) 
Substituting relation (2) into (1), we obtain 
§ = yr—yv=y(rn—1), 
= 0.052 (1.5 — 1) rad = 0.026 rad. 

608. A light ray is incident on a triangular glass prism 
with a prism angle of 45° and emerges from it at an angle 
of 30°. Determine the angle of incidence of the ray. 

Given: y= 45° ~ 0.79 rad, rr, = 30° ~ 0.52 rad. 

i? 

Solution. Let us consider ADKE formed by the ray 

DE and the perpendiculars KD and KE to the faces AC 





Fig. 198 


and BC of the prism (Fig. 198). According to the well- 
known theorem in geometry, the exterior angle 6 of this 
triangle is equal to the sum of the interior angles 7, 
and i, which are not adjacent to it, ie. B = 7, + dy. 
But 6 = y as angles with mutually perpendicular sides. 
Consequently, y = r, + i, whence 

n=y—4. (1) 
According to the law of refraction, for the face CB we 
have sin i,/sinr, = 1/n, whence sin i, = sinr,/n = 
0.5/1.5 = 0.333, i, = 19.5°. Therefore, according to 
Eq. (1), 7, = 45° — 19.5° = 25.5°. 
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According to the law of refraction, for the face AC 

we have sin i,/sinr, =m, whence sin i, = nsinr,; 
sin i; = 1.5 < 0.43 = 0.645, 
i, = 40°12’ ~ 0.698 rad. 

609. A converging lens forms a real twofold magnified 
image of an object. Determine the focal length of the lens 
if the distance between the lens and the image of the object 
is 24 cm. Construct the image formed by the lens. 

Given: T=2, {=24cm=0.24m. 

F—? 
Solution. In order to construct the image of the upper 


point A of the object AB, we consider the paths of two 
rays (Fig. 199). After refraction, the first ray propagating 





Fig. 199 


parallel to the principal optical axis will pass through the 
principal focus of the lens. The second ray passing through 
the principal optical centre of the lens will not change its 
direction. The point A, of intersection of the rays will 
be a real image of point A. Dropping a perpendicular from 
point A, onto the principal optical axis, we shall obtain 
a real, magnified, and inverted image A,B, of the object 
AB. In order to determine the focal length, we shall use 
the formula for a thin lens 1/d + 1/f = 1/F, whence 


F = dfi(d + f). (1) 


The linear magnification of the lens is T = | A,B, / 
| AB | = f/d, whence 
d= fir. (2) 
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Substituting expression (2) into (4), we obtain 





_ it} ft 
~ f0+f T4141" 
0.24 3 


610. Determine the focal length of a double-convex 
glass lens immersed in water if its focal length in air is 
known to be 20 cm. 

Given: F,= 20 cm=0.2m. 

F.—? 

Solution. The focal length of a double-convex lens is 

connected with the absolute refractive indices n, and n, 


of the lens material and of the surrounding medium 
through the sy ated relation: 


ag raed erase ra 


For the lens in air, we have 


F-=(m-1)(4-+z). (1) 
Similarly, for the lens in ae. we have 
Fo=(a—') (ata) 
-(AS\(f+k) @ 


Dividing relation (1) by (2) termwise, we obtain F,/F, = 
(n, — 1) n,/(n, — ny), whence 
F,= F yng (ny—1) 
ny— Ny 
0.2 x 1.33 x (1.5—1) 
4.5—1.33 


611. Determine the principal focal length of a plano- 
convex glass lens in turpentine if the redius of curvature 
of its convex surface is 25 cm. 

Given: R,=25 cm =0.25 m. 


F-—? 


r= m~0.8 m. 
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Solution. The focal length of the lens can be determined 
from the formula 


$-(8-)EtR) 


Since for the plane surface of the lens we have 1/R, = 0, 
Eq. (1) can be reduced to the form 1/F = (n,/n, — 1)/R,, 
whence 


ee! Van 
~~ Any/ng—1 ny — ng’ 
0.25 x 1.47 
Fs sea, m= 12.25 m. 


612. Construct the image of a bright spot lying on the 
principal optical axis of a thin converging lens at the 
midpoint between the lens and its focus. Characterize the 
image. 

Given: d=0.5F. 

f—? 

Solution. Using the formula for a converging lens 1/d — 

1/f = 1/F, we obtain 


f = Fd/(F — d), 
or, considering that d = 0.5F, 
f = F-0.5F/(F — 0.5F) = F. 


Consequently, the image of the bright spot will be virtual 
and located at a distance F from the lens. In order to con- 
struct the image of the bright spot S, we shall use two 
rays, Viz. the ray SO propagating along the principal opti- 
cal axis and an arbitrary ray SA (Fig. 200). The ray SO 
passes through the lens without being refracted. In order 
to determine the path of the ray SA after its refraction in 
the lens, we draw the focal plane MN and an auxiliary op- 
tical axis DO parallel to the ray SA, which will intersect 
the focal plane at point B. The ray SA must pass through 
this point after refraction in the lens (in accordance with 
the property of the bundle of rays parallel to an auxiliary 
optical] axis). The image S’ of the bright spot S will lie 
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Fig. 200 


on the principal optical axis at the point of intersection 
of the continuations of the refracted rays. 

613. What is the magnification of a magnifier whose 
lens power is 16 D? Construct the image of an object 
formed by the magnifier. 


Given: D=16D. 
tT? 
Solution. The magnification produced by the magnifier is 
T = L/F = LD, 


where F is the focal length of the magnifier and L the 
distance of normal vision (which is equal to 0.25 m for a 
normal eye). Consequently T = 0.25 x 16 = 4. 

The object to be examined through a magnifier is 
placed between the magnifier and its focus (Fig. 201). In 
order to construct the image of point A of the object, we 
shall use two rays emerging from it, viz. the ray parallel 
to the principal optical axis, which after refraction will 
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pass through the focus, and the ray passing through the 
principal optical centre of the lens, which will not change 
its direction. The image A,of point A will be formed at 
the point of intersection of the continuations of the re- 
fracted rays. Similarly, we can obtain the image B, of point 
B. Consequently, the image A,B, of the object AB is vir- 
tual, magnified, and erect. 

614. A converging bundle of rays is incident on a diverg- 
ing lens. After passing through the lens, the rays inter- 
sect at a point lying at 15 cm from the lens. If we remove 


Ay 


Fig. 202 


the lens, the point of intersection will be shifted by 5 cm 
towards the previous position of the lens. Determine the 
focal power of the lens. 


Given: d=15cm=0.15m, /=5cm=0.05 m. 
D—? 

Solution. If we place a point source of light at point A, 
point A, will be its virtual image (Fig. 202). Using the 
formula for a diverging lens 1/d — 1/f = —1/F, we can 
write 


F = fd/(d — f), (1) 
where f = d — l. By definition, the focal power of a di- 
verging lens is D = —1/F or, using Eq. (1), 
pa—4rt — l 


fa ~ d(d—h ’ 


= 0.05 bape 
D= — a35x@is—o0 PD —3.3D. 


615. A diverging lens with a focal length of 12 cm is 
placed between two point sources so that it is twice as 
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Fig. 203 


close to one of them than to the other. The distance be- 
tween the images of the sources is found to be 7.8 cm. De- 
termine the distance between the sources. 
Given: F=12cm=0.12 m, d,=2d,, 1=7.8 cm= 
0.078 m. 
L—? 
Solution. Let us construct the images S; and S;, of the 
bright spots S, and S, (Fig. 203) (a detailed construction 


is described in Problem 612). Using the formula for a di- 
verging lens to each source separately, we obtain 


4/d, — A/f, = —A/F, 1/d, — 1/f, = —A/F. 


.By hypothesis, d, = 2d,,1 =f, + f,, and L = d, + dy. 

Therefore, 

Le aoa) +3F V 8F?-+ (F—D? 
— Soy 

[a 9X 0-12 (0.120.078) +3 x 0.412 V8 (0.12)?+ (0.12 — 0.078)? 
a 4 (2 x 0.12— 0.078) 

_ _— 0,045 40.423 

aa 0.648 i 
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whence L ~ 0.12 m. (The negative root does not satisfy 
the hypothesis.) 

616. A bundle of rays parallel to the principal optical 
axis is incident on a double-convex lens whose focal length 
is 12cm. Another double-convex lens having a focal length 
of 2 cm is at 14 cm from the first lens. The principal opti- 
cal axes of the lenses coincide. Where will the image be 
formed? 

Given: F,=12 cem=0.12 m, 1=14 cm=0.14 m, 

F,=2 cm=0.02 m. 


f,—? 

Solution. We shall construct the paths of the rays in 
the given optical system (Fig. 204). By hypothesis, the 
foci F, and F, of the lenses coincide (J = F, + F,). 
Consequently, the bundle of rays emerging from the sec- 
ond lens will be parallel to the principal optical axis. 
No image will be formed in this case (the image is at in- 
finity). 

617. The objective of a photographic camera has a fo- 
cal length of 50 mm. What must be the exposure time for 
a motor car moving uniformly at a velocity of 72 km/h 
at 2 km from the camera at right angles to its optical axis 
for its image to be displaced on the picture by 0.005 mm 
during this time? Construct the image. 

Given: F=50mm=5x10?m, d=2km=2~x 103m, 

v= 72 km/h=20 m/s, s,=0.005 mm=5 x 10° m. 


t—? 
Solution. In order to construct the image of the car 
(object AB), we consider two rays (Fig. 205a), viz. the 
ray paralle] to the principal optical axis, which after re- 


Fig. 204 


384 Selected Problems on Physics 


fraction will pass through the focus F of the objective, 
and the ray passing through the optical centre O of the 
objective, which will not change its direction. The point 
A, of intersection of the refracted rays will be a real im- 
age of point A. Dropping a perpendicular from point A, 
onto the principal optical axis, we shall obtain a real, 
diminished, and inverted image A,B, of the object AB. 

During the exposure time ¢, the car is displaced by a 
distance s = vt, whence 


t = s/v. (1) 
It follows from Fig. 205d that s/s, = d/f, whence 
s = s,d/f. (2) 
Using the formula for a converging lens 1/d + 1/f = 1/F, 
we find that 
d/f = (d — F)/F. (3) 
Substituting expression (3) into (2), we obtain 
s=s, (d— F)/F. 


Then from Eq. (1) we get 
pa =F) aid 
Fv ~~ Fv’ 
5 xX 10-§ x 2 x 108 
t= Exo xm 9= 107s. 


618. The height of the image of an object, formed on 
the opaque glass of a camera, is 30 mm when the object 
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is at 15 m and 54 mm when the object isat9m. Deter- 
mine the focal length of the objective. 
Given: d,=15m, h,=30mm=3x10?m, d,=9m, 
h,=51 mm= 5.1 x 10-7 m. 


F-—? 


Solution. Using the formula for a converging lens for the 
distances d, and d,, we obtain 


4/d, + 1/f, = 1/F, 1/d, + 1/f, = A/F. (1) 

Using the formula for the magnification of the lens for 

the same distances, we find that h/h, = d,/f, and h/h, = 
d,/f,, whence 

fy = AidJh, f, = hed,/h, (2) 


where hf is the height of the object. 
Substituting Eq. (2) into (1), we obtain 


1/d, + h/h,d, = 4/F, 4/d, + hth,d, — 4/F. (3) 
Solving Eqs. (3) together, we get 
_ Ashy—dyhy 
sian os a 
9x5.1 x 10-815 x 3x 1078 
P= Ei AC RS KAT he 


619. Using a telescope with a focal length of 50 cm of 
the objective, an observer can clearly see objects at 50 m 
from the objective. In what direction and by what dis- 
tance should the eyepiece be shifted to accommodate 
the telescope to infinity? Construct the image. 

Gwen: F =50 cm=0.5 m, d=50 m. 

l—? 

Solution. Using the formula for a converging lens 1/d + 
1/f, = 1/F, we can determine the distance between the 
objective and the image formed by it 


aF 
h= oF 
h= pe m=0.505 m. 
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When the telescope is adusted to infinity, the image must 
be formed by the objective in its focal plane, i.e. f, = 
0.5 m. Consequently, the eyepiece must be shifted towards 
the objective by a distance 


l= h— te 
1 = (0.505 — 0.5) m = 0.005 m. 


Let us construct the image of an object formed by the 
telescope (Fig. 206). For this purpose, we shall take two 
rays emerging from point A of the object AB. 

The first ray passing through the focus F, of the objec- 
tive will propagate parallel to the principal optical axis 





Fig. 206 


after refraction until it is incident on the eyepiece at point 
D. After refraction in the eyepiece, it will propagate so 
that its continuation will intersect the optical axis at 
the focus F,. 

The second ray passing through the optical centre O, 
of the objective will not change its direction and will be 
incident on the eyepiece at point E. In order to determine 
the path of the ray after refraction in the eyepiece, we 
draw the focal plane MN through the focus F, and an 
auxiliary optical axis parallel to the ray and intersecting 
the focal plane at point A. The second ray is refracted so 
that its continuation will pass through point K. 
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The point A, of intersection of the continuations of the 
first and second rays emerging from the eyepiece is a vir- 
tual image of point A. Dropping a perpendicular from 
point A, onto the principal optical axis, we shall obtain 
a virtual, diminished, and erect image A,B, of the 
object AB. 

620. A microscope consists of an objective and an eye- 
piece arranged so that the distance between their princi- 
pal foci is 18 cm. Determine the magnification produced 
by the microscope if the focal lengths of the objective and 
the eyepiece are 2 and 40 mm respectively. Construct the 
image of an object formed by the microscope. 

Given: 1=18 cm=0.18 m, Fy=2 mm=2 x 10-3 m, 

F,=40 mm=4x 107 m. 
[—? 

Solution. We shall construct the image of an object 
AB which is normally placed near the focal plane of the 
objective. For this purpose, we take two rays emerging 
from point A of the object AB (Fig. 207). 

The first ray passing through the focus F, of the objec- 
tive will propagate parallel to the principal optical axis 
after refraction until it is incident on the eyepiece at 
point D. After refraction in the eyepiece, the ray will 
pass through its focus Fy. 

The second ray passing through the optical centre O, 
of the objective will not change its direction and will be 
incident on the eyepiece at point £. In order to determine 





388 Selected Problems on Physics 


the path of the ray after refraction in the eyepiece, we 
draw the focal plane MN through the focus F, and an 
auxiliary optical axis parallel to the ray and intersecting 
the focal plane at point K. The second ray must pass 
through this point after refraction in the eyepiece. 

The point A, of intersection of the continuations of the 
first and second rays emerging from the eyepiece is a vir- 
tual image of point A. Dropping a perpendicular from 
point A, onto the principal optical axis, we shall obtain 
a virtual, magnified, and inverted image A,B, of the 
object AB. 

Since the microscope consists of two lenses (objective 
and eyepiece), its magnification is given by 


r = rT. (1) 


where I, and [, are the magnifications of the objective 
and the eyepiece respectively. By definition, the magni- 
fication of the objective is 


T, = f,/d,. (2) 


Since f, ~ / and d, ~ F,, we have I’, ~ l/F,. The eye- 
piece operates as a magnifier, and hence 


Tr, = LiF, (3) 


where L = 0.25 m is the distance of norma] vision. Sub- 
stituting expressions (2) and (3) into (1), we obtain 
iL 
ae ok 


_ 048x025 
T= Se xa x tor — 062. 


621. A bundle of rays is incident on a diverging lens of 
focal length F, paralle] to its principal optical axis. At 
what distance from the centre of the diverging lens must 
a converging lens be placed for the rays emerging from it 
to propagate, as before, parallel to the principal optical 
axis? The focal length F, of the converging lens is twice as 
large as that of the diverging lens (Fig. 208). 

Given: F,, F,=2F,. 

l—? 
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Fig. 208 


Solution. For the diverging lens, we can write 


The source of a parallel bundle of rays is assumed to be 
at infinity so that 1/d, = 0, and from Eq. (1) we obtain 


1/F, = tf, 


whence F, = f,. Consequently, the virtual image of the 
source formed by the diverging lens is at its virtual fo- 
cus and is a source for the converging lens. For the con- 
verging lens, we have 


4/d, + A/f, = A/F. (2) 


The figure shows that d, = f, + 1. By hypothesis, the 
rays emerging from the converging lens must propagate in 
a parallel bundle, i.e. 1/f, = 0. Substituting the expres- 
sions for F,, d,, and f, into Eq. (2), we obtain 


1(2F,) = 1(F, + 2), 


whence / = Fy, i.e. the required distance is equal to the 
focal length of the diverging lens. 

622. Water is poured into a concave mirror whose radi- 
us of curvature is 50 cm. The focal power of the obtained 
system is 5.3 D. Calculate the focal length of the water 
lens. 

Given: R=50 cm=0.5m, D=5.3 D. 

F-? 
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Solution. The optical system consists of the concave 
mirror and the plano-convex water lens brought in con- 
tact. Therefore, its focal power is 


D = D, + 2D,, (1) 


where D, = 1/F, = 2/R is the focal power of the concave 
mirror and D, the focal power of the water lens. The coef- 
ficient 2 is introduced into Eq. (1) since the rays pass 
twice through the water lens. It follows from this equa- 
tion that D, = (D — D,)/2, or, taking into account the 
expression for D,, 


D, =(D — 2/RY/2. (2) 
By definition, the focal length is F, = 1/D,, or, taking 
into account expression (2), 


2 
F,= D—2/R ’ 


F m ~ 1.54 m. 


ee 
2 5.3—2/0.5 
623. A double-convex lens is obtained from two iden- 
tical thin watch glasses the space between which is filled 


A ep CLI 


Fig. 209 


with water. The focal power of such a lens is 4 D. Deter- 
mine the focal power of a plano-concave lens consisting 
of a thin watch glass touching the bottom of a thin-walled 
cylindrical glass vessel if the space between the watch 
glass and the bottom of the vessel is filled with water. 
Given: D,=4 D. 
D,—? 

Solution. In order to determine the focal power of the 
plano-concave lens, we shall fill the watch glass placed 
at the bottom of the cylindrical vessel with water 
(Fig. 209). We shall obtain a thin plane-parallel layer of 
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water which can be treated as a system consisting of two 
water lenses: plano-convex (upper lens) and plano-concave 
(lower lens). The focal power of the plane-parallel wa- 
ter layer is 
D=0. (1) 
On the other hand, 
D=D,4+D,, (2) 


where D, and D, are the focal powers of the plano-convex 
and plano-concave lenses. The plano-convex lens is half 
the double-convex lens cut along the line AB. There- 
fore, its focal power is 


D,=D,/2 = 2D. (3) 
ae expressions (1) and (3) into (2), we find that 
0=+2D+D,, whence D, = —2D 


624. Determine the focal power of a pair of spectacles 
for a long-sighted person whose distance of normal vision 
is 40 cm. 

Given: L)_,=40 cm=0.4 m, L,=25 cm=0.25 m. 

D-—? 

Solution. Without the spectacles, the image S’ of 
point S is formed on the retina R of the eye if point S 
is at the distance SO equal to the distance L,_, of normal 
vision for a long-sighted eye from the eye lens EL 
(Fig. 210). For the long-sighted eye to be able to examine 


t 


§ 
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closer objects, the lens L of the spectacles should be 
used. Then the image S’ of point S” lying at a distance 
£y of normal vision for a normal eye from the lens of the 
spectacles will, as usual, be formed on the retina R of 
the eye, and the person sees not the point S” itself but 
its virtual image S lying at the distance L,_, of normal 
vision for the long-sighted eye from the eye lens EL. The 
focal power of the lens-eye optical system (we neglect 
the distance between the eye and the lens) is 


D =D, + Dg, (1) 


where Dy, and Dg, are the focal powers of the lens of the 
spectacles and the eye lens. On the other hand, 


1/d + 1/f =4/F =D, (2) 


where f is the distance from the retina to the eye 
lens. 

Since the lens of the spectacles is at a small distance 
O,O from the eye lens, we can neglect this distance and 
write d = L,. The focal power of the eye lens can be de- 
termined by applying the formula for a thin lens without 
the spectacles: 


1/d' + 1/f = 1/Fpy = Dg. (3) 
Here ad’ = L)_,. Taking into account expressions (2) 
and (3), we can write Eq. (1) in the form 
W/L, + 1/f = Dy + 1/Ly., + 1/f, 
whence 
aaa ror 


0.4—0.25 
Pu= axdas D=15 D. 
625. A short-sighted person distinguishes small objects 
at a distance not longer than 15 cm. Determine this dis- 


tance of normal vision in spectacles with a focal power 
of —3 D. 


Ch. 4, Optics 393 


Given: d,=15 cm=0.15 m, D, = —3 D. 


Solution. The focal power of the eye without spectacles 
in the case of myopia is 


D, = 1/d, + 4/f, (1) 


where d, = | SO | is the distance between an object and 
the eye lens and / = | OS’ | the distance between the eye 
lens and the retina (Fig. 211). 

The focal power of a short-sighted eye with spectacles 
is 


D=D,+D, = 1/d, + 4/f, (2) 


where D, is the focal power of the spectacles and d, ~ 
| S’O | the distance between the object and the eye lens 





Fig. 214 


(we neglect the distance between the lens of the spectacles 
and the eye lens). 

Solving Eqs. (4) and (2) together, we obtain 1/d, + 
D, = 1/d,, whence 


45 
d,=7r3 X 0.15 


The short-sighted person with spectacles sees the virtu- 
al image S of the object S” located at a longer distance 
from the eye than without the spectacles. 


m ~ 0.27 m. 
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626. Why does the outline of objects above heated soil 
seem vibrating on a hot day? 

Answer. On a hot day, heated air currents from the soil 
circulate in the vertical direction. The air density changes 
continuously and randomly due to nonuniform heat- 
ing, and so does the refractive index which is related to 
density. For this reason, the outline of objects seems vi- 
brating. 

627. How can you explain the lustre of precious stones? 

Answer. The lustre of precious stones is explained by 
total internal reflection which is attained by special 
facetting. 

628. Why are plants not watered on a hot sunny day? 

Answer. Drops of water left on the leaves of plants af- 
ter watering play the role of small lenses which may fo- 
cus solar rays and burn the leaves. 


EXERCISES 


629. What is the true depth of a river if it seems to be 
2 m along the vertical according to a rough visual esti- 
mate? 

630. A light ray propagates from glass into water. The 
angle of incidence of the ray at the interface between the 
two media is 40°. Determine the angle of refraction and 
the critical angle. 

631. A light ray is incident on a trihedral prism made 
of quartz glass at an angle of 36°. The prism angle is 40°. 
At what angle will the ray emerge from the prism and 
what is the angle of its deflection from the initial di- 
rection? 

632. Where will the image of an object placed at 30 cm 
from a converging lens with a focal length of 60cm be 
formed? What is the type of the image? 

633. The distance between a lamp and a screen on an 
optical bench is 1 m. A converging lens placed between 
them forms a diminished image of the lamp on the screen. 
If the lens is shifted towards the lamp by 60 cm, a magni- 
fied image is formed on the screen. Determine the focal 
length of the lens. 
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634. Construct the image of an object formed by a con- 
verging lens if the object is (1) beyond twice the focal 
length; (2) between the focus and a point at twice the fo- 
cal length from the lens; (3) between the focus and the 
lens. 

635. The radii of curvature of the surfaces of a double- 
convex glass lens placed in water are 50 cm each. Deter- 
mine the focal power of the lens. 

636. Construct the image of an object produced by a 
diverging lens. Does the type of the image depend on the 
distance between the object and the lens? 

637. Determine the focal length of a diverging lens if 
a converging bundle of rays incident on it intersects the 
principal optical axis after refraction at a point lying at 
25 cm from the lens. In the absence of the lens, the point 
of intersection of the rays will be at 7 cm from the point 
of convergence through the lens. 

638. A terrain must be photographed from an aeroplane 
flying at an altitude of 4 km to obtain pictures on the 
scale 1:5000. Determine the focal power of the objective. 

639. In order to obtain good-quality photographs, of 
size 12 x 9 cm, photographic paper must be exposed for 
8s. In what proportion should the exposure time be in- 
creased for obtaining a 48 x 36 cm photograph? 

640. A telescope with a focal length of 50 cm is adjusted 
to infinity. After the eyepiece has been shifted by a cer- 
tain distance, the objects at 50 m from the objective be- 
come focussed. By what distance has the eyepiece been 
shifted during focussing? 

641. The focal lengths of the objective and the eyepiece 
of a microscope are 3 and 50 mm respectively. The dis- 
tance between the objective and the eyepiece is 135 mm 
and the distance between the object and the objective is 
3.1 mm. Determine the magnification of the instrument. 

642. One surface of a double-concave lens is silver plat- 
ed. The radius of curvature of the lens surfaces is 20 cm. 
An object of height 5 cm is at 50 cm from the lens. Deter- 
mine the height of the image formed by the optical sys- 
tem. 
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QUESTIONS FOR REVISION 


1. What is meant by absolute and relative refractive indices? 
2. Formulate the law of reflection of light. 3. Define the pole, the 
optical centre, and the focus of a mirror. 4. Write a formula for cal- 
culating the focal length of a spherical mirror. 5. Formulate the 
law of refraction of light. 6. Describe total internal reflection. Un- 
der what conditions can it be observed? 7. What types of lens do 
you know? 8. What is the focus and the optical centre of a lens? 
9. What is the focal power of a lens? In what units is it expressed? 
10. Write a formula for calculating the focal length of a lens. 
41. Explain how to construct an image formed by a mirror. 12. Ex- 
plain the principle of construction of an image formed by a lens. 


4.3. Quantum Properties of Light 


Some phenomena like photoelectric effect or light pres- 
sure lead to a new concept of light according to which a 
light flow is a flow of elementary particles, viz. photons 
(quanta of light). One of the characteristics of a photon is 
its energy. A monochromatic light flow consists of pho- 
tons with the same energy 


e = hv = heli, 


where h is Planck’s constant, v the frequency of light, c 
the velocity of light in vacuum, and A the wavelength. 
The phenomenon consisting in the emission of electrons 
by metal bodies exposed to light radiation is known as 
extrinsic photoelectric effect (photoeffect). 
Photoeffect obeys Einstein’s law 


e=h =A + mv*/2, 


where e is the energy of a photon, A the work function for 
a given metal, mv?/2 the maximum kinetic energy of an 
emitted electron, and m the electron mass. 

Photoelectric effect is observed only when a metal is 
irradiated by light at a frequency larger than or equal 
to the critical frequency vy known as photoelectric thresh- 
old. In other words, the photoelectric threshold corre- 
sponds to the photon energy equal to the work function 
for a given metal: 

hyo = A. 
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In this case, the velocity v of electrons, and hence their 
kinetic energy mv?/2, are zero. 

Light incident on bodies exerts a pressure on them, 
which is determined by the luminous intensity and reflec- 
tivity of the surface of a body. Light pressure is given by 


p=I(1+ jr, 


where p is the light pressure, J the luminous intensity, 
i.e. the radiant energy incident on a unit area of the body 
surface per second, ¢ the velocity of light in vacuum, and 
p the reflection coefficient. 

If a body reflects light rays specularly, then p = 1 and 
p = 2I/c. If a body absorbs light completely (black- 
body), then p = 0 and p = Ie. 


643. Determine the maximum wavelength of light for 
which the photoeffect can be observed in platinum. 


Given: A=8.5 x 10° J, 
Amax —? 

Solution. Using the formula A = hvy, we can deter- 

mine the photoelectric threshold for platinum: 
Vo = Alh. (1) 
This frequency corresponds to the required maximum 
wavelength 
Amax = ¢/Vo, 


or, taking into account Eq. (41), 


ch 
Amax =7' 
t) 34 
heyax = SAAS EXIT mm 2.34 x 1077 m. 


644. Determine the maximum velocity of an electron 
emitted by cesium exposed to light of wavelength 400 nm. 


Given: 4=400 nm =4x 107 m. 


Vmax —? 
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Solution. From Einstein’s law for photoelectric effect 
hv = A + mv*/2, we have Vmax = V2 (hv — A)/m. Con- 
sidering that v = c/A, we obtain 


Vmax = V 2(*—a) = wie A) 


6.62 x 10-34 x 3x 108 
mes V sacqon X ( — 3.2 10°19) mis 


= 6.5 x 105 m/s. 


645. The maximum wavelength of light at which the 
photoeffect for potassium is observed is 6.2 x 10-5 cm. 
Determine the work function for potassium. 

Given: Amax= 6.2 x 105 cm=6.2 x 1077 m. 

A—? 

Solution. The maximum wavelength at which the pho- 
toeffect is observed for a metal is connected with the pho- 
toelectric threshold for the metal through the relation 


Vo = C/Amax: (1) 


The work function for the metal is A = hvo, or, using 
Eq. (1), 





he 
ae Te 
A SSI RO 8 A I: 


6.2 x 10-7 


646. The maximum wavelength of light at which the 
photoeffect for tungsten is observed is 0.275 pm. De- 
termine the work function for tungsten, the maximum ki- 
netic energy of emitted electrons, and the maximum ve- 
locity of the electrons knocked out by light of wavelength 
0.18 pm from the metal. 

Given: Agex = 9.275 pm =0.275 x 10 m, 

4=0.18 pm=0.18 x 10° m 


A—? Wiax—? Vmax —? 
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Solution. The work function for tungsten is 





he 
= an re 3 x 10 
6.62 x x3x10° 7 = 


Using Einstein’s law for photoelectric effect and con- 
sidering that v = c/A, we obtain he/A = A + mv3,,;/2, 
whence the maximum kinetic energy is 





2 
Wax = amar =+_A, 
6.62 x 10-*4 « 3 « 108 & 
Wimax =——“wtextoe 72 x 108 J 
~ 3.8 x 10-1 J, 


Knowing the maximum energy of the emitted electrons, 
we can determine the maximum velocity corresponding to 


it: 
mux = V ae , 


2x 3.8 10-18 =m 
Vnax = ne > = 9.1 x 105 m/s. 

647. The energy of a photon is equal to the kinetic ener- 
gy of an electron having an initial velocity of 10° m/s 
and accelerated by a potential difference of 4 V. Deter- 
mine the wavelength of the photon. 

Given: e= W,, v= 10° m/s, U=4 V. 


A—? 
Solution. The energy of the photon ise = hv = he/d, 
whence 
A= hele. (1) 
By hypothesis, 
e=W,= mv/2, (2) 


where m is the mass of the electron and v its final velocity 
as a result of acceleration by the electric field. 

The work done by the electric field is equal to the 
change in the kinetic energy of the electron: mv?/2 — 
mv3/2= A, whence mv?/2= mvi/2+ A, or, since A =eU, 


mv?/2 = mvi/2 + eU. (3) 
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Here mv3/2 is the initial kinetic energy of the electron 
and e its charge. Solving Eqs. (2) and (3) together, we 
find that 


e = mu3/2 + eu. (4) 
Substituting expression (4) into (1), we obtain 
= he 
~~ mv3/2+eU ’ 
a 6.62 x 10-34 x 3 x 108 m~ 1.8107 m. 


"94 x 10-5 x (1099/2 1.6 x 107 XG 
648. The electrons knocked out of the surface of a met- 
al during photoelectric effect by a radiation of frequen- 
cy 2 x 10! Hz are completely retarded by a decelera- 
tion field with a potential difference of 7 V. When the ra- 
diation frequency is 410'* Hz, the potential difference 
required to stop the electrons is 15 V. Using these da- 
ta, calculate Planck’s constant. 
Given: v,=2 x 10% Hz, U,=7 V, v.=4x 10!5 Hz, 
U,=15 V. 
h-? 
Solution. Let us write Einstein's law for the two cases 
of photoeffect considered in the problem: 


hy, = A+ mv¥/2, hv, = A + mvi/2. (1) 


Since the electrons escaping from the surface of the metal 
are completely retarded by the decelerating electric field, 
the change in their kinetic energy is equal to the work 
done by the electric field: 


mv*/2 = eU. (2) 
Using Eq. (2), we can write (1) in the form 
hy, =A+eU,, hv, =A + €U,. 
Solving this system of equations, we find that 


e(U,—U)y) 
Va Ti 


ha AO ae J.s=6.4 x 10% J.s. 


h= 


i] 
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649. What is the number of photons incident per sec- 
ond on a human eye if the eye perceives light of wave- 
length 0.5 pm at a luminous power of 2 x 10-'7 W? 

Given: t=1 8s, 4=0.5 pm=5 x 107m, N=2 x 10°17 W. 

n—? 

Solution. The total radiant energy incident on the eye 
is W = Nt. The energy of a photon is e = hc/d. Then the 
number of photons incident on the eye is 





_ W_ Nt 
nee he? 

17 7 
na 2KIO X41x5 x 107 _ 59 


~ 6.62 x 10-4 x 3 x 108 


650. A water drop of volume 0.2 ml is heated by light 
of wavelength 0.75 pm, absorbing 10! photons per 
second. Determine the rate of heating of the drop. 

Given: V=0.2 ml=0.2 x 10°° m3, 1=0.75 pm = 

7.51077 m, n=10'9 st, 
AT/At—? 
Solution. The amount of heat received by the drop is 


Q =cym AT, (1) 


where m is the mass of the drop, cy the specific heat for 
water, and AT the change in the temperature of the water 
during its heating. The energy given away by light during 
the time AZ is 
W = ne At, (2) 
where e is the energy of a photon. Neglecting all possible 
energy losses, we assume that the entire energy received 
by the drop is spent on its heating, ie. W =@Q, or, 
taking into account expressions (1) and (2), ne At = 
mc, AT, whence we can determine the rate of heating: 
AT/At = ne/(me,). (3) 


Observing that m = pV, where p is the density of water 
and e = hc/A, we can write expression (3) as follows: 


AT _ nhe 
At ApVew’ 
26—0970 
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OT 101° x 6.62 x 10-4 x 3 x 108 K 
At 7.5 10-7 x 108x 0.2 « 107° « 4.2 x 108 s 


=3.15 x 10° K/s. 


651. Determine the light pressure exerted on the walls 
of an electric bulb of power 100 W. The bulb is made in 
the form of a sphere of radius 5 cm, and its walls reflect 
10% of the incident light. Assume that the entire power 
consumed by the bulb is converted into radiation. 

Given: N=10? W, R=5 cm=5~x 10? m, p=0.1. 

p—? 
Solution. The light pressure is given by 
p=I1 (1 + p)ie. (1) 


Since J = N/S, where S = 4nR? is the surface area of 
the bulb, Eq. (4) can be transformed as follows: 


N 
P= tari (1+), 
= oe er (1-+0-1) Pa=12 pPa 
P= “GXB4A4X (5 X 10-7) XB X 109 : See 


652. A light beam of wavelength 0.49 pm is incident 
at right angles to a surface and exerts a pressure of 
5 pPa on it. How many photons are incident on a square 
metre of the surface per second. The reflection coefficient 
of light from a given surface is 0.25. 

Given: \=0.49 pm=4.9x 107 m, p=5 pPa= 

5x 10-6 Pa, p==0.25. 
n—? 

Solution. Using the formula p = IJ (1 + p)/e for light 
pressure, we can determine the energy of al] the photons 
incident on a square metre of the surface per second: 


I = pe/(A + p). 
The energy of a photon is 
e= hv = heli. 


Consequently, the number of photons incident on a square 
metre of the surface per second is 
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——PA 

h(itp) ’ 
= BXA0- 4.92107 a gt td 
n= SRO MX FO) MS 1 = 2.9 x 101 ms. 


653. A radiant energy flow of 63 J is incident on a sur- 
face of area 100 cm? per minute. Determine the light pres- 
sure for the cases when the surface completely reflects and 
completely absorbs the entire radiant flux. 

Given: S = 100 cm? =107? m?, t=1 min=60s, W=63 J. 

p—-? 
Solution. 1. Since p = 1, the light pressure is 


p = diie. 
By definition, J = W/(St), and hence 
2w 


"est ’ 


- 2x 63 2 
P=3x0rxto7 xe Pa=O0.7 pPa. 





I 
tz — 
e 


2. Since p=0, p=I/e, or 
— Ww 
P= "St ’ 


63 
P= sx xo xe PA=0.35 pPa. 

654. Why are photographic films developed in red light? 

Answer. Red light does not act on the film in view of the 
small energy of photons at this frequency, which is insuf- 
ficient to initiate a chemical reaction in the emulsion 
layer. 

655. On which surface (black or white) does light exert 
a higher pressure? 

Answer. The light incident on a white surface produces 
on it a pressure p = 2J//c. Since the light is practically 
absorbed by a black surface, its pressure is p = I/c (see 
Problem 653). Hence it follows that a higher pressure is 
exerted on the white surface. 


26* 
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EXERCISES 


656. Determine the energy of a photon if the wavelength 
corresponding to it is 17 x 107-5 m. 

657. Determine the work function for zinc if the 
wavelength corresponding to its photoelectric threshold 
is 300 nm. 

658. Determine the photoelectric threshold for lithi- 
um. 
659. The photoelectric threshold for potassium cor- 
responds to a wavelength of 0.577 pm. What must be the 
potential difference between the electrodes to stop the 
electron emission from the surface of the potassium if the 
cathode is exposed to light with a wavelength of 0.4 pm? 

660. Determine the photoelectric threshold for cesium 
if the retarding potential for a radiation of wavelength 
0.35 pm is 1.47 V. 

661. What fraction of the energy of a photon causing 
a photoeffect is spent for the work function if the maxi- 
mum velocity of electrons knocked out from the surface 
of zinc is 10° m/s? The photoelectric threshold for zinc 
corresponds to a wavelength of 290 nm. 

662. A radiant flux of power 5 pW and wavelength of 
0.36 ym is incident on the surface of a metal. Determine 
the photoelectron saturation current if 5% of the incident 
photons knock out electrons from the metal. 

663. A photon flux of intensity 10'® photons/s is inci- 
dent at an angle of 45° on a mirror surface of area 10 cm?. 
The wavelength of incident light is 400 nm. Determine the 
light pressure exerted on the surface if the reflection coeffi- 
cient for the surface is 0.75. 

664. A radiant flux of power 1 pW is incident along the 
normal to a surface of area 1 cm?. Determine the light 
pressure if the reflection coefficient is 0.8. 

665. Determine the light pressure of solar radiation 
exerted on a square metre of the Earth’s surface normal 
to the direction of the radiation if the solar constant is 
8.38 kJ/(cm?-min). The coefficient of reflection of light 
from the Earth's surface should be neglected. 

666. A parallel bundle of rays of wavelength 0.5 pm 
is incident along the normal on a blackened surface pro- 
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ducing a pressure of 10-° N/cm? on it. Determine the 
number of photons contained in acubic metre of incident 
light flow. 


QUESTIONS FOR REVISION 


1. What are the values of the mass, velocity, and energy of a pho- 
ton? 2, What is photoelectric effect? 3. Name the types of photoelec- 
tric effect. 4. Explain the working principle of a photocell. 
5. Formulate the laws of photoeffect. 6. Write Einstein's law for 
photoeffect. 7. What is photoelectric threshold? 8. What is retard- 
ing potential? 9. Write a formula for calculating light pressure. 
10. What is the value of light pressure exerted on the surface of a 
blackbody? on a mirror surface? 


Chapter 5 
OSCILLATIONS AND WAVES 


5.1. Mechanical Vibrations 
and Waves 


Harmonic oscillations occur under the action of a 
force F which is proportional to the displacement z of a 
body and directed to the equilibrium position: 


F= —kz, 


where k is the proportionality factor. 
The law of motion for harmonic oscillations is 


= A sin (wt + Qo), 


where z is the displacement of a body from the equilib- 
rium position at a given instant of time, A the amplitude 
of oscillations, wt + @, the phase of oscillations, Qo 
the initial phase, and w the cyclic frequency. 

Cyclic frequency w is connected with the frequency v 
of oscillations and the period 7 through the relations 


w == 2nv = 2n/T. 
The period of natural oscillations of a simple pendulum 


is 

T=2nV l/g, 
where ! is the length of the pendulum and g the free-fall 
acceleration. 
_ The period of natural vibrations of a simple oscillator 
is 

T=2nVmik, 


where m is the mass of a vibrating body and & the spring 
constant. 
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The instantaneous velocity of a harmonically oscil- 
lating body is 


v= & = Awws (wt + Go) = Vmax COS (wt + Go), 


where Aw = Vax is the velocity amplitude. 
The acceleration of a harmonically oscillating body at 
a given instant is 
dv diz 


ac oe = 


Tr an = — Aw? sin (wt + Qo) 





= — &max sin (wt + Po). 


where Aw? = ama, is the acceleration amplitude. 
The force causing harmonic oscillations 


F = ma = —mAo’ sin (wt + Qo) = —mo*z, 
where mAw? = Fyax is the force amplitude and m the 
mass of an oscillating body. Since F = —kz, we have 
k = mo’, 


The total energy of a harmonically oscillating body is 
W = mA’o?/2 = kA?/2. 


Besides natural oscillations, a body can perform forced 
oscillations under the action of an external force. If the 
frequency of the external force coincides with the fre- 
quency of natural oscillations, resonance is observed. 

A body can simultaneously participate in several vibra- 
tions. In this case, vibrations are added. Let us consider 
two particular cases of addition of vibrations. 

1. Two vibrations occurring along the same straight 
line in the same direction with the same period but with 
different amplitudes and initial phases are added. The 
equations for component vibrations have the form 


zx, = A, sin (ot + Q)), 2, = A, sin (wt — Pog). 


The resultant vibration is expressed through the equa- 
tion 


r=2,+7,=Asin (wt +g), 
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where A = V A + A? + 2A,A, cos (Qo. — G:) is the 
amplitude of the resultant vibration and g,= 
arctan que is its initial phase. 

2. Two mutually perpendicular vibrations of the same 
period but with different amplitudes and initial phases are 
added. The trajectory of the resultant vibration is given 
by 








2 2 
7a a 2 4 COS (Po2 — Pox) = Sin? (Po2 — Fou)- 


Depending on the phase difference and the ratio of ampli- 
tudes, this will be either a straight line, or an ellipse, or 
a circle. 

The process of propagation of vibrations in an elastic 
medium is known as a wave. If the direction of vibrations 
coincides with the direction of propagation of a wave, the 
wave is referred to as longitudinal (e.g. an acoustic wave 
in air). If the direction of vibrations is perpendicular to 
the direction of propagation of a wave, we have a trans- 
verse wave. The wavelength is defined as 


= vf, 


where v is the velocity of propagation of a wave and T 
the period of vibration. 
The equation for a plane wave has the form 


z = A sin olt — (r/v)) = A sin (wt — kr), 


where k = 2x/A is the wave number and r the distance cov- 
ered by the wave from the source of vibrations to the 
point under consideration (Fig. 212). 


xX a 


Fig. 242 
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The phase difference for two vibrating points located at 
distances r, and r, from the source of vibrations is 
Ag = 9, — Q; = 2n (rz — 7,)/d. 
When a plane wave is incident on the interface between 
two media, a reflected wave is formed. Being superim- 
‘ A C E 


0 
8 BD 


Fig. 213 


posed on the incident wave, it forms a standing wave. 
The equation for a standing wave is 


z = 2A cos kr sin wt, 
where A (r) = 2A coskr is the amplitude of the stand- 
ing wave. 
The amplitude of a standing wave has its maximum 
value at the points satisfying the condition 
r= 2ndl4 
and known as the antinodes of the standing wave. Here 
n=0,1, 2, ... (Fig. 243, points A, C, FE, ...). 
The amplitude of a standing wave has its minimum 
value at the points satisfying the condition 
r = (2n + 1) A/4 
and called the nodes of the standing wave. Here n= 
0,1, 2, ... (Fig. 2413, points B, D, F, ...). 


“*e & 


667. A material particle of mass 10 g vibrates accord- 
ing to the law z = 0.05 sin (0.6¢ + 0.8). Determine the 
maximum force acting on the particle and its total ener- 


ey. 
Given: m=10 g= 107? kg, x= 0.05 sin (0.6¢ + 0.8)_ 
Fo—? W—? 
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Solution. Comparing the general form of equation for 
harmonic oscillations z= A sin (wt+ qo) with the equa- 
tion z= 0.05 sin (0.6¢+0.8) given in the problem, we 
find that A=5 x 10? m, w=0.6rad/s, and g,= 
0.8 rad. Using the expression F = —mAw? sin (wt + Qo) 
for the force causing harmonic oscillations, we obtain 


Fi= mAw’, 
F,=10-? x 5 x 107? x (0.6)? N=1.8 x 10-#N. 
The total energy of the vibrating particle is 


y _ mA%w3 
Wis a 


w= exe ex 0s" J=45 wl. 





668°. Write the equation for a harmonic oscillation 
whose amplitude is 10 cm, the period is 10 s, and the ini- 
tial phase is zero. Determine the displacement, velocity, 
and acceleration of an oscillating body 12s after the be- 
ginning of the oscillation. 

Given: A=10cm=0.1 m, T-=10s, gy =0, t= 1238. 

z—? v,—? a,—? 

Solution. Writing the equation for harmonic oscilla- 

tions, we obtain 


z= A sin (wt + @) = A sin (2nt/T + Qo). 


Substituting the given quantities into this equation, we 
get 


z=0.1 sin (7<4"4 +) = 0.4 sin 0.6284. 


For the instant t,, we can write 


z = 0.1 sin (0.628 x 12) m ~ 0.095 m. 
The velocity of the oscillating body is 


y= = Awcos (ot +9); 
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or, substituting the values of the given quantities, we ob- 
tain 
vp = 0.4 X 0.628 cos 0.628¢ = 0.0628 cos 0.628¢. 


For the instant ¢,, we have 
v, = 0.0628 cos (0.628 x 12) m/s ~ 1.95 x 10-? m/s. 


The acceleration of the oscillating body is 


a= oe — Aw? sin (wt + qo), 


” substituting the values of the given quantities, we ob- 
ain 

a = —0.1 x 0.628? sin 0.628¢ = —0.0393 sin 0.628¢. 
For the instant ¢,, we have 

a, = —0.0393 sin (0.628 x 12) m/s? 
= —3.73 x 10-? m/s?. 

669. In what minimum time after the beginning of os- 

cillations will the displacement of a point from the equi- 


librium position be equal to half the amplitude if the pe- 
riod of oscillations is 24 s and the initial phase is zero? 


Given: 2,= A/2, T=24 8, py=0. 
t,—? 
Solution. Writing the equation for harmonic oscilla- 
tions, we obtain 
z= A sin (wt + Qo) = A Sin (2nt/T + Qo). 
By hypothesis, 2,= A sin (2nt,/T) = (1/2)A. Cancelling 
out A, we get 
sin (2nt,/T) = 1/2. 
The value of the sine is 1/2 when its argument is n/6, 
i.e. 2nt/T = x/6, whence 


i= 
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670. Write the equation for a harmonic oscillation if 
its amplitude is 5 cm, the period is 4 s, and the initial 
phase is n/4 rad. Plot the time dependences of displace- 
ment, velocity, and acceleration. 


Given: A=5 cm=0.05 m, T=4 3, gy=n/4 rad. 
z=2(t)—? v=v(t)—? a=a(t)—? 
Solution. Substituting the given values into the equa- 
tion z=A sin (2nt/T + qo), we obtain 


z=0,05sin (+++). (1) 


In order to plot the time dependence of the displacement 
z, we compile the table for the values of the displacement 
zx at various instants ¢. For the initial instant t, —0, 
from Eq. (1) we obtain 


Zp = 0.05 sin (x/4) m ~ 0.035 m. 


Using Eq. (1), we can determine the time tmax corre- 
sponding to the maximum displacement z,,,= A: 


0.05 = 0.05 sin (= tuax ++), 


; on 1 on ™ 1 
whence sin (> tax + z)=1, TlmaxtZTHz> 


tmax = 0.5 s. We can determine the values of z at instants 
ti= tmax + 7/4, t= t, + 7/4, etc. The obtained 
values are used for compiling the following table: 


t, 3 | ° | 0.5 | 1.5 | 2.5 } 25 | 4.5 
Zz, m | 0.035 | 0.05 | 0 | 0.05 | 0 | 0.05 


Using the table, we plot the time dependence of the dis- 
placement +=z (t) (Fig. 214a). In order to plot the velocity 
graph, we make use of the equation 


v= Aw cos (2nt/T + @p), 
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or, substituting the given values of the quantities, 
v= 0.05 2 cos (= t4+-2) ~ 0.08 cos (r++). 


In analogy with the previous case, we compile the fol- 
lowing table: 


tis | 0 | 0.5 | 1.5 | 25 3.5 | 4.5 


v, m/s 0.06 | 0 } -0.0 0 0.08 0 














Using the table, we plot the time dependence of the ve- 
locity v=v (t) (Fig. 2145). In order to plot the accelera- 
tion graph, we make use of the equation 


a = —Aw?’ sin (2nt/T + Qo), 
or, substituting the given values of the quantities, 


= —0.05 (8 )’sin (224-4) 
~ —0.12 sin (+4) ; 


In analogy with the previous cases, we compile the fol- 
lowing table: 


t, 8 | 0 | 0.5 | 15| 2.5 | 3.5 | 4.5 


0 —0.12 








a, m/s? | —0.08 | —0.12 | 0 | 0.12 





Using the table, we plot the time dependence of the 
acceleration a=<a (t) (Fig. 214c). 

671. Write the equation for a harmonic oscillation of a 
body if its total energy is 3 x 10-° J and the maximum 
force acting on the body is 1.5 mN. The period of oscilla- 
tions is 2s and the initial phase is 60°. 

Given: W=3x 105 J, Fogx=1.5 mN=1.5x 109 N, 

T=2 8s, g=60°=2/3 rad. 


z=az(t)-—? 
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Solution. The displacement of an oscillating body is 
given by 
zg =A sin (2nt/T + Qo). (1) 


In order to determine the amplitude, we shall write the 
expressions for the total energy and the maximum force: 





W = mA*o@/2,  Fmax = mAo’. (2) 
Dividing Eqs. (2) termwise, we obtain 
2w 
fae re 
2x3x10°5 
A= m=4x 10-2 m. 


Then Eq. (41) becomes 
z=4 x 10-? sin (nt + 1/3). 


672. A pendulum consists of a heavy ball of mass 100 g 
suspended on a string of length 50 cm. Determine the pe- 
riod of oscillations of the pendulum and its energy if 
the maximum angle by which it is deflected from the 
equilibrium position is 15°. 

Given: m=100 g=0.1 kg, 1=50 cm=0.5 m, 

a= 15° ~ 0.26 rad. 
T—? W-? 

Solution. Assuming that the ball is a simple pendulum 
and considering that it oscillates harmonically, we can 
determine the period of its oscillations: 


T=2nViie, 
T=2x3.14V 0.5/9.8 s ~ 1.42 s. 


The total energy of the pendulum deflected through an 
angle a is the potential energy 


W, = mgh. (1) 
It follows from Fig. 215 that h = | AO | — | OB |. Since 
{OB |= I cosa, we have 


h=1—Icosa =1(1 — cosa). (2) 
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Substituting expression (2) into (1), we obtain 
W, = mgl (1 — cos a), 
W, = 0.1 x 9.8 x 0.5 x (14 — 0.97) J ~ 15 mJ. 


673. A ball is suspended on a long string. It is first 
lifted along the vertical to the point of suspension, and 
then deflected through a small angle. 
In what case will the ball return to 
the initial position sooner after 
having been released? 

Given: I. 

t,/t,—? 

Solution, Let us consider the first 
case. From the equation | = gt?/2, 
we can determine the time ?, of free 
fall of the ball from a height equal 
to the length / of the string: 


Fig. 215 t= V2ig. (1) 


In the second case, the time t, of motion of the ball from 
the deflected position can be determined from the equation 
x =A sin (wt + qo) for harmonic oscillations. Since at 
the initial instant the pendulum suffers the maximum 
deflection from the equilibrium position, its initial 
phase is gp = n/2. Since x = 0 in equilibrium, we can 
write 0 = Asin (wt, + 7/2). Hence, sin (wt, + 2/2) =0 
and wt, + 1/2 = x, whence 

t, = n(2w) = T/4. (2) 


The ball is a simple pendulum, and hence its period of 
oscillations can be determined from the formula 7 = 


2nY I/g. Substituting this expression into (2), we obtain 
tp = Th = (n/2) Vile. (3) 

Dividing Eq. (1) by (3) termwise, we get 

ty Ve  2V2~) 

SS _—E ee oe 0.9. 

ty nV Ug /2 a 
Consequently, the ball returns to the initial position 
Sooner in the first case. 
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674. A small ball is suspended on a string of length 1 m 
from the ceiling of a carriage. At what velocity of the 
carriage will the ball oscillate with the maximum am- 
plitude under the action of impacts of the wheels against 
the joints of the rails? The length of a rail is 12.5 m. 

Given: l=1 m, s=12.5 m. 

v—? 

Solution. The ball performs forced oscillations at 
a frequency v equal to the frequency of impacts of the 
wheels against the joints: 


v = v/s. (1) 


If the size of the ball is small as compared with the length 
of the string, itcan be treated as a simple pendulum whose 


period of oscillations is 7, = 2x Vl/g. Then the natural 
frequency of oscillations is 


Vo = 1/T) = (1/2n) V gil. (2) 


The amplitude of undamped forced oscillations attains 
its maximum value in resonance, i.e. when v ~ vo. 
Substituting this condition into Eqs. (1) and (2), we find 


that v/s = (1/2n)V g/l, whence 


~§ Vs 
v= On V3 ’ 


12.5 9.8 m 
v= 3x3.44 Ta %5.2 m/s. 


675. A copper ball suspended on a spring performs ver- 
tical vibrations. What will be the change in the period of 
vibrations if an aluminium ball of the same radius is sus- 
pended on the spring? 

Given: p,=8.9 x 10° kg/m, p,=2.7 x 103 kg/m. 

T,/T,—? 

Solution. Since the balls suspended on the spring are 

simple oscjllators, the periods of their vibrations are 


T,=2nVmjk, T,=2n Vm,Jk, 


27—0970 
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where m, = (4/3)nR%p, and m, = (4/3)n Rp, are the masses 
of the copper and the aluminium ball. Therefore, 


Ai On Veo Bi 
i an Ym,/k Ps ' 
BOX 10° 

2.7 x 10 = 


i.e. the period of vibrations wil] decrease. 

676. Two vibrations of the same direction and frequen- 
cy have amplitudes of 20 and 50 cm. The second vibration 
leads in phase the first vibration by 30°. Determine the 
amplitude and the initial phase of the sum of the vibra- 
tions if the initial phase of the first vibration is zero. 

Given: A,=20cm=0.2 m, A,=50 cm=0.5 m, 

P01 = 9, Po — Yo, = 30° ~ 0.52 rad. 
A—? Po—? 

Solution. When two vibrations occurring in the same 
direction are added, the amplitude of the resultant vibra- 
tion is 


A = VAi+ 4} + 24,4, 608 (Po2— or) 5 
A=YV (0.2)? + (0.5)2+ 2 x 0.2 x 0.5 x 0.87 m+ 0.68 m. 


From the expression tan Go= Ge ge ne 
1 01 


can find the initial phase of the resultant vibration: 


Ay SiN Po + Az SiN Pog 
= arctan —2—_*0) 2 8 
Fo A, COS Go, + Ay COS Gos 


_ 0.2xX0+0.50.5 _ ae 
Po= arctan 0.2x1+0.5x0.87 = arctan 0.394 ~ 0.38 rad. 


677. A point takes part simultaneously in two mutually 
perpendicular vibrations with multiple periods, equal 
amplitudes, and zero initial phases. Plot the trajectory of 
the point if the period of vibrations along the Y-axis is 
twice the period of vibrations along the X-axis. 

Given: Ay=A,=A, Yo.=Po2=9. T, = 27). 

y(z)—? 
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Solution. The equations for harmonic vibrations along 
the X- and Y-axes have the form 

z =A sin (2nt/T,), (4) 

y =A sin (2xt/T,). (2) 


Since, by hypothesis, T, = 27,, Eq. (2) can be reduced 
to the form 


y = Asin (2nt/2T,) = A sin (xt/T,). (3) 


Since the equation for the resultant trajectory in this 
case is transcendental, we shall solve this problem nu- 





merically. Using Eqs. (1) and (3), we compile the table 
of the values of zand y at various instants ¢ expressed in 
fractions of the period 7;,: 























| n int on 
t x v painctory t | x v trajectory 
0 0 0 a 57,/8| —0.7A | 0.9A tf 
T,/8 0.7A | 0.4A b 37/4 —A 0.7A 8 
T,/4 A 0.7A ¢ 7T,/8| —0.7A | 0.4A h 
37,/8 | 0.74 | 0.94 d Ty 0 0 i 
Ty 2 0 A e 


Using the table, we plot the trajectory abcdefghi of the 
point (Fig. 216). In view of symmetry, we can supplement 
27¢ 
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the trajectory with the region aji. We leave it to the 
reader to verify the correctness of this assumption. 

678. The displacement from the equilibrium position 
of a point lying at 4 cm from the source of vibrations is 
equal to half the amplitude in a time 7/6. Determine the 


wavelength. 
Given: r=4 cm =0.04 m, t=T/6, x= A/2. 
A—? 


Solution. We transform the wave equation 
z=Asinw(t—r/v), 


considering that w= 2n/T and \=vT: 











s ant 2nr 5 2nt 2nr 
z= A sin( — oT )=Asin(— V \ 
Then 4 = =A sin (at on a), and after transformations 


we obtain +=sin ( = 1s), which shows that the 


2 3 x 
argument of the sine is 2/6, i.e. Ste oe, 


yy 6 
Consequently, 4=0.48 m. 

679. A transverse wave propagates along an elastic 
cord at a velocity of 15 m/s. The period of vibration of 
points on the cord is 1.2 s and the amplitude of vibration 
is 2 cm. Determine the wavelength, the phase, and the 
displacement of a point separated by 45 m from the source 
of vibration in 4 s. 

Given: v=15 m/s, T=1.2 s, A=2 cm=2x107 m 

r=45 m, t=4s. 
A—? p—? z—? 
Solution. The wavelength is 


A= v7, 
A= 15 x 1.2m = 18 m. 


The phase and the displacement of any point can be deter- 
mined from the wave equation 


z=Asin o (t —r/v). 
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The phase of vibration is equal to the argument of the 
Sine in the wave equation: 


one (t-£)= (1-2). 


2n 45 
@= ey (4—Ge-) rad 5.24 rad. 


The displacement of the point is 
z=2 > 10-?-sin 5.24m ~ —1.73 x 10-? m. 


680. Vibrations of period 0.25s propagate along a 
straight line at a velocity of 48 m/s. Ten seconds after 
the emergence of vibrations at the initial points, the dis- 
placement of a point at 43 m from it is found to be 
3cm. Determine the phase and the displacement of a 
point separated by 45 m from the source of vibrations at 
the same instant. 

Given: T=0.25 s, v=48 m/s, t=10 s, r;,=43 m, 

r2=49 m, z,=3 cem=3x 107 m. 
Q2—? 2,—? 

Solution. Writing the equations describing the vibra- 
tions of the points separated by the distances r, and r, 
from the source, we obtain 


z,=Asino(t—r,/v), 2,=Asinw(t—r,/v). 
Considering that w—2n/T, we have 
MY 


z,= Asin (tt ; z= Asin (142 : 


The amplitude of vibrations can be determined from the 
equation for z,: 


Ae 
sin ((2n/T) (t—r,/v)] ° 
A 3x 10-3 m~6x10? m. 


= gin [(21/0.25) 40— 43/48)] 


Using the equation for z,, we can determine the phase at 
the point separated by the distance r, from the source of 
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vibrations: 


an r. 
=z (t+), 
an 45 
P2= 905 (10-3) rad = 145 > rad LY 227.65 rad. 


The displacement at the point separated by the distance 
r, from the source of vibrations at the instant ¢ is 


Z,=Asin gq, 
r,=6 x 10 sin (145-5) m=6 x 10% sin 5 
=6x 107? m. 


681. Two points are 6 and 12 m away from a source of 
vibrations. Determine the phase difference for the points 
if the period of vibrations is 0.04 s and the velocity of 
propagation of vibrations is 300 m/s. 

Given: r,=6 m, r,=12 m, T=0.04 s, v=300 m/s. 

Aq—? 
Solution. The equations for vibrations of the points 


are 
- 27 r 
m= Asin (t—1), z, =A sin > ( —2), 


whence the phases of vibrations of the points are 
2 r. on r. 
mae (tt), wae (i- ft). Ww 


Taking into account expressions (1), the phase difference 
Ag = 9 — Fe. is 


so # (2) —# (2) Fenn 


2n 
0.04 x 300 


The points vibrate in antiphase. 

682. The distance between the second and sixth anti- 
nodes of a standing wave is 20 cm. Determine its wave- 
length. 

Given: Arg,=20cm=0.2 m. 


A—? 





Ag= (12 —6) rad =x rad. 
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Solution. By hypothesis, Are. = rg — ro, where rg is 
the distance from the source of vibrations to the sixth 
antinode of the standing wave and r, the distance from 
the source to the second antinode. But the distance r 
from the source to an antinode is connected with the wave- 
length through the relation r, = 2nd/4, where n is the 
number of the antinode. Therefore, 


re=2:6N/4=32, r,=2-2QN4=2, Are ,=3L—2=2A, 


whence 





Arg, 
dm Ata. 
n= 22 m=0.1 m. 


683. Standing waves are excited in a cord of 3m 
whose one end is fastened to a wall and the other end 





Fig. 247 


vibrates at a frequency of 5 Hz. Six nodes are formed bet- 
ween the source and the wall. Determine the velocity of 
Propagation of the wave in the cord. 

Given: |1=3 m, v=5 Hz. 

v—? 

Solution. The velocity of propagation of a wave is 
v = K/T = dv. Figure 217 shows that 1 = 11/4, whence 
dX = 41/11. Therefore, 


_ 4lv 
pin age 8 
p= AKSXS m/s=95.45 m/s. 


684. Will the period of oscillations of a swing change if 
a load is placed on the board? 
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Answer. The swing should be regarded as a simple pen- 
dulum. Therefore, the period of oscillations will not 
change since it does not depend on the mass of the load. 

685. If a person carries a load tied to one end of a string, 
the amplitude of the load becomes very large at a cer- 
tain pace. Explain the phenomenon. 

Answer. If the frequency of periodic jerks during 
walking coincides with the natural frequency of the load, 
resonance will take place, which leads to a considerable 
increase in the amplitude of the load. 


EXERCISES 


686. The period of vibrations of a material particle is 
2.48, the amplitude is 5 cm, and the initial phase of vi- 
brations is 2/2. What are the displacement, velocity, and 
acceleration of the vibrating particle 0.4 s after the be- 
ginning of the vibrations? 

687. A body performs harmonic oscillations according 
to the law z = 50 sin (x/3)t cm. Determine the amplitude 
of the force and the total energy of the body if its mass is 
2 kg. 

688. In what time does a body vibrating harmonically 
according to the law z = A sin wt cover (1) the entire 
trajectory from the equilibrium position to the extreme 
position; (2) the first half of the trajectory; (3) its second 
half? 

689. Plot on the same graph two harmonic oscillations 
of the same amplitude 3 cm and with a period of 8s, 
having the phases x/4 and 3n/2. 

690. Determine the maximum velocity and the maxi- 
mum acceleration of a vibrating point if its amplitude is 
5 cm and the period is 4 s. 

691. A material particle vibrates harmonically with a 
period of 2 s, an amplitude of 50 mm, and a zero initial 
phase. Determine the velocity of the particle at the instant 
when its displacement from the equilibrium position is 
25 mm. 

692. The amplitude of harmonic vibrations of a mate- 
rial particle is 2 cm and its total energy of vibrations is 
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3 x 10-7 J. At what displacement from the equilibrium 
position does a force of 2.25 x 10-°N act on the particle? 

693. A pendulum clock is accurate when the length of 
the pendulum is 55.8 cm. What will be the lag of the clock 
in 24 h if the pendulum length is increased by 0.5 cm? 
Assume that the pendulum is simple. 

694. Determine the period of vibrations of a simple os- 
cillator if its mass is 196 g and the spring constant is 
2 X 10? N/m. 

695. Two harmonic oscillations of the same direction, 
the same period of 8 s, and the same amplitude of 0.02 m 
are added. The phase difference in oscillations is n/4 
and the initial phase of one of them is zero. Write the 
equation for the resultant oscillation. 

696. A point participates in two mutually perpendicu- 
lar vibrations simultaneously. The equations for the vib- 
rations are z = 2 sin wt and y = 2 cos wt. Determine the 
trajectory of the point. 

697. A wave propagates from a source of vibrations along 
a straight line. The displacement of a point at the moment 
of time 0.57 is 5cm. The point is separated from the 
source by 4/3. Determine the amplitude of vibrations. 

698. A source performs undamped vibrations according 
to the law z= 0.05 sin 500nt m. Determine the displace- 
ment of a point 60 cm from the source 0.01 s after the 
beginning of the vibrations. The velocity of propagation 
of the vibrations is 300 m/s. 

699. Determine the phase difference for two points sep- 
arated by 20 cm for a wave propagating at a velocity of 
2.4 m/s at a frequency of 3 Hz. 

700. A tuning fork (a source of sound waves) is placed 
in front of an observer's ear and another identical tuning 
fork is placed at a distance of 47.5 cm from the first. The 
observer does not hear any sound with such an arrange- 
ment. Determine the frequency of vibrations of the 
tuning fork. 


QUESTIONS FOR REVISION 


1. What vibrations are called undamped harmonic vibrations? 
2. Write expressions for the displacement, the velocity, and the 
acceleration of a vibrating point. 3. Define the amplitude, the pe- 
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riod, and the phase of an oscillation. 4. Write formulas for the pe- 
riods of oscillations of a simple pendulum and a simple oscillator. 
5. Write an expression for the total energy of an undamped harmon- 
ic oscillation. Why is it constant? 6. What oscillations are referred 
to as damped? forced? 7. Define resonance. 8. What process can be 
called a wave process? 9. Name the main types of mechanical waves. 
10. What is wavelength? 11. Write a formula connecting the wave- 
length, the velocity of propagation of a wave, and its period. 
12. Write an equation for a travelling wave. 13. Explain how a 
standing wave is formed. 14. What are the nodes and antinodes of a 
standing wave? How can their positions be determined relative 
to the source of vibrations? 


5.2. Electromagnetic Oscillations 
and Waves 


When a plane frame of area S, consisting of NV turns, ro- 
tates uniformly in a magnetic field of induction B at an 
angular velocity w, the emf induced in the frame is 


€ = 6, sin (wt + Po), 


where 6, = NSBw is the emf amplitude. 
If the voltage supplied to a circuit without inductance 
and capacitance varies according to the law 


U= Uo sin wt, 
the current J varies according to a similar law 
I= I, sin ot. 


The resistance of such a circuit is known as (ohmic) 
resistance and is given by 


R i Uollo. 


The direct current which liberates in a circuit with an 
ohmic resistance the same energy per unit time as an al- 
ternating current is known as the effective value Jon 
of the alternating current. The d.c. voltage corresponding 
to the effective current is called the effective voltage 
Ue. The effective voltage and current are connected with 
the amplitude values of the alternating current through 
the following relations: 


Ver = Uo/ V2, les = I,/ V2. 
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The parameters of an a.c. circuit with an ohmic resi- 
stance are calculated in the same way as for a d.c. circuit 
by using effective currents and voltages. 

Let us consider a circuit consisting of a small ohmic 
resistance R and a capacitor of capacitance C (Fig. 2182). 
If the voltage across the capacitor varies according to 
the law 

U = Upsin ot, 
we can neglect the ohmic resistance A and write 
q=qQsinot, J = I, cos at, 


where gg = CU, and In = qgw = CU,u. 
The reactance of such a circuit (capacitive reactance) 
can be determined from Ohm's law: 


Reo = Ud/Lo = 1/wC. 


Let us consider a circuit consisting of a smal] ohm- 
ic resistance R and a coil of inductance L (Fig. 218b). 
If the voltage applied to the circuit varies according 
to the law 


U = Uy sin wt, 
we can neglect the ohmic resistance A and write 
I = —I, cos wt, 


where I) = U,/(wL). 
The reactance of such a circuit (inductive reactance) 
can be determined from Ohm's law: 


Ry = Uollo = ol. 


The impedance of an a.c. circuit containing an ohmic 
resistance and capacitive and inductive reactances 


(a) (6) (c) 
Fig. 218 
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(Fig. 218c) is 


z=Y r+ (ob—-,)’. 


A system consisting of two windings coupled through 
a core is called a transformer. If the primary winding con- 
tains N, turns and the secondary winding has N, turns, 
the transformation ratio is 


k=N,/N, = €,/8,, 


where @, and &, are the emf’s induced in the primary 
and secondary windings. 

If the voltage drop in the ohmic resistance of the pri- 
mary winding of a transformer is negligibly small, and 
if the secondary winding is disconnected, then €, = 
U, and 6, = U,, which gives 


N,/N, = U,/Us. 


The efficiency of a transformer is the ratio of the power 
P, developed by the secondary winding to the power P, 
applied to the primary winding: 


P. 


In a circuit consisting of an inductance Z and a capaci- 
tance C, there can be induced natural electromagnetic 
oscillations whose period is determined by Thomson’s 
formula 


T=2n VLC. 


Such a circuit is a source of electromagnetic waves which 
involve the propagation of oscillations of electric and 
magnetic fields. 

The equations for a plane electromagnetic wave have 
the form 


E=E,sinw (t—r/c), B= By sin w (t — r/c), 


where c = 3 X 10° m/s is the velocity of electromagnetic 
waves in vacuum. 
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701. An a.c. circuit with an effective voltage of 110 V 
contains a series-connected capacitor of capacitance 
50 pF and a coil of inductance 200 mH and ohmic re- 
sistance 4. Determine the amplitude of the current in 
the circuit if the frequency of the alternating current is 
400 Hz. Find the a.c. frequency at which the voltage reso- 
nance is observed in the circuit. 


Given: Uey=110 V, C=50 pF=5~x 10°5 F, 

L=200 mH=0.2 H, R=4 Q, v=100 Hz. 
1j-? v—? 

Solution. According to Ohm’s law, the amplitude of the 
current is 
a 4 

V Rt=-[oL —1/(@C)}?* o 
Considering that Uy = UenV2 and w= 2nv, we can 
write Eq. (4) in the form 


Uy V2 
V R3+(2nvL—4/(2nve)]* * 
fe 110 1.41 


V 4+ [2x 3.14 X 100 x 0.2—1/(2 x 3.44 x 100 x 5x 10-5)]? 
~ 1.65 A. 


At the voltage resonance, the amplitudes of voltage 
across the capacitor and the coil are equal: Ug¢ = Uor. 
Since Uge = 1 /(2xv,C) and Uo, = 2nv,LI,, we obtain 

ea ae 
ron VIC : 


Ig 


I= 


1 


9 = oe FA ~ 50 Hz. 
2x3.14 Y0.2 x5 x 10-6 


702°. An electric circuit with a low resistance contains 
a capacitor of capacitance 0.2 pF and acoil of inductance 
4 mH. During the resonance, the current in the circuit 
varies according to the law J = 0.02 sin ot (Fig. 219). 
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Determine the instantaneous value of current and the 
instantaneous values of voltages across the capacitor and the 
coil one-third of the period after the beginning of oscilla- 


- 


Fig. 219 


tions. Plot the time dependences for the current and the 
voltages. 


Given: C=0.2 pF=2x 107 F, L=1 mH=10° H, 
t= 77/3. 
I-—? U,g-—? U,—? 
Solution. Since the resistance R ~ 0, the cyclic fre- 
quency w = 2n/T, or, using Thomson's formula, 





es ant 
anViC VIC’ 
4 


= ———— T= 74 108 rad/s. 
V 10-*x2x10-7 3 


According to the law of current variation, we can write 
= 0.02 sin (2nt/T). (1) 
For t = 7/3, the instantaneous value of the current is 


1 =0.02sin( 27) A=1.73 x 10-2 A. 


w@ 


The voltage across the capacitor is U; = g/C, where q 
is the charge on the capacitor. By definition, the current 
t 


is J = dgq/dt, whence g = [7 dt. Substituting Eq. (41) into 


0 

the integrand of this formula and integrating, we obtain 
t 

q= \ 0.02 sin wtdt= — 
0 


0.02 
@ 


cos wt. 
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Then the voltage across the capacitor is 











_ 0.02 0.02 n 
Ue=— oc C08 ot = sin (o:—) 
_ 0.02 .. 2x n 
=—ge~ sin (t+). 
For t=T/3, we get 
0.02 Qn T 1 
Ve=aIxKIH x2 X17 90 (+3 -7) V=rO7 YY. 


The voltage across a coil is 
U,=L sate 7 (0.02 sin wt) = 0.0201 cos wt 
=0.020L sin eee ) : 
For £=T/3, we obtain 
U;,=0.02 x 7.4 x 104 x 10-8 sin (4444) Vv 
~ —0.7 V. 


The time dependences for the current and the voltages ac- 
ross the capacitor and the coi] are shown in Fig. 220a 
and 6. 


(a) 
I 


VAX 
AT 2INGAT ZT t 


(b 
Ue. U; 
1 2 
0 
U5 Ly T ¢ 
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703°. The voltage across the capacitor in the electric 
circuit shown in Fig. 219 varies according to the law 
Uc = 0.01 sin wt. Determine the instantaneous values of 
the current and the voltages across the capacitor and the 
coil after one-sixth of the period if the capacitance of the 
capacitor is 0.02 pF and the inductance of the coil is 
10 mH. Plot the time dependences for the current and the 
voltages across the capacitor and the coil. 
Given: C=0.02 pF =2x 10°? F, L=10 mH == 107 H, 
t=T/6. 
Ue—? I—? U,—? 
Solution. In analogy with Problem 702, for R = 0, 
we have 
eee 
Vic ' 

So Jad. ~ 7.1 x 108 rad/s. 
V102x2xi0* 6s 
The instantaneous value of the voltage across the capaci- 

tor is 


@ 





Uc = 0.01 sin ot. (1) 
For ¢ = T/6, we have 


U_-=0.04 sin (> a a ) V ~8.6 mV. 


The charge on the capacitor is g = CU¢, or, taking into 
account Eq. (1), : = 0.01C sin wt. The current is 


I=—> a + (0. 01C sin wt) = 0.01Cw cos wt 


=0.01Cwsin (wt+-). (2) 
For ¢ = 7/6, the instantaneous value of the current is 
T=0.01 x 2x 10° x 7.4 x 10¢sin (4+) A=7-1 pA. 


The voltage across the coil is U,=L ar , or, taking 


into account =f (2), 
Up=Le (0.01Cw cos wt) = —0.01LCo? sin wt. 
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Since w? = 1/(LC), we have 
U, = —0.01 sin wt = 0.01 sin (wt + 2). 


For t = T/6, the instantaneous value of the voltage across 
the coil is 

U,=0.01sin( 242) V~—8.6 mv. 
The time dependences for the current and the voltages can 
be constructed in analogy with the previous problem (we 
leave this to the reader). 

704. Determine the amplitude of the emf induced during 
the rotation of a rectangular frame at a frequency of 
50 Hz in a uniform magnetic field of induction 0.2 T 
if the area of the frame is 100 cm? and the induction vector 
is perpendicular to the rotational axis of the frame. The 
initial phase is zero. 

Given: v=50 Hz, S=100 cm?=107 m?, B=0.2 T, 

Po = 9. 
8 —? 

Solution. According to Faraday’s law, the emf induced 

in the frame is 

A® 
a ee (4) 
Here AD = ©, — Q, is the change in the magnetic flux 
during the time At, where ®, = BS cos wt and DM, = 
BS cos [w (t + At)} are the magnetic fluxes piercing the 
frame at the instants t and t + At. Therefore, 


A® = O, — D, = BS {cos [w (¢ + At)}] — cos wt}. (2) 
Using the trigonometric formula cos (a + Bp) = 


cos a cos f — sina sin B, we transform expression (2) 
as follows: 


A® = BS (cos wt cos w At — sin wt sin w At — cos wt). 


f= 


Since w At is small, cos w At~1 and sin w At~ wo At. 
Consequently, 


A® = BS (cos wt — o At sin wt — cos wt) 
= —BS w At sin ot. (3) 
28-0970 


4 
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Substituting expression (3) into (1), we obtain 6 = 
BSw@ sin wt, which shows that the emf amplitude is 
&, = BSo, or, since @ = 2nv, 

€, = 2nvBS, 

6, = 2 x 3.14 x 50 x 0.2 x 10-? V = 628 mV. 

The emf can be determined by differentiation if we write Fara- 
day’s law in the form 
d® 
a’ 

705. The voltage across a subcircuit carrying an alter- 
nating current varies with time according to the law U = 
U, sin (wt + 2/6). At the moment t = 7/12, the instan- 
taneous voltage is 10 V. Determine the voltage ampli- 
tude. 

Given: t=T/12, U,=10 V. 

U,—? 
Solution. Substituting the values of U, and ¢ into the 


equation 
U = U, sin (wt + 1/6) 
and considering that w = 2n/T, we obtain 
10 =U,sin (F4+4) , or 10 =U, sin > ; 


whence 


a 


10 10 
Uy= sin (x/3) 0.87 
706. An electric furnace whose resistance is 22 {2 is fed 
by an a.c. generator. Determine the amount of heat lib- 
erated by the furnace in 1h if the current amplitude is 
10 A. 
Given: R= 22 Q, f-=1 h=3.6x 108 s, [,=10 A. 
Q-? 
Solution. According to Joule’s law, the amount of heat 
liberated in an a.c. circuit is 


Q = [Rt = (I/ V 2) Rt, 
Q = (10/V 2)? x 22 x 3.6 x 10¢J = 39.6 MJ. 


V~ill.5 V. 
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707. The current in the primary winding of a transform- 
er is 0.5 A and the voltage across its ends is 220 V. The 
current in the secondary winding is 11 A and the voltage 
across its ends is 9.5 V. Determine the efficiency of the 
transformer. 

Given: I,=0.5 A, U,=220 V, [,=211 A, U,=9.5 V. 

n-? 
Solution. The efficiency of the transformer is defined as 


P. 
Since P, =J,U, and P,=J,U,, we can write 


Ip 
TU, 100%, 





q= 


J AUS panies 
= o-55cam 100% = 95%. 


708. During what time will a neon lamp glow if it is 
connected for 1 min to an a.c. circuit with an effective 
voltage of 120 V and a frequency of 50 Hz? The lamp 
starts and stops glowing at 84 V. 

Given: tj=1 min=60 s, Uex=120 V, v=50 Hz, 

U,=8 V. 
t—? 

Solution. When the lamp is connected to the circuit, the 

voltage across its electrodes varies according to the law 


U = U, sin 2nvt, (1) 


Uy ae V 2Uen. (2) 


The neon lamp starts and stops glowing at Ug < U,. 
Consequently, the duration of its glow during half a 
period is 


where 


At = ty — thy (3) 


where tf, and ft, are the instants when the lamp starts and 
stops glowing. Since the interval ¢, contains 2¢,v time in- 
tervals At, the lamp glows during the time 

t, = 2tyv At. (4) 


28¢ 
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From Eqs. (1) and (2), we find that U = Y2Uen sin 2nvt. 
If ¢ = t, and t = t,, we have U = Ug, and hence 


Ug=V Wen sin Qnvt,, Ug = V Wer sin 2nvto, 
whence 
Ug 
V 20 on’ 





sin 2nvt, = 


84 4 
sin (2x -50t,) = Tat x 120 ~ z- 
Consequently, 100nt, = 2/6, whence t, = 1/600 s. Sim- 
ilarly sin (2n-50t,) ~ 1/2, i.e. 100nt, = 5x/6, whence 
t, = 5/600 s. Substituting the values of t, and t, into 
Eq. (3), we obtain 


At = (5/600 — 1/600) s = 1/150 s. 


The time during which the lamp glows can be determined 
by substituting the values of At, t,, and v into Eq. (4): 


t, = (2 x 60 x 50 x 1/150) s = 40s. 


709. The potential difference across the plates of a ca- 
pacitor in an oscillatory circuit varies according to the 
law U = 50 cos (10‘nt). The capacitance of the capacitor 
is 0.9 uF. Determine the inductance of the circuit, the 
law of time variation of the current in the circuit, and the 
wavelength corresponding to the circuit. 

Given: C=0.9 pF=9x 107 F. 

L—? 2A—? I(t)—? 

Solution. Using Thomson’s formula 


T = 2nV LC, (1) 


we can determine L = T?/(4x?C), or, considering that 
T = 2n/w, L = 1/(Cw*). It follows from the equation 
U = 50 cos 10'nt that w = 10‘n rad/s. Consequently, 
the inductance of the circuit is 


L H~ 1.12 mH. 


4 
=9x 10-7 x (104 x 3.14)3 
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The wavelength is A=cT, or, taking into account 
expression (1), 
ane 
hems 
hee 2x 3.143 x 108 
10* x 3.14 


By definition, the current is 
I = —I, sin ot. (2) 
Since J, = U,/(wL), we have (see Eq. (2)) 


m=6x 10* m. 


U, .. 
I=— or sin ot. 
The values of U, and w can be determined from the equa- 
tion U = 50 cos 10‘nt: Uy = 50 V and w = 10‘x rad/s. 
Consequently, 


I a pa Sin 10tnt = — 1.42 sin 104xt. 


™ —~ TX 3.44% 142xX10> | 


710. The capacitance of the variable capacitor of the 
oscillatory circuit of a receiver varies between C, and 
C, = 9C,. Determine the waveband of the receiver if the 
capacitance C, of the capacitor corresponds to a wave- 
length of 3 m. 


Given: C,=9C,, 4,=3 m. 
\e—? 
Solution. We denote by A, and A, the wavelengths 
limiting the waveband. Then 


A, =cT, = 2c V IC,, (A) 
Ap = cT, = 2nc V LC,, (2) 


where 7, and 7, are the minimum and maximum periods 
of oscillations of the circuit. Considering that C, = 9C,, 
we can write Eq. (2) in the form 

A, = 6ne Y LC,. (3) 


Comparing Eqs. (1) and (3), we find that A, = 3A,, i.e. 
A. = 3 X 3 =9 m. Consequently, the waveband of the 
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oscillatory circuit is limited by the wavelengths 3 and 
9 m. 

7i1. A direct and an alternating currents under the 
same Voltage are passed in turn through the filament of an 
electric lamp. Will the amount of heat liberated by the 
filament be the same in the two cases? 

Answer. Considering that the filament has purely ohmic 
resistance, we can say that it is heated in the two cases 
to the same extent since, by hypothesis, the d.c. voltage 
is equal to the effective voltage Uewy of the alternating 
current. According to Joule’s law, for direct and alter- 
nating currents we have 


Q, = UR, Q2 = Uent/R 


respectively. Comparing these expressions, we find that 


Q1 = Q2. 

712. How is energy transferred from the primary wind- 
ing of a transformer to the secondary winding, although 
the windings are not connected to each other through a 
conductor? 

Answer. When an electric current passes through the 
primary winding of the transformer, it produces a mag- 
netic flux which entirely passes through the core and 
pierces the turns of the secondary winding. Since we are 
dealing with an alternating current in the primary win- 
ing, the magnetic flux varies with time and an emf is 
induced in the secondary winding. 

713. Why are skip (silent) zones observed in radiocom- 
munication on short waves? 

Answer. In view of nonhomogeneity of the atmosphere 
for electromagnetic waves of this range, they are re- 
fracted, which leads to the emergence of skip zones. 


EXERCISES 


714. A resistor of resistance 15 Q and a coil of inductance 
50 mH are connected in series to an a.c. circuit under 
a voltage of 120 V. Determine the frequency of the cur- 
rent if the amplitude of the current in the circuit is 7 A. 

715. An oscillatory circuit has an inductance of 1.6 mH 
and a capacitance of 0.04 pF. The maximum voltage ac- 


Ch. 5. Oscillations and Waves 439 


ross the terminals is 200 V. Determine the maximum cur- 
rent in the circuit, neglecting the resistance of the circuit. 

716. Determine the instantaneous and effective values 
of the emf in an a.c. circuit 0.0028 after the beginning of 
oscillations if the amplitude value of the emf is 127 V. 
The frequency of the alternating current is 50 Hz and its 
initial phase is zero. 

717. The primary winding of a transformer with a 
transformation ratio of 8 is connected to a circuit under 
a voltage of 220 V. The resistance of the secondary winding 
is 2Q and the current in it is 3 A. Determine the volt- 
age across the terminals of the secondary, neglecting the 
losses in the primary. 

718. A coil of length 50 cm and cross-sectional area 
3 cm? contains 1000 turns and is connected in parallel to 
an air capacitor. The capacitor consists of two plates of 
area 75 cm? each, separated by 5 mm. Determine the pe- 
riod of oscillations of the obtained oscillatory circuit. 

719. Determine the period of oscillations of an oscilla- 
tory circuit emitting an electromagnetic wave of wave- 
length 3 km. 

720. Determine the period of oscillations in an oscilla- 
tory circuit containing a capacitor of capacitance 500 pF 
and a coil of inductance 1 mH. 

721. The inductance of the coil in an oscillatory circuit 
varies between 50 and 500 H and the capacitance of the 
capacitor varies between 10 and 1000 pF. What frequen- 
cy waveband can be obtained by tuning such a circuit? 

722. Determine the natural frequency of electrical os- 
cillations in a circuit containing a coil of inductance 
3 mH and a ¢gapacitor of capacitance 2 pF. 

723. Electromagnetic waves propagate in a homogene- 
ous medium at a velocity of 2 x 10° m/s. What is the 
wavelength of electromagnetic oscillations in the medium 
if their frequency in vacuum is 1 MHz? 


QUESTIONS FOR REVISION 


1. Describe the construction of a simple oscillatory circuit. 
2. What are the natural frequency and period of oscillations of a 
circuit? 3. Write an expression for the emf induced in a frame ro- 
tating uniformly at a certain angular velocity in a magnetic field. 
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4. What are the effective values of voltage and current? 5. What 
are the values of resistance and capacitive and inductive react- 
ances? 6. Write an expression for the impedance of an a.c. circuit. 
7. What device is called a transformer? 8. What is transformation 
ratio? 9. Define the efficiency of a transformer. 10. Write an equa- 
tion for a plane electromagnetic wave. 11. What 13 the velocity of 
an electromagnetic wave in vacuum? 


5.3. Wave Properties of Light 


Phenomena like interference. diffraction, and disper- 
sion of light determine its wave properties. 

Interference of light is a superposition of coherent 
light waves as a result of which the maxima and minima 
in light intensity are formed in certain regions of space. 
This phenomenon is associated with the redistribution 
of radiant energy in space. Light waves are called coher- 
ent if their phase difference remains constant in time. 

The condition for the maximum intensity of light is 


A = 2k (2), 


where A=n,r, — nr, is the optical path difference for 
waves, k=1,2,3,... is an integer, and A the wave- 
length. 

The condition for the minimum intensity has the form 


A= (2k + 1) (2/2). 


When interference is observed in thin plane-parallel 
plates in reflected light, the conditions for the maximum 
and minimum intensities have the form 


A= 2dn cos r — (A/2) = 2k (4/2), 
A = 2dn cos r — (A/2) = (2k + 1) (A/2), 


where d is the thickness of a thin plate, n the refractive 
index of the material of the plate, and r the angle of re- 
fraction of light in it. 

For interference in the transmitted light, the condi- 
tions for maximum and minimum change places. 

Diffraction of light is a phenomenon observed when 
light propagates in a medium with clearly manifested 
inhomogeneities and consisting in the light propagation 
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to the region of umbra. Diffraction of light can be ob- 
served by using a diffraction grating. 

The condition for the principal maxima for a normal 
incidence of light on a diffraction grating has the form 


dsin p = ki, 


where d is the grating constant, p the angle of deflection 
of a ray from the initial direction, A = 1, 2,3, ... is 
an integer (spectrum order), and A the wavelength of 
light incident on the grating. 

Dispersion of light consists in the dependence of the re- 
fractive index on the wavelength. An experimental evi- 
dence of dispersion is the decomposition of white light 
into spectrum by a trihedral prism. The spectrum of white 
light contains seven primary colours which are contin- 
uously transformed into one another. Consequently, 
white light is compound. Red-hot solids and liquids give 
continuous spectra, while incandescent gases produce 
line spectra typical of a given element. 

In optics, a concept of light ray is often used. A ray is 
a line along which light transfers an energy. 


724. A light wave of wavelength 700 nm propagates 
in air. What is its wavelength in water? 


Given: h,=700 nm =7 x 107 m. 
Ag —? 
Solution. The wavelengths A, and A, of the light waves 
in air and in water are connected with the velocities 


v, and v, of propagation of the waves in air and in water 
through the following relations: 


hy = 0,/¥, he =v,/¥, (1) 
where v is the frequency of light oscillations, which does 


not change upon a transition of light from one medium 
to another. Dividing Eqs. (1) termwise, we obtain 


Ny/Ag = Dy/vq. (2) 
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The velocities of propagation of light in air and in water 
are connected with the absolute refractive indices n, 
d and n, of the media through the relation 
51 [se v,/v, = n/n. (3) 
“\" Comparing expressions (2) and (3), we find 
that A,/A, =n,/n,, whence 


_ Aas 
~ = Ng u 
7 
hy = TRIO mw 5.26 x 107 m. 


725. Two coherent sources S, and S, 
A emitting at a wavelength of 0.5 pm are 
7 separated by 2 mm. A screen is placed par- 
Fig. 221 allel to the line connecting the sources 
at 2m from them. What will be observed 
at point A of the screen (Fig. 221)? 
Given: 1=0.5 pm =5x 107m, d=2 mm = 
2x10 m, [=2 m. 
A-? 

Solution. At point A of the screen, there will be the in- 
tensity maximum if the path difference for the rays ema- 
nating from the sources S, and S, is equal to an integral 
number of wavelengths, and the intensity minimum if 
the difference is equal to an odd number of half-waves. 
Let us calculate the path difference (see Fig. 2214): 


where | S,A|=V2+d? and | S,A|=1. Consequently, 
A=VP4@—-1=1V 14+ (d/PF—1. 


Since d/i<1, using the formula of approximate calcula- 
tions, we obtain 


Awi[t1+>($)]-1=4, 


Aw Oxo m= 107? m. 
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Comparing the values of A and A, we find that the path 
difference A is equal to an integral number of wavelengths 
(two). Consequently, at point A there will be the intensi- 
ty maximum. 

726. A vertical soap film is first observed in reflected 
light through a red glass (A, = 6.3 x 10-7 m). The dis- 
tance between two neighbouring red lines is 3 mm in 
this case. Then the film is observed through the blue glass 
(4g = 4 X 10-7 m). Determine the separation between 
two neighbouring blue lines, assuming that the shape of 
the film does not change during the observations. 

Given: 4,=6.3 x 107 m, 2,=3 mm=3 x 10° m, 

Ag =4x 107 m. 
Lo—? 

Solution. The rays which get into an observer's eye 

are reflected from a thin wedge at right angles to its sur- 





Fig. 222 


face. The optical path differences for the kth and (k +1)th 
red lines are respectively 
A, = 2hyn — 1,/2=khy, 


Ants = 2hyyyn — 14/2 = (k + 1)A, 
(cos r=1 in both cases). Here h, and h,4, are the thick- 
nesses of the vertical soap film whose section is a wedge 
(Fig. 222a), corresponding to the lines. From Eqs. (1), 
we obtain 


us A 
Ans — An = 2hnan—-— ( 2hyn—-F) 


=(k+ 1) —FA,, 


(1) 
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whence 

2n (Rn+1 — hy) = - (2) 
Similarly, for the blue lines (Fig. 222b) 

2n (Rms: — Rm) = de- (3) 


Dividing expression (2) by (3) termwise, we find that 
Akai hp i, dh. 
Tatha a (4) 
On the other hand, it follows from the similarity of the 
hatched triangles (see Fig. 222) that 


hroi——hr — ZL (5) 


hints — hin zy 


Equating the right-hand sides of Eqs. (4) and (5), we ob- 
tain Ayla = Zy/Zo, whence 


m= 2,52, 
\~? 
m= 3x 109 x AR m=1.9x 10 m. 


727. Determine the radius of curvature of a lens used 
for observing Newton's rings if the distance between the 


A 





Fig. 223 


second and third bright rings is 0.5 mm. The instrument 
is illuminated by light of wavelength 5.5 x 10-7 m, and 
observations are carried out in reflected light. 
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Given: A,.=0.5 mm =0.5 x 103 m, A=5.5 x 107 m, 
n=1. 
R-? 

Solution. From AOAB (Fig. 223), we have | BA|* = 
| BO\?+|AO|*, or R® =r + (R —h)*, whence 
rk — 2Rh + h? = 0. Neglecting hk? which is small in 
comparison with the other terms, we obtain r, = 


VY R2h. On the other hand, the path difference for the 
kth bright ring in reflected light is 


Ay = 2hn — 1/2 = 2k (0/2), 
whence 2h= (2k + 1)/(A/2n). Therefore, 


R 
m=V (ke+1)r, 
For k=2 and k=3, we have 











AR oAR 
n= (2x241) 4H = aa 
AR ‘TLR 
n=V (2x3+1) om 
This gives 
Arsa=Ts oe nas 
Zs J ne. 
=| 2n ea 2n ’ 
whence 
Arin 
hee 
— _ (0.5 x 19-9)? x1 
008 x5.5xio7 B=S-7 m. 


728. Determine the maximum spectrum order for the 
yellow line of sodium with a wavelength of 5.89 x 10°? m 
if the diffraction grating constant is 2 pm. 
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Given: 1= 5.89 x 107 m, d=2 pm=2 x 10° m. 


kmax = 
Solution. Using the formula d sin p=ka for a diffrac- 
tion grating, we obtain 
k=d sin g/d. (1) 


Expression (1) shows that for given d and A, the order k 
of the spectrum will be maximum when sin 9 = 1, i.e. 
at an angle of deflection @ = 1.57 rad. Consequently, 


d 
kmax = 


ke 2X18 
max ~ 5.89 x 10-7 


~ 3. 


729. At what distance from a diffraction grating 
should a screen be placed to obtain a distance of 50 mm 





Fig. 224 


between the zero-order maximum and the fourth-order 
spectrum for light with a wavelength of 500 nm? The 
diffraction grating constant is 0.02 mm. 
Given: k= 4, [=50 mm=5x 10% m, 1=500 nm= 
5x 10°77 m, d=0.02 mm= 2 x 1075 m. 


z—? 
Solution. Using the formula d sin g=ka for a diffrac- 
tion grating, we obtain 
sin p=kMd. (4) 
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On the other hand, sin g can be determined from AABC 
(Fig. 224) in which the side BC is a part of the screen lo- 
cated at a distance z =|AB| from the diffraction grat- 
ing. At point B we have the zero-order maximum (un- 
deflected image), while at point C the image of the fourth- 
order spectrum is observed: 


sing=| BC |/| AC | =lVP+2. (2) 
Comparing Eqs. (1) and (2), we find that kA/d= 


Uy i+ 2?, whence 


r=] [FER ee VERE PR, 


a= VEX ae x(x 107)?m~0.5m. 
730. Determine the diffraction angle for the second- 
order spectrum for light emitted by sodium with a wave- 
length of 589 nm if 4 mm of the diffraction grating con- 
tains five lines. 
Given: k=2, A= 589 nm=5.89 x 107 m, 
No=5 mm! =5 x 108 m™ 
g—? 
Solution. Using the formula d sin p= for a diffrac- 
tion grating, we find that 


sin pg = kA/d. (1) 

Since the number of lines per unit length of the grating 
is connected with the grating constant through the rela- 
tion V, = 1/d, Eq. (1) can be written in the form sin g = 
kiN, whence 

g=arcsin kAN,, 

g=arcsin 2 xX 5.89 x 1077 x 5 x 10° rad 

~ 5.8 x 107° rad. 


731. Determine the maximum order of the spectrum 
that can be formed by a diffraction grating with 500 
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lines in 1 mm if the wavelength of incident light is 590 nm. 
What is the maximum wavelength that can be observed 
in the spectrum of the grating? 
Given: No=500 mm!=5 x 105 m!, 4=590 nm= 
5.9 x 1077 m. 


Kmax =? Amax -? 


Solution. Using the formula d sin p=ka for a diffrac- 
tion grating, we find that 


k = dsin @/A. (1) 


Considering that d = 1/N, we transform Eq. (41) as fol- 
lows: 
k = sin /(AN4). (2) 


Expression (2) shows that for given A and No, the maxi- 
mum order k,,,x of the spectrum can be observed for the 
maximum value sin Q@max = 1, i.e. 


| ae sin @max ___ 4 
mer AN AN, ' 


4 
kmax = SaxieTxS xt ~ 3: 





The maximum wavelength that can be observed by using 
this grating is 


Nn — _23i0D @max _ __ 
oe Kmax kmaxNo : 





1 S 
Amax = 3x5 x 10F m= 6.67 ~« 107 m. 

732. Water is illuminated by red light. What colour 
does a diver see under the water surface? 

Answer. The diver sees red light since the colour per- 
ceived by the eye is determined by the frequency of oscil- 
lations that does not change upon a transition of light to 
water and not by the wavelength that changes. 

733. While observing a soap film formed in a plane ver- 
tical frame, one can notice that interference fringes are 
displaced with time downwards. The upper part of the 
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film gradually becomes black, and the film is ruptured. 
Explain the phenomenon. 

Answer. Water in the film gradually flows down, as a 
result, the lower part of the film becomes thicker and the 
upper part thinner. The conditions for interference are 
different on the regions with different thicknesses, which 
leads to the appearance of dark and bright fringes on the 
surface. As the water flows down, the thickness of vari- 
ous regions changes, bringing about the changes in the 
conditions for interference, which is manifested in a 
downward shift of the fringes. When the thickness of the 
upper part becomes very small (d~0), the path differ- 
ence will be 4/2. The waves at various parts of the film 
suppress one another, and the film becomes black. 

734. A pinhole camera forms the image of an object 
with the help of a small orifice. As the diameter of the 
orifice decreases, the sharpness of the image is first im- 
proved and then deteriorated. Why? 

Answer. As long as the diameter of the orifice is much 
larger than the wavelength of the light incident on it, 
diffraction can be disregarded, and the image is sharp. 
It can be constructed by using the laws of geometrical 
optics. But when the diameter of the orifice becomes com- 
mensurate with the wavelength, diffraction cannot be ne- 
glected any longer (i.e. the light will propagate in the 
region of umbra). The image is blurred. 

735. Are the spectra of the Sun, the Moon, planets, 
and stars identical? 

Answer. The spectra of the Moon and planets are the 
same as the spectrum of the Sun since they glow due to 
reflected solar rays. The spectra of stars may differ. 

736. Why is red light used for stop signals in traffic? 

Answer. Red light has a larger wavelength in compari- 
son with light of the other colours constituting the spec- 
trum. The rays with a larger wavelength are scattered 
by the atmosphere (dust particles and water vapour con- 
tained in it) to a smaller extent and hence are seen bet- 
ter from a long distance. 


29—0970 
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EXERCISES 


737. The wavelength of some rays in water is 435 nm. 
What is the wavelength of these rays in air? 

738. In the experiment with Fresnel’s mirrors, the dis- 
tance between the virtual images of a light source is 
0.5 mm, and the distance to the screen is 5 m. The inter- 
ference fringes formed in green light are separated by 
5 mm. Determine the wavelength of green light. 

739. Light from a projection lantern passes through a 
small hole covered by a blue glass, falls on a screen with 
two small holes separated by 1 mm, and then falls on an- 
other screen placed 1.7 m behind the first. The distance 
between the interference fringes on the second screen is 
found to be 0.8 mm. Determine the wavelength of blue 
light. 

740. White light falls on a soap film with a refractive 
index of 1.33 at an angle of 45°. What must be the mini- 
mum thickness of the film for the reflected rays to be yel- 
low and have a wavelength of 6 x 10-5 cm? 

741. Newton’s rings are formed between a plane glass 
and a lens with a radius of curvature of 8.6 m. Monochro- 
matic light is incident along the norma! to the surface. 
It was found as a result of measurements that the di- 
ameter of the fourth dark ring is 9 mm. Determine the 
wavelength of incident light. 

742. Violet light of wavelength 0.45 pm is incident along 
the normal to a diffraction grating with a grating con- 
stant of 2 ym. What is the maximum order of the spec- 
trum that can be observed by using the grating? 

743. A diffraction grating has 500 lines in 1 mm. At 
what distance from the centra] nondecomposed line will 
the beginning and end of the visible first-order spectrum 
be on a Screen placed at 2 m from the grating if the grat- 
ing is parallel to the screen and illuminated by light 
incident along the normal to its surface? 
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QUESTIONS FOR REVISION 


1. What phenomenon is called interference of light? 2. What waves 
are referred to as coherent? 3. Write the conditions for the maximum 
and minimum intensity of light during interference. 4. Give the 
ways of obtaining coherent sources of waves. 5. What phenome- 
non is called diffraction of light? 6. Under what conditions can 
diffraction of light be observed? 7. Describe the construction of a 
diffraction grating. 8. Write a formula for a diffraction grating. 
9. What phenomenon is called dispersion of light? 10. Explain 
the reason behind the formation of spectra. 11. Name the types of 
spectra you know. 12. Describe the construction of a spectroscope. 


29 


Chapter 6 


STRUCTURE OF ATOMS 
AND ATOMIC NUCLEI 


6.1. Structure of Atoms 


An atom of any element consists of a positively charged 
nucleus and electrons moving around it. The total 
charge of all the electrons constituting the atom is equal 
to the charge of its nucleus. 

The simplest atom as regards the structure is the hy- 
drogen atom consisting of anucleus and an electron mov- 
ing around it. According to Bohr’s first postulate, it 
moves in one of n circular orbits without emitting any 
energy. As the electron goes over from one orbit to an- 
other, the hydrogen atom emits or absorbs an energy quan- 
tum (Bohr’s second postulate): 


hv= WwW, <= W,, 


where hk is Planck's constant, v the frequency of the emit- 
ted light, and W, and W, the total energy of the electron 
in the atom on the corresponding orbit, which can be cal- 
culated by the formula 
efm 
Wn=— Biter * 

where e is the electron charge, m the electron mass, e 
the electric constant, and n= 1, 2,3, ... the number of 
an electron orbit. 

The wavelength A of light emitted by the hydrogen 
atom as a result of an electron transition from one orbit 
to another can be determined from the formula 
4 4 4 
fon (4-4). 


a ni RE 


where R is the Rydberg constant. 


Ch. 6. Structure of Atoms and Atomic Nuclei 453 


For visible light, nm, = 2 is the number of the orbit to 
which the electron jumps and n, = 3,4, 5, 6 is the num- 
ber of the orbit from which the electron jumps. 


“_* © 


745. Determine the energy emitted by the hydrogen 
atom as a result of an electron transition from the third 
to the first orbit. 


Given: ny=1, n=3. 


e—? 
Solution. According to Bohr’s second postulate, the 
energy emitted by the atom as a result of an electron tran- 
sition from the third to the first orbit is 


e= W,, — Way. (1) 


Here W,,= —e‘m/(8h?e%n?) and W,, = —e*m/(8h?e3n?) 
are the energies of the electron on the third and first or- 
bits. Substituting the expressions for W,, and W,, into 
Eq. (4), we obtain 
etm etm e4m 4 1 
ee ~ “Bhtegnt + ahiemnt ~ “Brier (<7—w) , 
= (1.6 x 10718)# x 9.1 x 10733 4— 1 J 

~~ 8X (6.62 x 10-)® x (8.87 x 10-18)8 ( ¥) 
= 1.94 x 10-8 J. 


746. By what amount has the electron energy in the 
hydrogen atom changed upon the emission of a photon 
with a wavelength of 4.86 x 10-7 m? 


Given: 1 = 4.86 x 1077 m. 


AW —? 

Solution. The change in the energy of the atom upon 
the emission of the photon is AW=hvy, or, considering 
that v=c/A, 

he 
ol a ee 


6.62 x 10-4 x 3 x 10° 
4.88 x 10-7 


€ 


AW= J=4.4x10°° J. 
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747. Calculate the total energy of the electron on the 
second orbit of the hydrogen atom. 


Given: n= 2. 
w—? 


Solution. The energy of the electron on the second orbit 
of the hydrogen atom is 





e4m 
W=— Brent 
Wa ex toexetxio 
~ 8X (8.82 x 10-84)8 x (8.87 x 10718)8 x 28 
= 5.44 x 10719 J. 


748. Determine the maximum and minimum wave- 
lengths in the visible region of the emission spectrum of 
the hydrogen atom. 


Given: n.= 2. 


Amax—? Amin —? 
Solution. The wavelength of light emitted by the hydro- 
gen atom as a result of an electron transition from one 
orbit to another is determined from the formula 


TR (aa): (t) 


The minimum energy is emitted by the atom upon a tran- 
sition of the electron to the second orbit from the third or- 
bit (n, = 3), which is the closest to the second orbit. This 
corresponds to the emission of light with the maximum 
wavelength Anax- Consequently, 


4 
Amax = £097 x 10" x (1/2475) 


The maximum energy is emitted by the atom when the 
electron goes over to the second orbit from an infinitely 
remote orbit (n ~ = 00), which corresponds to the emis- 
sion of light with the minimum wavelength Ajin. Con- 
sequently, 


m = 6.56 x 107 m. 


1 


Amin TH9TKA0X ote) = 3.65 x 1077 m. 
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However, this wavelength does not belong to the visible 
light region (Amin << 400 nm). Therefore, using the condi- 
tion Amin = 400 nm and Eq. (1), we can choose n and find 
that Amin = 4.1 x 10-7 mfor n=6. Thus, only four 
lines can be seen in the visible region of the emission 
spectrum of the hydrogen atom. 

749. As an electron goes over from some orbit to the sec- 
ond orbit, the hydrogen atom emits light with a wave- 
length of 4.34 x 10-7 m. Determine the number of the 
unknown orbit. 


Given: 1}= 4.34 x 1077 m, n,=2. 


na—? 

Solution. We shall use the formula for the wavelength 
of light emitted by the hydrogen atom as a result of an 
electron transition from one orbit to another: 

4 4 4 
T=R(sr—-a7)° 
whence 
4 
n= —_—_—_——_——- , 
1/n3—4/(AR) 
reat ere 
V 1/22— 4/(4.34 x 40-7? x 1.097 x 107) 

750. A beam of light emitted by a gas-discharge tube 
filled with atomic hydrogen is incident along the normal 
to a diffraction grating with a grating constant of 5 x 
10-4 cm. From what orbit must the electron come to the 
second orbit for the spectral line in the fifth-order spec- 
trum to be observed at an angle of 41°? 

Given: d=5x10% cm=5x10°m, k=5, n,=2, 

p=41° ~ 0.72 rad. 
nm—? 
Solution. Using the formula d sin p= kA for a diffrac- 


tion grating, we can determine the wavelength of the 
emitted light, corresponding to the given spectral line: 


N= dsing/k. 
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From the formula a R (4-4) , we can determine 
a ng nh 


the number of the unknown orbit: 
[x pean era 
~ V4/ne—1,(AR) ' 
or, using expression (1), 
os 1 
Vth (dsin gR) 

1 


De YH 
V 1/22 — 5/(5 x 10-® x 0.656 x 1.097 x 107) 


751. The structure of an atom (nucleus + electrons) 
resembles the structure of the solar system (the Sun + 
planets). What is the difference between them? 

Answer. In the atom, electric forces of attraction act 
between the electrons and the nucleus, while in the solar 
system, gravitational forces of attraction act between the 
Sun and the planets. 

Besides, the motion of an electron in the atom does not 
obey the principles and laws of classical mechanics and 
is governed by the laws of quantum mechanics. 

752. What is the difference between an atom in the 
ground state and an atom in an excited state? 

Answer. The main difference between these atoms con- 
sists in that the electrons in the atom in the excited state 
move in orbits which are further from the nucleus and 
possess a higher energy in comparison with the electrons 
in the atom in the ground state. 


(1) 


Np 


Np 


EXERCISES 


753. When a photon is emitted by the hydrogen atom, 
the total energy of the atom changes by 2.56 eV. Deter- 
mine the wavelength of the emitted light. 

754. What must be the maximum energy of electrons 
bombarding hydrogen atoms for the emission spec- 
trum of the hydrogen atoms excited by these electrons 
to contain only one spectral line? 

755. Calculate the total energy of the electron on the 
third orbit of the hydrogen atom. 
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756. Determine the wavelength corresponding to the 
third spectral line in the visible region of the spectrum 
emitted by the hydrogen atom. 

757. As the electron in the hydrogen atom goes over 
from the fourth stationary orbit to the second orbit, the 
green line is emitted in the hydrogen spectrum. Deter- 
mine the wavelength corresponding to the line. 

758. The electron in the hydrogen atom can move in 
circular orbits of radii 0.5 x 10-§ and 2 x 107! m. 
What is the ratio of the angular velocities of the electron 
moving in these orbits? 

759. The radius of the electron orbit in the hydrogen 
atom is 2 x 10-!°m. What is the wavelength of photons 
that may cause the ionization of the atom? 

760. What is the frequency of rotation of the electron 
in the hydrogen atom if it moves in a circular orbit of ra- 
dius 5 x 10-" m? 

761. When mercury vapour is bombarded by electrons, 
the energy of a mercury atom increases by 4.9 eV. What 
is the wavelength emitted by the atom as a result of the 
transition to the ground state? 


QUESTIONS FOR REVISION 


1. Describe the planetary model of an atom. 2. What is the draw- 
back of the planetary model? 3. Formulate Bohr's postulates. 
4. Write a formula for the total energy of the hydrogen atom. 
5. Write a formula for the angular velocity of an electron moving 
in a stationary orbit. 6. Derive a formula for the radius of a sta- 
tionary orbit. 7. What 1s a quantum number? 8. Write a formula 
for calculating the wavelength in the visible region of the emission 
spectrum of the hydrogen atom. 


6.2. Structure of Atomic Nuciei 


An atomic nucleus consists of nucleons, viz. protons 
and neutrons. The number of nucleons in a nucleus is 
equal to the mass number A (the atomic mass of an ele- 
ment in atomic mass units (amu), rounded to an integer). 
The number Z of protons in a nucleus is equal to the atom- 
ic number of the element in Mendeleev’s Periodic 
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Table and corresponds to the charge of the nucleus in the 
units of elementary charge (electron charge). Conse- 
quently, the number of neutrons in a nucleus is N= 


For any element and elementary particle we have a no- 
tation: 4X, where ip stands for a proton, jn for a neu- 
tron, _{e for an electron, fe for a positron, and $a for an 
alpha-particle. 

Atoms of the same element may have different numbers 
of neutrons in a nucleus. Such atoms are known as iso- 
topes of a given element. 

The rest mass of a nucleus is smaller than the rest mass 
of a neutral atom by the massof the electrons constitut- 
ing the electron shell of the atom: 


Miye = My, — Zm, 


where m, is the electron mass. 

The mass defect of a nucleus is the difference between 
the sum of the rest masses of the nucleons and the rest 
mass of the nucleus: 


Am = Zmp + (A = Z) my Mayes 


where my, is the rest mass of a free proton (which is not 
bound to the nucleus) and m,, the rest mass of a free neu- 
tron. 

The binding energy of a nucleus 1s defined as the work 
that must be done to split the nucleus of an atom into 
separate nucleons and to remove them at distances beyond 
the range of nuclear forces without imparting a kinetic 
energy to them. The binding energy of a nucleus is ex- 
pressed by 

Wy= Ame?, 


where Am is the mass defect of the nucleus and c¢ the 
velocity of light in vacuum. 

When atomic nuclei are bombarded by elementary par- 
ticles, atomic nuclei of one element may be transformed 
into atomic nuclei of another element. The reactions of 
transformation of elements (nuclear reactions) are sche- 
matically written in the form 


A A+4 A A 
ZX + ja—> Zy2Y, ZX + ve > 2-1Y. 
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In these reactions, the law of conservation of electric 
charge and of the number of nucleons must be observed. 

The investigation of the properties of atoms led to the 
discovery of radioactivity. Radioactive substances can 
emit three types of radiation: @-radiation, B-radiation, 
and y-radiation. 

Alpha-radiation is the flow of positively charged parti- 
cles, viz. doubly ionized helium atoms, beta-radiation is 
an electron flow, while gamma-radiation is formed by 
electromagnetic waves of very short wavelength. 

The number of radioactive (nondecayed) atoms de- 
creases with time during a radioactive decay according to 
the law 

N=N,e-*, 


where N, is the number of radioactive atoms at the ini- 
tia] instant, A the radioactive decay constant, and ¢ the 
decay period. 

The half-life of a radioactive isotope is defined as the 
period of time during which half the radioactive substance 
existing at the initial moment undergoes a decay: 


Ti72 = In 2/n = 0.693/A. 
x 


762. What is the structure of the nucleus of the lithi- 
um isotope ;Li? 

Given: 7Li. 

Z—? N-? 

Solution. It follows from the notation for the lithium 
isotope ;Li that its nucleus consists of seven nucleons 
(A =7): three protons (Z = 3) and four neutrons (V= 
7—3 =4). 

763. What is the difference between the nuclei of the 
nitrogen isotopes ‘‘N and ‘SN? 

Given: '!N, 'SN. 


Z—? N-? 
Solution. The notation for the nitrogen isotopes 'tN 
and '8N shows that the number of protons in their nuclei 
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is the same and equal to seven (Z = 7), and the number of 
neutrons is respectively N,;=14—7=7 and N,= 
15 —7=8. Consequently, the nuclei of the isotopes 
differ in the number of neutrons in them. 

764. Calculate the mass defect of the nucleus of the 
isotope 7,Ne. 

Given: tSNe, mp= 1.6724 x 10°27 kg, m,= 1.6748 x 

10°27 kg, Maye = 33.1888 x 10-7 kg. 


Am—>? 
Solution. The mass defect of a nucleus is 
Am= Zm, + (A — Z)myz — Mae. (1) 


The notation of the element {{Ne shows that A = 20 
and Z=10. Then Eq. (4) can be written in the form 


Am= 10m, + (20 — 10)mn — Mouuc 
= 10 (m, + mn) — Maxe- 
Am = [10 x (1.6724 x 10-27 + 1.6748 x 1077) 
— 33.1888 x 10-27) kg = 2.882 x 10-*8 kg. 
765. Determine the binding energy of the nucleus of 
the lithium isotope jLi. 
Given: SLi, m,= 1.6724 x 107 kg, m,= 1.6748 x 
10°77 kg, Maye = 11.6475 x 10°27 kg. 
Wy—? 
Solution. The binding energy of a nucleus is given by 
Wy= Ame’. (1) 
Since Am=Zm, + (A — Z) my — Moye, Eq. (1) can 
be written in the form 
Wy = [Zmp + (A — Z) my — Maye] ¢?- 


It follows from the notation for the lithium isotope }Li 
that A=7 and Z=3. Substituting the values of A 
and Z into Eq. (1), we obtain 


Wy= [3mp + 4m, aa nucl c*, 
Wy=(3 x 1.6724 « 10-27 + 4 « 1.6748 x 10-27 
— 11.6475 x 10-27] (8x 108)? J = 6.201 x 1077 J. 
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766. An unknown element and a proton are formed as a 
result of the capture of an a-particle by the nucleus of the 
nitrogen isotope ‘*N. Write the nuclear reaction equation 
and identify the unknown element. 


Given: $a, '{N, ip. 


A 
ZX —? 
Solution. We write the nuclear reaction equation 

“N+ {a> pt 2X. (1) 
Since the sums of the mass numbers and charges on the 
right- and left-hand sides of Eq. (1) must be equal, we 
have 14+4=1+A and 7+2=1+2Z, whence 
A=17 and Z=8. Consequently, the obtained element 
can be presented as ‘7X. From Mendeleev’s Periodic 
Table, we find that it is the oxygen isotope "0. 

767. As a result of the capture of a neutron by the nu- 
cleus of the isotope ‘}N, an unknown element and an 
a-particle are formed. Write the nuclear reaction equa- 
tion and identify the unknown element. 

Given: ,n, ‘4N, $a. 


A 
ZX—? 
Solution. We write the nuclear reaction equation 
MN 4+ in > 2X 4+ fa. 
According to the law of conservation of mass number and 
charge, we have 14+1 =A+4 and 7+0=Z+2, 
whence A=11 and Z=5. Consequently, we can write 
the unknown element in the form ‘'!X. Using Mendele- 
ev's Periodic Table, we find that it is the boron isotope 
1B, 
"768. Radioactive sodium iiNa decays with the emis- 
sion of B-particles. The half-life of sodium is 14.8 h. 
Calculate the number of atoms decomposed in 1 mg of 
the given radioactive sample during 10 h. 
Given: Na, T,.=14.8 hx 5.33 x 10s, t=10 h= 
3.6x 104s, m=1 mg== 10% kg. 


AN—? 


4 
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Solution. The number of atoms that have decayed 
during the time ¢ is 
AN = No —N, (1) 
where N, is the number of undecayed atoms at the initial 
instant, equal to thenumber of al] atoms in 1 mg of ?{Na, 
and N the number of undecayed atoms during the time 
t.Since N = N,e-*, Eq. (1) can be written in the form 
AN =N,— N,e-*t = Ny (1 —e7**). (2) 


Considering that A= In 2/7,/., we transform expression 
(2) as follows: 
AN=N,(1—e7!" 7/712) = Ny [1 — (219 2)- /T 2/9] 
=N,(1—2° 7", (3) 


Since the number of atoms contained in a mole of t*Na 
is equal to Avogadro's constant N,, the given mass m 
contains the number N, of atoms equal to the product of 
the number m/M of moles and Avogadro's constant: 


N,=mN,/M, (4) 


where M is the molar mass of sodium. Substituting ex- 
pression (4) into (3), we obtain 


AN == Na (1-27 Tay 
AN = qed x 6.02 x 1028 x (1 — 27 9:8% 10%15.33x 104) 
~ 9.3 x 1018, 


769. Determine the half-life of radon if from 10° atoms 
175 000 atoms decay during 24 hours. 
Given: t=1 day=8.64 x 10's, M,= 108, 


AN =1.75 x 105. 
Ty.—? 
Solution. The half-life of radon is 
Ty. = 0.693/A. (1) 


The radioactive decay constant A can be determined from 
the relation AN = WN, (1 — e-**) (see Problem 768), 


Ch. 6. Structure of Atoms and Atomic Nuclei 463 


whence 
= tloge log No—AN * (2) 
Substituting expression (2) into (1), we obtain 
0.693 (log e) t 
l= (oes) 


log [Vo/(No — AN)) ’ 
____ 0,693 x 0.43 x 8.64 x 104 by 5 
Tis = Fog (10°08 LIS C105) s~ 3.3 x 105 s. 


770. Why cannot a-particles emitted by radioactive 
samples initiate nuclear reactions in heavy elements? 

Answer. The energy of such a-particles is insufficient 
to overcome the repulsive electric forces exerted by the 
nucleus of a heavy element to approach it to a distance 
of 10-'® m starting from which the forces of interaction 
between nucleons considerably exceed the force of elec- 
trostatic interaction. 

771. What is the difference in the composition of atom- 
ic nuclei of radioactive elements and ordinary atomic 
nuclei? 

Answer. The number of neutrons in atomic nuclei of 
radioactive elements is considerably larger than the num- 
ber of protons in ordinary atomic nuclei. For example, 
the nucleus of the uranium isotope *3U contains 146 
neutrons and 92 protons. 


EXERCISES 


772. Describe the structure of the nucleus of the potas- 
sium isotope {)K. 

773. What is the difference between the nuclei of the 
oxygen isotopes ‘$0, '30, and ‘tO? 

774. What minimum energy must be spent to split the 
nucleus of the helium isotope $He? 

775. Determine the mass defect of the nucleus of the 
hydrogen isotope {H. 

776. How are the mass number and the atomic number 
of an element change upon a proton radioactive decay? 

777. Determine the reaction product for the bombard- 
ment of the nuclei of the magnesium isotope {Mg by 
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a-particles if neutrons are known to be liberated in the 
nuclear reaction. 

778. Write the nuclear reaction equation and identify 
the unknown element formed as a result of the bombard- 
ment of nuclei of the aluminium isotope {3Al by a-parti- 
cles if one of the reaction products is neutron. 

779. How many nuclei of the iodine isotope ‘3{I from 
10° nuclei decay per second? 

780. The initial mass of a radioactive isotope decreases 
in 8 h to one-third. In what proportion will it decrease 
in 24 h from the initial instant? 

781. Explain why electrons are emittea by an atomic 
nucleus as a result of B-decay. 


QUESTIONS FOR REVISION 


1. What particles constitute an atomic nucleus? 2. How can the 
number of the protons and the neutrons constituting a nucleus be 
determined? 3. Define an isotope. 4. What is the mass defect of a 
nucleus? 5. Give an expression for the binding energy of a nucleus. 
6. What laws must be observed in writing nuclear reaction equa- 
tions? 7, What three types of radiation are emitted by radioactive 
pn Pa 8. Formulate the law of radioactive decay. 9. Define 
alf-life, 
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1. Derivatives of Some Functions 





























Function Derivative Punction Derivative 
¢=const 0 sinz Cos x 
an ngn-l cos z —sinz 
ax a* lna bane 1 
ex e* cos? z 
Inz Es cot z Sa 
z sin? z 
2. Indefinite Integrals of Some Functions 
Punction Integral Function Integral 
grt sinz —cosz+C 
an ——— + x 
n+i Cos = sinz+C 
= Injfz|J+c tan z —In|cosz/+C 
e e+c cot x In| sinz|+C 
3. SI Units of Physical Quantities 
Unit 
Quantity 
name | notation | dimensions 
Base units 
Length metre m m 
Mass kilogram kg kg 





30—0970 
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Unit 


(Table 3 continued) 


Quantity aa aan le | aan oe Uns see ane 
name | notation | dimensions 


Time 

Current 

Temperature 

Luminous intensity 

Amount of  sub- 
stance 


Plane angle 
Solid angle 


Area 

Volume 

Period 

Frequency of pe- 
riodic process 

Rotationa fre- 
quency 

Density 


Velocity 
Acceleration 


Force 

Pressure 

Work, energy, 
amount of heat 

Power 

Electric charge 
(quantity of elec- 
tricity) 

Electric _ voltage, 
potential differ- 
ence, emf 

Electric field 
strength 

Electric 
tance 

Electric resistance 

Magnetic flux 

Magnetic induction 

Magnetic field 
strength 

Inductance 


capaci- 


second 8 
ampere A 
kelvin K 
candela cd 
mole mol 
Supplementary units 
radian rad 
steradian sr 
Derwed units 
square metre m? 
cubic metre m° 
second 8 
hertz Hz 
second inverse gs} 
kilogram per kg/m$ 
cubic metre 
metre per second m/s 
metre per second m/s? 
squared 
newton N 
pascal Pa 
joule J 
watt WwW 
coulomb Cc 
volt Vv 
volt per metre V/m 
farad F 
ohm Q 
weber Wb 
tesla T 
ampere per A/m 
metre 
henry H 


Ba x>e 


dimensionless 
dimensionless 


m-’.kg 


m.-g~t 
m.s-? 


m-kg-s"? 
m-)-kg-s73 
m?.kg-s-3 
m?-kg-s-$ 
3-A 
m?.kg-s-8-A-2 


m-kg-s-3-A7} 
m7. kg-1.94. A’ 
m3-kg-s-3. A-3 
m?-kg-s-3-A7} 
kg-s-3-A7? 
m7!-A 


m3. kg e972. A-3 
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Table 3 (continued) 


Unit 
meantity name | notation | dimensions 
Luminous flux lumen lm ed-sr 
Illuminance lux lx m-*.cd-sr 


Lens power diopter D m7! 


4. Approximate Values of Some Fundamental Physical Constants 








Physical constant nor Numerical value 
Earth's radius R | 6.37x10° m 
Earth's mass M | 5.97 x 10% kg 
Normal free-fall acceleration g 9.8 m/s? 
Gravitational constant G | 6.67 x 10-) m3/(kg-s?) 
Avogadro's constant Na | 8.02 x 10% mol-} 
Molar gas constant R | 8.32 J/(mol-K 
The Boltzmann constant k | 4.38 x 10-29 J/K 
Volume of a mole of a gas un-| V, | 22.41 m3/mol 

der normal conditions 

Elementary charge e | 41.6 10-29 C 
Electron mass me | 9.1110 kg. 
Faraday’s constant F | 9.65 5x 10* C/mol 
S of light in vacuum ¢ 3x 10° m/s 
Planck’s constant h | 6.62 x 10-* iss 
The Rydberg constant R |1 ‘097 x 10? m 
Proton mass mp | 4. 6724 x 10-*7 kg 
Neutron mass mn | 1.6748 x 10-2? kg 


5. Density of Some Substances, 10° kg/m® 
(p=1.01 x 108 Pa, 7 = 273 K) 


Solids Liquids 
Aluminium 2.7 Alcohol 0.8 
Brick 1.8 Kerosene 0.8 
Copper 8.9 Mercury 13.6 
Ice 0.9 Oil 0.9 
Iron 7.8 Petrol 0.7 
Lead 41.3 Water 
Nickel 8.8 fresh 1.0 
sea 4.03 
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Solids Gases 

Silver 10.5 Air 1.29 x 10-3 
Steel 7.8 Helium 0.18 x 10-3 
Wood 0.8 Hydrogen 0.089 10-2 


Oxygen 1.43 x 10-3 


6. Longitudinal Elastic Modulus, 1011 Pa 


Aluminium 0.7 Iron 2.1 
Brass 0.9 Lead 0.17 
Copper 1.2 Steel 2.2 


7. Surface Tension of Some Liquids at Room Temperature, 
10-2 N/m 


Alcohol 2.2 Mercury 47.4 
Aniline 4.3 Soap solution 4.0 
Kerosene 3.6 Water 7.4 
8. Specific Heat, 10° J/(kg-K) 
Air 1.005 Tron 0.46 
Alcohol 2.42 Lead 0.13 
Aluminium 0.88 Nitrogen 1.05 
Brass 0.38 Oxygen 0.92 
Carbon dioxide 0.83 Stee 0.46 
Copper 0.38 Tin 0.23 
Hydrogen 14.20 Water 4.19 
Ice 2.10 


The specific heats for gases are given at constant volume. 


9. Molar Mass of Some Gases, 10-* kg/mol 


Air 29 Oxygen O 32 
Carbon dioxide CO, 44 Nitrogen N, 28 
Helium He 4 Water vapour H,O 18 
Hydrogen Hi, 2 


10. Melting Point for Some Solids, K 


Aluminium 933 Iron 1803 
Brass 4173 Lead 600 
Copper 1356 Silver 1233 


Ice 273 Tin 505 
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44, Latent Heat of Melting, 10° J/kg 


Aluminium 3.90 Lead 0.25 
Copper 1.80 Silver 4.01 
Ice 3.35 Tin 0.58 
42. Temperature of Vaporization, K 
(p= 1.01 x 10° Pa) 
Alcohol 351 Mercury 630 
Ether 308 Water 373 


43. Latent Heat of Vaporization, 10° J/kg 


Alcohol 9.05 Mercury 2.82 
Ether 3.68 Water 22.60 


14, Heat of Combustion, 10? J/kg 


Alcohol 2.93 Petrol 4.61 
Coal 2.93 Petroleum 4.641 
Kerosene 4.61 Wood 1.26 


15. Coefficient of Linear Expansion for Some Solids, 10-° K-! 


Aluminium 2.40 Invar 0.15 
Brass 1.90 Iron 1.20 
Copper 1.70 Lead 2.90 
Glass 0.90 Steel 1.10 


16. Coefficient of Volume Expansion for Some Liquids, 10-¢ K-! 


Alcohol 141.0 Petroleum 10.0 
Kerosene 10.0 Sulphuric acid 5.8 
Mercury 1.8 Water 1.8 
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17. Density of Saturated Water Vapour at Various Temperatures 





T,K | p, 1073 kg/m | T, K Pp, 1073 kg/ms 
263 2.44 283 9.40 
264 2.33 284 40.00 
265 2.54 285 410.70 
266 2.76 286 41.40 
267 2.99 287 12.40 
268 3.24 288 12.80 
269 3.54 289 43.60 
270 3.84 290 414.50 
274 4.43 294 45.40 
272 4.47 292 16.30 
273 4.84 293 17.30 
274 5.20 18.30 
275 5.60 295 19.40 
276 6.00 296 20.60 
277 6.40 297 24.80 
278 6.80 298 23 .00 
279 7.30 299 24.40 
280 7.80 300 25 .80 
284 8.30 301 27.20 
282 8.80 302 28.70 
18. Relative Permittivity 
Ebonite 3.0 Mica 7.0 
Glass 7.0 Paraffine 2.0 
Glycerine 39.1 Water 81.0 
Kerosene 2.0 


19. Resistivity and Temperature Coefficient of Resistance for 


Some Conductors 





Substances p, 10-7 Q-m @, 10-3 K-21 
Aluminium 0.26 3.6 
Copper 0.17 4.2 
Tron 4.20 6.0 


Appendices 471 


Table 19 (continued) 


Substances p, 10-7 Q-m a, 10-3 K-1 
Lead 2.10 4.3 
Nichrome 41.0 0.4 
Silver 0.46 3.6 
Tungsten 0.55 5.2 


20. Absolute Refractive Index 


Air 4.00029 Ice 4.34 
Alcohol 1.36 Quartz 4.54 
Diamond 2.42 Turpentine 1.47 
Glass 4.50 Water 4.33 
21. Work Function for Some Metals, 10-!° J 
Cesium 3.2 Potassium 3.2 
Lithium 3.8 Tungsten 7.2 
Platinum 8.5 Zine 6.6 


22. Basic Properties of Some Elementary Particles 








Particle | Symbol Charge, 10-19 C | Maas, 10727 kg 
Alpha-particle ja 3.2 -6446 
Electron fe —1.6 0.000914 
Neutron bn 0 4.6748 
Positron de 1.6 0.000914 
Proton ip 1.6 1.6724 


23. Mass of the Nuclei of Some Light Isotopes, 10-27 kg 


iH 4.6726 1B 48 .2767 
He 3.3436 Wn 2312464 
He 6.6448 ' 26 5527 
Li 9.9855 20 28 .2202 


Li 14.8475 SNe 33.1888 
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24. Approximate Calculations 


While solving problems in physics, we often deal with approx- 
imate numerical values, including many constants such as 
g = 9.8 m/s?, 

Modern students can use various calculators which give a large 
number of significant digits. A student has to decide about the num- 
ber of digits that must be retained in calculations and disregard 
the remaining digits. The rules for approximate calculations are 
given below. 

1. In addition and subtraction, the result is rounded so that it 
does not contain significant digits that are not present at least in 
one of the given quantities. 

Example. 3.354 + 2.45 + 1.2534 ~ 7.05. 

2. In multiplication, the factors are rounded so that each of 
them contains the number of eigaiticant digits equal to that in the 
factor with the minimum number of significant digits. 

Example. 2.54 x 41.2 « 5.245 ~ 2.5 xX 1.2 X 5.2. 

The fina] result must contain the same number of significant 
digits as that in the rounded factors. 

3. In division, the same rule as in multiplication should be 
observed. 

Example. 6.242.124 ~ 6.24+2.12. 

4. While raising to the second (or third) power, the result must 
contain the number of sipuidcant digits equal to that in the base. 

Example. 1.25? ~ 1.56. 

5. While extracting a square (or cube) root, the result must con- 
tain the same number of significant digits as that in the radicand. 

Example. 1/6.82 ~ 2.61. 

These rules must also be applied while calculating complex ex- 
pressions. 


ANSWERS TO PROBLEMS 


v¥e=8 m/s. 5. 2=—1.5 x 109 m, y=4.5 x 108° m. 
9 =2x 104m. 7.8 =5 m, 5, =4m,5,= 
s?,¢ ~ 538. 31. ¢ = 20s. 32. a = 0.8 m/s3, 
- 1.6 m/s?, uv» = 5 m/s. 34. v, = 19.8 m/s, 
9 m/s. 35. ¢ ~ 0.53. 36. (v) ~ 8.2 m/s. 37. (v) x 

16.7 m/s. 38. S = —200 m, J = 2,2 < 10? m. 39. a = 2 m/s, 
(v,) = 20 m/s, (vg) = 28.6 m/s, (v) = 23.5 m/s. 40. h = 20 m, 
=1 8s, vy; = 10.2 m/s, vy=— 10.6 m/s. 54. p ~ 0.068 rad, 
v ~ 224.7 m/s. 55. vx 244 m/s. 56. h ~ 20 m. 57. Increase 
twofold. 58. s ~ 8.7 x 10¢ m, ¢ ~ 10% s. 59. v= Y2gh + vf. 


60. s~5.1 m. 61. @ = arctan (¢-+). 62. s~ 6.3 m. 


63. v ~ 14.5 m/s. 64.¢ ~ 17.3 « 103s. 75. 1= 0.37 m. 76. vx 
7.6 < 108 m/s. 77. wo ~ 7.2 X 10-5 rad/s, v ~ 3.25 x 107 m/s. 
78. vx 32 m/s. 79. N= 90 rev, e ~ 0.44 rad/s?. 80. ex 
3.2 rad/s*. 81. ¢ = 10 8. 82. R~ 6.1 m. 


101. F ~ 0.42N. 102. F = 109N. 103. s ~ 24m. 104. T~5BN, 
aw24 m/s? 105. a=0.3 m/s?} s= 27 m, T2224 KN. 
106. a = g/3, T = mg/3. 107. a = 2.45 m/s*, h = 1.8 m, v& 
3 m/s. 108. T=70 N. 109. ax 2.7 m/s?s T~43 N. 110. 

~ 0.3, Ty=8.2 N, Te=2N. 111.0 ~ 3.3 m/s%, T= 13 N, Fpr= 
6N. 121. v~ 16 m/s. 122, v= 0.98 s-!. 123. a ~ 0.018 rad. 
124. T ~ 632 N, 125. F ~ 61.5 KN. 126. a ~ 1.3 rad. 127. p> 
0.2. 128. v ~ 2.4 s7!. 137. F = 2.70 mN. 138. = 3n/(GT?). 
139. T= 5400 s, h = 2.7 x 108 m, v~7.7 X 10° m/s. 140. 
AT ~10%s, Ak~ 7.8 X 104 m. 141. Ty = 7T,. 142. a@ ~ 10g. 
143. h=6.37 X 10° m. 144. 7 = 7.54 x 103 5, V= 1.6 x 
10° m/s. 145. T = Y3n/(Gp). 152. P= Y2mv. 153, v ~ 1 m/s. 
154. v= 4 X 1079 m/s. 155, v, = —7.8 m/s. 156. v = 400 m/s. 
157, u, = 6 m/s, u,, = 3.6 m/s. 158. The boat will not reach 
the bank. 


180. N= 123 kW. 181. », ~7.5 m/s. 182. (F) = 12 kN. 
183. Umax = 5 m/s. 184. h = 20 m. 185. n, ~ 55.6%, ng 
83.3%. 186. h= 2.6 m. 187. s~0.07 m. 188. h ~ 50 m. 
189, Al = 0.03 m. 190. W, = 50 J. 
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ao ee 


204. F, ~ 52 KN, Fy ~ 39 KN. 205. Fae SN T, ~ 10.1 N. 
ee Ste Sau ae 207. N~9.8 N. 208. F, ~ 60 KN, 

~90 KN. 209. F=580 N. 210. F=15 N N, z~i m. 
ah z = 0.13 m from the left end of the plate. 212. Fp, ~ 69 N. 


eee 
224. Fp, = 72 KN. 225. 1= 41.52 m. 226. H ~ 20.8 m. 227. 
1= 25x10? m. ~ 96x10"? kg, mg ~ 20.4 X 
10-2 kg. 229. om 0.95 408 Egle. 230. Ve = 4.2 X 40-8 m3. 


231. ae = 0.75 X 10° kg/m. 


253. mo, = 8 X 10-* kg, moo, = 7.3 X 10-% kg, moy, 

27 x 10-% ke. 254. Ny, = 3X 10%, No. = 1.9 X fom. 
= 26X10 J. 256. @~ 326 K. 

rc Bho ka /(kg ey. 258. 45 kg of ice will melt. 259. AT= 

154K. 260. 25 times. 261. Q= 42.7 MJ. 262, N ~ 736 W. 

263. It will not change. 


eo @ 
281. Patm = 100 kPa. 282, p =~ 58 kPa. 283. mg = 0.019m. 
"85 cm. 285. Am = 8.2 kg. 286. M ~ 29 x 40-8 kg/mol 
287. T ~ 440 K. 288. m ~ 1.2 X 10-3 kg. 289. V ~ 0.128 mS 
290. p ~ 4 kg/mS 
ee @ 
299. O, = 27 kd, Qx= 24 Md. 300 AU = —14 Id. 201. 4 = 
0.7 kY. 302. Q'~ 33 kJ. 303. A = 182 kJ, Q = 687 KI, AU ~ 


485 kJ. 304. n = 20%, A = 1.26 kJ. 305. A =3R (T,T,) ln v, 
306. A = 48 kJ. 307. A = 136 J. 


317. p=5 x 10-3 kg/m’. 318. p= 10.24 x 10-9 kg/m’. 
319. m~ 2.8 X 40-%kg. 320. p ~ 99.7kPa. 321. m = 4.76 X 
10-8 kg. 322. B ~ 58.7%. 323. N ~ 3.3 X 10™, 324. V = 0.4 m’. 
325. m = 41.2 kg. 
oe @ 

335. T = 803 K. 336. Al = 7.5 X 10 m. 33 AV = 4.25 x 
40- m, 338. AV = 44 X 10-9 m3. ~ 40-3 K-71, 
340. AT ~ 100 K. 341. 108 x 104 me 2 am K. 


352. Fate 10-8 Niue 888. m = 2.25 X 410-5 | ss = 
3.2 kg/m’. 355. Ap = 64 Pa. 356. hy/hy = 4. Sr. o~ 
0.47 ma 358. h=1.6m. 359. F = 2"06"N. 365. = 55 N. 
366. o, = 235 MPa. 367. 1= 177 m. 368. F ~ 202 N. 
369. w & 238 rad/s. 370. A = 0.72 mJ. 
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oes 
384. q ~ 8.6 x 107! C. 385. g ~ 4.2 nC. 386. g = 10 nC 
387, E = 0, 1600, 1710, 1600, #4350 Y/m. 388. r= 7.2 x 107? m. 
389. By a factor of 1.25 x 1034, 390. qgq™@5.2 nC. Aaa 


0.122 rad. 392. p = 1.6 x 10° ke 403. F=1N. 404, A= 
40 J. 405. U=2.4 mV. 4 

25 oN. 408. A ~ 565 nJ. 409. g, =  G = 90 V, Ys = 9 V. 
410. p ~ 15 V. Ait. p ~ 12.6 V. 425. C ~ 248 pF. 426. q ~ 3.3 nC. 
427. U = 150 V. 428. g, = 2 nC, gg = 4 nC, gy = 6 nC. 429. 
U,=7.5 kV, Ug=4.5 KV, gq, = gg = 2.25 pC. 430. Q= 
0.5 mJ. 431. w = 97 mJ/m’. 


451. Rg =4Q. 452. R, = 10Q. 453. = 34mA. 454. T= 
33.5 mA. 455. 6=11V, r=12. 456. Jpn = 1.5 A. 
457. In series. 458. In three parallel groups of two series-connected 
elements. 459. ae 460. a = 0.1 Q. 464. AT = 238 K. 


462. [=1A, 1,=06 A, 1,=04 A. 463. [=0.2 A. 
464. 1, = 04 A, b, 99 Vaid, Qa = 10.5 kJ, Qy ~ 7.9 kl. 
478. Q, = 15.6 5,0, ~ 9.43, 2 = tb 3.9 ~ 87). 479, 0 = 
1.27 X10, 480. I'~ 9.3 m. hy ~ 41.14 x 
108 5. 483. ¢ ~ 1.6 s. 484. mae sooner aries of 1.67. 
485. [= 2.86 A. 500. j ~56 A/m?. 501. W=18 ki. 


502. A = 65.4 gimol. 503. h~5.4X 10> m. 504. 


m 

0.445 kg. 505. R= 0.4 Q. 506. m= 5.9 X 10-* kg. 307. Uy 
13.5 V. 508. Jgat = 1077 A. 

eoe6 6 
524. B=50 pT. 525. B= 62.8 pT. 526. B~ 119 mT. 
527, B = 1.84 T. 528. B= 96 pT. 529. / = 15 A. 530. R~ 
2.8 x 10-* m. 531. F = 1.6 x 10) N. R ~ 1.04 x 10-2 m. 
532, B = 5 mT. 546. A=2.5 J. 547. A, = 0.024], A, = 0.048 J, 
A, = 0. 548. [= 10-5 A. 549. 1 = 0.74 A. 530. ¢ = 0.074 C. 
581. S = 41.07 X 10-® m2. $52. v = 8 sl. 553. L = 7.4 x 10-4 H, 
® = 3.55 pWhb. 554. L = 1.6 mH. 555. g = 2.4 mC. 556. ¢ = 
0.017 s. 557. W = 1.69 J. 

eoe6 
569. E = 2.4 lx. 570. aa m. 571. r= 1m, k= 0.71 m. 
572. E = 14,26 lx. 573, @ = 3.75 li. 574. 1 = 80 0d, Ty — 46 cd. 
575. B = 1.2 x 10" cd/m*. 576. E = 34.2 lx. 577, § = 41.055 X 
0? m?. 


591. r= 2 m. 592. Infinitely large number. 593. g = 2.9 X 
10-¢ rad. 594. F ~ 04m. 595. F= 0.25 m. 596. 2 = 1.26 m. 
597. z = 0.45 m. 598. R = 2 m. 599, z = 1.05 m (from the con- 
cave mirror). 629. h = 2.66 m. 630. r = 0.82 rad, ig = 1.13 rad. 
631. ry ~ 0.41 rad, 6 ~ 0.34 rad. 632. f = 0.6 m, virtual image. 


476 Answers to Problems 


633. F = 0.16 m. 635. D = 0.42 D. 637. F = 6.4 m. 638. D = 
1.25 D. 639.¢= 50s. 640.1=5 x 10-9 m. 644. F = 187.5. 
642. | A,B, | = 9 X 10-9 m. 


656. 6 = 1.15 x 10-18 J. 657. A = 6.55 x 10719 J. 658. 
5.8 X 10! Hz, 650. U = 0.05 V. 660. v= 4.78 x 10% Hz. 
661. k = 60%. 662. Igat = 7.27 X 107° A. 663. p = 2.03 pPa. 
6c. p68 x tom Pa. 665. p= 4.6 pPa. 666. P= 2.58 x 


ese @ 
686. 2=2.5x 10-9 m, v=044 m/s, @2=— 0.47 mis? 
687. F, = 109 N, W~ 2.7 kJ. tes. 4 = Th, tp = T2, ty = 
T/6. 690. = 7.85 X10"? m/s, amex = gh 10 as, 
601.» = 0.15ein/s. 692.2 = 1.5 K 160m. xe. At = 3.46 X 


102s, 694. T~ 0.28. 685. z = 3.7 X 1072 sin (0.785t + 0.392). 
696. 29/4 + y3/4 = 1. 697. A ~ 5.8 cm. 698. z= 0. 699. Ap = 
4.57 rad. 700. v= 348 Hz. 


e*e8 
714. v= 6 A Ti. 715. Imax = 1 A. 16. € er = 50 V, = 70 V. 
117, U = 24.5 V. 718. 7 = 6.28 x 10-7 8, 719, T = 10° . 
120, Tm 41 X 10-9. 124. From 23 1074 kiiz, 722, ¥ = 71 kee 
723. 4 = 200 m. 

ese & 
737. ae 738. 4 = 5 X 10°? m. 739, 4 = 4.7 x 
10-? m. 740. S13 x 107 mT. A= 5.80 X 10°F m. 
742. Imax = 4- “m3. = 0.4 m, ls = 0.8 m 

*e* & 


753. 4 = 4.86 X 10-7? m. 754. W = 1.94 x 10-1 J. 755. W= 
—2.42 X 10719 J. 756. A = 4.34 X 10°? m. 757, 4 = 4.88 X 
10-7 m. 758. w,/o, = 8. 759. 4 = 3.45 X 10-7? m. 760. v= 
3.6 X 10! Hz. 761. 4 = 25.3 X 107? m 


ese 6 
772, A = 39, Z= 19. 773. In the number of neutrons. 


774. W~ 453 X 10°! J. 775. Am ~ 2.44 X 10-® kg. 776. 
AA=1, AZ=1. 777. 238i. 778. 32P. 778. AN = 10°. 780. n = 27. 
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Intended for schoolchildren and teachers of physics, 
this book can also be used for preparation to entrance ex- 
aminations to the higher educational institutions, where 
an advanced knowledge of physics is required. 
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